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A Comparative Study of Transformation Functions
for Nonrigid Image Registration

Lyubomir Zagorchev & Ardeshir Goshtasby

Abstract-Transformation functions play a major role in nonrigid image registration. In this pa-
per, the characteristics of thin-plate spline (TPS), multiquadric (MQ), piecewise linear (PL), and
weighted mean (WM) transformations are explored and their performances in nonrigid image reg-
istration are compared. TPS and MQ are found to be most suitable when the set of control-point
correspondences is not large (fewer than a thousand) and variation in spacing between the control
points is not large. When spacing between the control points varies greatly, PL is found to produce
a more accurate registration than TPS and MQ. When a very large set of control points is given
and the control points contain positional inaccuracies, WM is preferred over TPS, MQ, and PL
because it uses an averaging process that smoothes the noise and does not require the solution
of a very large system of equations. Use of transformation functions in the detection of incorrect

correspondences is also discussed.

Index Terms—Image registration, transformation function, thin-plate spline, multiquadric, radial

basis functions, piecewise linear, weighted-mean
1 Introduction

Image registration is a computational method for determining the point-by-point correspondence
between two images of a scene. Many applications such as image fusion and change detection
require point-by-point correspondence between images. Although nonrigid image registration has
been achieved by optimizing an appropriate cost function without the use of control points [1, 36],

most nonrigid registration methods first find a number of corresponding control points in the images
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and then use information about the correspondences to find a transformation function that will
determine the correspondence between all points in the images.

This paper focuses on the transformation function aspect of nonrigid image registration. Selec-
tion of control points in images and determination of the correspondence between them have been
reported extensively elsewhere. Corner points [2, 13, 15, 27, 31, 43, 52, 53], region centroids [24],
and line intersections [51] have been used as the control points, and correspondence between the
control points have been found via chamfer matching [5, 6, 9, 32], graph matching [12], random
sample consensus [14], probabilistic relaxation labeling [22, 42], matching of minimum-spanning-
tree edges [59], matching of convex-hull edges [23], Hausdorff distance [30, 45], hierarchical attribute
matching [49], clustering [51], template matching [21, 16, 54], Hough transform [58], and geometric
hashing [56].

The performance of an image registration algorithm depends on 1) the performance of its
control-point correspondence step and 2) the performance of the transformation function that
uses information about the correspondences to warp one image to the geometry of the other. In
this paper, the focus will be on the second step, that is, the determination of a transformation
function from a given set of control-point correspondences. It is, therefore, assumed that a set of
corresponding control points in the images is given. It is also assumed that the correspondences
are correct although they may contain small positional inaccuracies. Later in the paper it will
be shown how to detect the incorrect correspondences (outliers) from information in an obtained
transformation function.

The problem to be addressed is as follows: Given the coordinates of N corresponding control

points in two images of a scene,
{(xlﬂyl)7(XZ7Y;) Z:L’N}v (1)

determine a transformation function f(x,y) with components f,(x,y) and fy(x,y) that satisfy

Xi = falmi,u), (2)

}/; = fy(ajivyi); izl,...,N, (3)



or

Xi = folzi,y), (4)

%

fy(%ayz)a Z:LaN (5)

Once f(z,y) is determined, given the coordinates of a point (x,y) in one image, the coordinates of
the corresponding point (X,Y’) in the other image can be determined. We will refer to the image
with coordinates (z,y) as the reference and the image with coordinates (X,Y") as the target. The
reference image is kept unchanged and the target image is resampled to take the geometry of the
reference image.

If the coordinates of corresponding control points in the images are arranged into two sets of

3-D points as follows:

{(wi,yi,Xi)Z’izl,...,N}, (6)

{(xi,yi,n)iizl,...,N}, (7)

then the components of the transformation as defined by equations (2) and (3) can be considered two
explicit surfaces interpolating the two sets of 3-D points, and the components of the transformation
defined by (4) and (5) can be considered explicit surfaces approximating the two sets of 3-D points.
The components of the transformation for registering two 2-D images are, therefore, single-valued
surfaces in 3-D. Since the two components of a transformation are similar, they can be determined
in the same manner. Therefore, in the following, the problem of finding a single-valued surface

f(x,y) that interpolates or approximates

{(l’i,yi,fi):i:L...,N} (8)

will be addressed. It is required to determine the parameters of a transformation function that

satisfies
fZ:f(acl,yZ), Z:L,N, (9)

or



Given a set of corresponding control points in reference and target images, many transfor-
mation functions can be found to accurately map the control points in the target image to the
corresponding control points in the reference image. A proper transformation will accurately map
the remaining points in the target image to the corresponding points in the reference image also.
Some transformation functions, although mapping corresponding control points in the images to
each other accurately, warp the target image too much, causing significant misregistration away
from the control points. Also, since a transformation function is computed from the control point
correspondences, inaccuracies in the correspondences will transfer to inaccuracies in the transforma-
tion function. It is desired that a transformation function will smooth noise and small inaccuracies
in the correspondences. Therefore, when noise and inaccuracies in the correspondences exist, trans-
formation functions that are based on approximation are preferred over transformation functions
that are based on interpolation.

Various transformation functions have been used in image registration. In this paper, the
properties of four popular transformation functions are examined. To determine the behaviors of
the transformation functions and to find their accuracies in image registration, a number of test
images as shown in Fig. 1 are used. Fig. la is an image of size 512 x 512 pixels containing a 32 x 32
uniform grid, and Fig. 1b shows the same grid after being translated by (5,8) pixels. Fig. 1c shows
counterclockwise rotation of the grid by 0.1 radians about the image center, Fig. 1d shows scaling
of the grid by 1.1 with respect to the image center, and Fig. le shows the grid after the following

linear transformation

X = 07z —y+3, (11)

= 0.9z 4 0.8y + 5. (12)
Fig. 1f shows the grid after transformation by the following inverse distance function

X = x+4+50(x—x.)/r, (13)

= y+50(y —y.)/r, (14)

where z. = n./2, y. = n,/2, n, and n. are the number of image rows and columus, respectively, and
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Figure 1: (a) A 32 x 32 uniform grid. The grid after (b) translation, (c) rotation, and (d) scaling.
The grid after (e) linear, (f) inverse distance, (g) sinusoidal, and (h) a combination of sinusoidal
and inverse distance transformations.

r=+(r—2.)2%+ (y —y.)%. Fig. 1g shows transformation of the grid by the following sinusoidal

function

X = =z —8sin(y/16), (15)

= y+4cos(z/32), (16)
and Fig. 1h shows transformation of the grid by a combination of the inverse distance and sinusoidal:

X = z—8sin(y/16) 4+ 50(x — z.) /7, (17)

= y+4cos(z/32) +50(y — ye)/r. (18)

Translation and rotation represent rigid transformation and scaling represents a similarity transfor-
mation. The rigid, similarity, and linear transformations are used to determine the performances
of a transformation function when the images do not have nonlinear geometric differences. An
ideal transformation will not nonlinearly warp an image if the control point correspondences do not
contain nonlinear geometric differences. The inverse distance function is used to find the effective-
ness of a transformation in registration of images with global nonrigid differences. The sinusoidal

function is used to find the effectiveness of a transformation in registration of images with local



geometric differences, and a combination of the inverse distance and sinusoidal functions is used to
determine the effectiveness of a transformation in registration of images with both local and global
geometric differences.

Different density and organization of point correspondences are used to estimate the geometric
difference between Fig. 1a and Figs. 1b—h. Figure 2a shows all grid points in Fig. 1a, Fig. 2b shows
a uniformly spaced subset of the grid points, Fig. 2¢ shows a random subset of the grid points, and
Fig. 2d shows a subset of the grid points with variation in its density. Although uniformly spaced
control points are rarely obtained in images, they are used here to determine the influence of the
spacing of the control points on the registration accuracy. Seven geometric transformations are
applied to the reference image to obtain the target images, and four sets of control points are used
to estimate the transformation in each case. Therefore, overall, twenty eight cases are considered.

The control points in the reference image are the grid points shown in Figs. 2a—d. The control
points in the target image are the corresponding grid points obtained by transforming them with
the seven transformations and rounding the obtained coordinates. The rounding process displaces
the control points in the target image from their true positions by up to half a pixel. From the
coordinates of corresponding control points, the transformations are estimated and compared with
the true transformations. In these experiments, although incorrect correspondences do not exist,

corresponding control points contain rounding error (digital noise).

Figure 2: (a) A uniformly spaced grid of control points. (b) A uniformly spaced grid with a larger
spacing between grid points. (c) A randomly spaced set of control points. (d) A set of control
points with a varying density.



2 Thin-Plate Spline

Thin-plate spline (TPS) or surface spline [26, 40] is perhaps the most widely used transformation
function in nonrigid registration. It was first used by Goshtasby [17] in the registration of remote
sensing images and then by Bookstein [4] in the registration of medical images. Given a set of 3-D
points as defined by (8), the TPS interpolating the points is defined by

N
flz,y) = A1+ Ase + Asy + Y Fyr Inry, (19)

=1

2

where 72 = (z — ;)% + (y — v;)? + d?. This is the equation of a plate of infinite extent deforming
under loads centered at {(z;,y;) : i =1,..., N}. The plate deflects under the imposition of loads
to take values {f; : i = 1,...,N}. d? acts like a stiffness parameter. As d? approaches zero, the
loads approach point loads. As d? increases, the loads become more widely distributed producing a
smoother surface. Equation (19) contains N + 3 unknowns. By substituting the coordinates of N
points as described by (8) into (19) and letting f(x;,v:;) = fi, N equations will be obtained. Three

more equations are obtained using the following three constraints:

Yy F =0, (20)
Ei]\il $1'F7; = 0, (21)
N yiF; = 0. (22)

Constraint (20) shows that the sum of the loads applied to the plate should be 0. This is needed
to ensure that the plate would not move under the imposition of the loads and remain stationary.
Constraints (21) and (22) require that moments with respect to x and y axes be zero, ensuring that
the plate would not rotate under the imposition of the loads.

Using TPS to map Figs. 1b—h to Fig. 1la with the control points shown in Fig. 2, the results
of Table 1 are obtained. The error measures in each entry of the table are obtained by using
the coordinates of corresponding control points to determine the transformation parameters. The
obtained transformation is then used to deform the target image to spatially align with the reference
image. The control points shown in Figs. 2b—d were used to estimate the transformation functions,

and the control points shown in Fig. 2a were used to estimate the maximum (MAX) error and the



Table 1: The registration accuracy of TPS.

1 [[ Trans. [ Rot. | Sc. [ Affine | Global [ Local [ G. & L. |

Uniform, MAX 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Dense RMS 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Uniform, MAX 0.0 1.4 1.4 1.4 20.0 27.0 33.5
Sparse RMS 0.0 0.6 0.6 0.6 1.6 5.8 7.3
Random MAX 0.0 1.4 1.4 1.4 33.0 14.1 33.0

RMS 0.0 0.7 0.6 0.6 3.1 3.5 4.2
Varying MAX 0.0 2.2 2.0 1.4 20.0 20.0 20.4
Density RMS 0.0 0.8 0.7 0.7 1.6 6.7 6.7

o T : o "

Figure 3: (a)—(d) The image shown in Fig. 1h after being resampled to align with the image shown
in Fig. 1a with the control points shown in Figs. 2a—d, respectively.

root-mean-squared (RMS) error in each case. All errors in the first row in Table 1 are zero because
TPS is an interpolating function and maps corresponding control points to each other exactly. Since
the control points used to compute the transformation and the control points used to measure the
error are the same, no errors are obtained.

In Table 1, the MAX registration errors for inverse distance, sinusoidal, and the combination
of inverse distance and sinusoidal are much larger than the RMS errors for the same deformation
because some grid points in the reference image fall outside the target image after warping and
resampling. Since only grid points appearing inside both images are used to estimate the transfor-
mation, some of the test grid points near the image borders produce large errors, which contribute
to the MAX error but contribute very little to the RMS error due to averaging effect. MAX error
can be considered a local measure since its value reflects the error at a single grid point, while RMS
error can be considered a global measure since its value reflects the errors at all the grid points.

Figures 3i-1 show images obtained after resampling Fig. 1h to align with Fig. la using the
control points shown in Figs. 2a—d, respectively. In these examples, although corresponding control
points overlay perfectly, some errors are visibly large away from the control points.

When the images have translational differences, no registration errors are observed independent



of the density and organization of the points. This is because, first, coordinates of corresponding
control points in the images do not contain rounding errors, and second, translation can be rep-
resented exactly by TPS due to its linear term. When the images have a rotational, scaling, or
linear difference, TPS produces small errors that are primarily due to the rounding errors in the
correspondences. Errors slightly increase when the density of control points varies across the image
domain. When the images have nonlinear geometric differences, errors are rather large as shown
in the rightmost three columns in Table 1.

From the results shown in Fig. 3 and Table 1, it can be concluded that although TPS performs
relatively well when the images have global geometric differences, it performs rather poorly when
the images have local geometric differences. This can be attributed to the fact that logarithmic
basis functions are monotonically increasing and cover the entire image domain, thus, spreading a
local deformation over the entire image domain. Also, logarithmic functions are radially symmetric
and when the control points are irregularly spaced, large errors may be obtained away from the
control points.

The stiffness parameter d? controls the shape of the interpolating surface and changes the
registration accuracy. With the control point arrangements shown in Fig. 2, best accuracy was
obtained when the stiffness parameter was zero. Larger stiffness parameters increase registration
errors in these test cases. The errors reported in Table 1 are for a stiffness parameter of 0.

To reduce errors away from the control points, Rohr et al. [44, 55] added a smoothing term
to the interpolating spline while d?> = 0. As the smoothness parameter is increased, the obtained
surface becomes smoother and fluctuations become smaller, but at the same time the surface gets
farther from the control points. If interaction with the system is allowed, one may gradually change
the smoothness parameter while observing the registration result and stop the process when the
desired registration is achieved. When the control points are noisy and/or are very irregularly

spaced, approximating splines are preferred over interpolating splines.



Table 2: Registration accuracy of MQ. Numbers inside parentheses show the errors when optimal
d? was used, while numbers not in parentheses are the errors when d? = 0.

H H Trans. [ Rot. [ Sc. [ Affine [ Global [ Local [ G. & L. ”
Uniform MAX 0.0 0.0 0.0 0.0 0.0 0.0 0.0
(Dense) RMS 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Uniform MAX 3.4 6.2 6.4 2.4 33.4 30.4 35.4
(Sparse) RMS 1.1 1.3 1.4 1.0 4.8 5.0 6.4
Random MAX 3.5 5.4 5.4 5.3 48.0 16.1 53.6

RMS 1.0 1.3 1.1 1.2 5.0 5.3 7.4
Varying MAX 4.2 6.8 6.5 20.9 56.4 33.2 71.8
Density RMS 2.2 2.5 2.3 1.6 6.3 5.5 10.4
Uniform MAX (0.0) (1.4) (1.4) (1.4) (22.6) (21.2) (23.7)
(Sparse) RMS (0.0) (0.6) (0.6) (0.6) (4.4) (4.5) (4.8)
Random  MAX (0.0) (T.2) | (1.4) (1.4) (36.4) (13.1) (44.9)

RMS (0.0) (0.6) (0.6) (0.6) (2.7) (2.8) (3.3)
Varying MAX (0.0) (2.0) (2.0) (1.4) (12.4) (18.3) (48.9)
Density RMS (0.0) (0.8) (0.6) (0.7) (1.8) (2.1) (4.5)

3 Multiquadric

Multiquadric (MQ) interpolation [28, 29] is another radial basis function defined by

N
flz,y) = Fi + Fhx + Fsy + Y FiRi(z,y), (23)
i—4
where
Ri(z,y) = [(z — 2:)* + (y — v:)* + d?2. (24)

Parameters {F; : i = 1,..., N} are determined by letting f(z;,v;) = fi for i = 1,..., N and solving
the obtained system of linear equations. As d? is increased, a smoother surface is obtained.

When registering Figs. 1b—h to Fig. 1a using MQ with the control points shown in Fig. 2,
the results shown in Table 2 are obtained. Comparing these results with those in Table 1, it can
be concluded that MQ and TPS produce similar results when the images do not have nonlinear
geometric differences. This is because both formulations have a linear term. When the geometric
difference between the images is global, TPS performs better than MQ. However, when the images
have local geometric differences, TPS and MQ perform similarly, producing rather large errors.
One point to note is that although TPS produces the best accuracy for the images tested in this
paper for d> = 0, when MQ is used, d> = 0 does not produce the best accuracy in any of the
cases. To determine the optimal d? a steepest descent algorithm is used, which makes MQ several
times slower than TPS. The numbers in parentheses in Table 2 show the errors when the optimal

parameter d? in each case is used to register the images.

10



4 Weighted Mean

TPS and MQ are interpolating functions. Therefore, they map corresponding control points in
the images to each other exactly. Methods that map corresponding control points to each other
approximately are obtained from a weighted average of the control points, with the sum of the
weights equal to 1 everywhere in the approximation domain. A weighted mean (WM) method is

represented by
N
i=1

where
Zij\il RZ ('Ia y)

is the ith weight function and R;(x,y) is a monotonically decreasing radial function centered at

Wi(z,y) = (26)

(@i, yi)-

When R;(z,y) is a Gaussian, the weights are called rational Gaussians [20]. Although Gaussians
are symmetric, rational Gaussians are not symmetric because they have to ensure that the sum
of the weights everywhere in the approximation domain is 1. This property makes the weight
functions stretch toward the gaps.

As the widths of the weight functions are reduced, the obtained surface gets closer to the points.
As the widths of the weight functions are reduced, flat spots start to appear in f(z,y) surrounding
the data points. This is demonstrated in a simple example in Fig. 4. Consider the following
five data points: (0,0,0), (1,0,0), (1,1,0), (0,1,0), and (0.5,0.5,0.5). The single-valued rational
Gaussian surface approximating the points with increasing o;’s are shown in Figs. 4a—d. For small
o;’s, flat horizontal spots are obtained around the data points. This means, for large variations
in x and y, only small variations will be obtained in f near the data points. The implication of
this is that when such a function is used to represent a component of a transformation function,
points uniformly spaced in the reference image will map densely to points near the control points
in the target image even when the reference and target images do not have any nonlinear geometric

differences.
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Consider the following 5 correspondences:

[(0,0)(0,0)]; [(1, 0)(1, 0)]; [(1, 1) (1, 1)]; [(0, 1)(0, 1)]; [(0.5,0.5)(0.5, 0.5)]. (27)

The transformation that maps uniformly spaced points in the reference image to points in the target
image for increasing o;’s are depicted in Figs. 4e-h. The images show points in the target image
when mapping to uniformly spaced points in the reference image. As o;’s are reduced, the density
of surface points increases near the control points and the function more closely approximates the
control points. As o;’s are increased, spacing between the points becomes more uniform, but the
function moves away from the control points. Ideally, we want a transformation function that maps
corresponding control points more closely to each other when o;’s are decreased without increasing
the density of the surface points near the control points. Some variation in the density of the surface
points is expected if the images to be registered have nonlinear geometric differences. Nonlinear
geometric differences between two images change the local density of points in order to stretch some
parts of the target image while shrinking the other parts to make its geometry resemble that of the
reference image.

When the images do not have nonlinear geometric differences, in order to obtain uniformly
spaced points in the target image for uniformly spaced points in the reference image, each com-
ponent of the transformation should be formulated by a parametric surface. First, a parametric

surface with components x = z(u,v),y = y(u,v), and f = f(u,v) is computed fitting

{(zi,yi, fi) :i=1,...,N} (28)

with parameter coordinates (nodes) {(u; = z;,v; = y;) : @ = 1,...,N}. Given pixel coordinates
(z,y) in the reference image, first, corresponding parameter coordinates (u,v) are determined from
x = z(u,v) and y = y(u,v). Then, knowing (u,v), f = f(u,v) is evaluated. The obtained value
will represent the X or the Y coordinate of the point corresponding to point (z,y). Figs. 4i-1
show the resampling results achieved in this manner. As can be observed, this transformation
now maps uniformly spaced points in the reference image to almost uniformly spaced points in the
target image while still mapping corresponding control points to each other with a reasonably good

accuracy. The nonlinear equations are solved by initially letting v = x and v = y and iteratively
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Figure 4: (a)—(d) A component of a transformation represented by a parametric rational Gaussian
at increasing values of 0. (e)—(h) A transformation with components represented by single-valued
rational Gaussian surfaces at increasing values of o. (i)—(1) The same as in (e)—(h) but letting each
component of the transformation be a parametric rational Gaussian surface.
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revising u and v by Newton’s method [34].

To determine the accuracy of WM in image registration, the control points shown in Fig. 2
and the deformations shown in Figs. 1 were used. MAX and RMS errors for rational Gaussian
weights are shown in Table 3. Registration errors vary with the standard deviations of Gaussians,
or the widths of the weight functions. As the standard deviations of Gaussians are increased,
the transformation function becomes smoother and increase registration errors. As the standard
deviations of Gaussians are reduced, the transformation function becomes more detailed, mapping
corresponding control points to each other more closely. Too small a standard deviation, however,
may cause larger errors away from the control points. There is a set of standard deviations that
produces the least error for a given pair of images. In general, as variation in geometric difference
between images becomes larger locally, smaller standard deviations are needed to reflect the sharper
geometric differences.

The standard deviations of Gaussians are set inversely proportional to the density of the control
points. This will take narrow Gaussians where the density of points is high and take wide Gaussians
where density of points is low. The process can be made totally automatic by setting o; equal to
the radius of the circular region surrounding the ith control point in the reference image containing
n — 1 other control points (n > 2). n, which represents the neighborhood size, can be considered
the smoothness parameter. The larger its value, the larger the neighborhood size and, thus, the
smoother the obtained transformation will be. This is because as n is increased the widths of
Gaussians increase, producing a smoother surface, and as n is decreased the widths of Gaussians
decrease, producing a more detailed surface.

The results shown in parentheses in Table 3 were obtained when n = 5, and the results shown
without parentheses were obtained when n = 9. When n = 5, MAX and RMS errors in Table 3
are smaller than those obtained for TPS and MQ as shown in Tables 1 and 2, except for errors
in the first row. Since registration is done by approximation, corresponding control points do not
map to each other exactly and so the errors are not zero. They are, however, very small. In all
the experiments reported in this paper, only control points existing inside both images are used

to calculate the transformation. Control points falling outside the target image after deformation
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Table 3: Registration accuracy of the rational Gaussian. The errors are for n = 9. When reducing
n to 5, the errors shown within parentheses are obtained.

H H Trans. [ Rot. [ Sc. [ Affine [ Global [ Local [ G. & L. ”
Uniform MAX 0.0 1.0 0.0 1.0 1.8 2.2 2.5
(Dense) RMS 0.0 0.1 0.0 0.1 0.8 1.2 1.4
Uniform MAX 0.0 1.4 1.0 1.4 32.6 9.0 35.6
(Sparse) RMS 0.0 0.3 0.1 0.3 3.5 4.0 5.2
Random MAX 0.0 1.4 1.4 1.4 36.0 10.2 36.0

RMS 0.0 0.6 0.6 0.6 4.2 3.7 5.8
Varying MAX 0.0 1.4 1.4 1.4 37.0 15.1 37.0
Density RMS 0.0 0.5 0.6 0.5 3.5 4.0 6.6
Uniform MAX (0.0) (0.0) (0.0) (1.0) (1.3) (1.4) (1.5)
(Dense) RMS (0.0) (0.0) (0.0) (0.1) (0.4) (0.6) (0.8)
Uniform  MAX (0.0) (0.0) | (0.0) (1.0) (11.5) (7.1) (15.2)
(Sparse) RMS (0.0) (0.0) (0.0) (0.1) (1.4) (1.2) (1.5)
Random MAX (0.0) (1.4) (1.4) (1.4) (28.9) (9.0) (30.3)

RMS (0.0) (0.4) (0.4) (0.3) (2.8) (1.3) (3.0)
Varying MAX (0.0) (1.4) (1.4) (1.4) (31.4) (15.0) (33.2)
Density RMS (0.0) (0.2) (0.3) (0.2) (1.3) (1.8) (2.1)

and resampling of the reference image are not used in the calculations. Therefore, MAX errors in
Tables 1-3 are rather large. Such large errors usually occur at a small number of grid points near
the image borders.

When n = 2, the obtained function will be very detailed, reproducing noise in the correspon-
dences. As n is increased, noise in the correspondences average out, producing a smoother trans-
formation. Increasing n too much, however, will make it impossible to reproduce sharp geometric
differences between the images. n should, therefore, be selected using information about noise in
the correspondences as well as the density of the points.

Formula (25) defines a component of a transformation function in terms of a weighted average
of a component of the control points in the target image. Computationally, this weighted mean
approach is more stable than TPS and MQ because it does not require the solution of a system
of equations. The process, therefore, can handle a very large number of control points with any
density and organization. When TPS and MQ are used, the condition number of the matrix of
coefficients increases with the size of the matrix of coefficients [7]. When density of control points
varies greatly across the image domain, the system of equations to be solved may become ill-
conditioned, producing large registration errors. This can be easily verified by moving even one of
the control points sufficiently close to one other control point. A preprocessing step that removes
some of the control points in very high density areas should improve the condition number of the
matrix of coefficients in TPS and MQ.

Methods to make the weighted mean method local have been proposed by Maude [37] and

15



McLain [39] using rational weights defined by (26) but with

=3 +2rd, 0<n <1,
RZ('r?y) - { 0’ ri > 17 (29)
where
1
ri = [(x —z:)* + (y — v:)?]2 /rn (30)

and r, represents the distance of control point (z;,y;) to its (n — 1)st closest control point in the
reference image. Note that since

dr;
not only R;(z,y) vanishes at r; = 1, it vanishes smoothly. Therefore, f(z,y) will be continuous
and smooth everywhere in the approximation domain. Knowing the weight function at a control
point, the coefficients of a polynomial are then found to interpolate that point and (n — 1) points
closest to it. The weighted sum of the polynomials is then used to represent a component of the

transformation. Therefore, the formula for a local weighted mean is

YN, Ri(z,y)pi(,y)
fany) = SN Ri(z,y) (%)

where p;(x,y) is the polynomial interpolating data at (x;,y;) and those at (n — 1) of its closest
points. Note that this requires the solution of a small system of equations to find each local
polynomial. The polynomials encode information about local geometric differences between the
images. Therefore, the method is suitable for the registration of images where a large number
of control points is available and sharp geometric differences exist between the images. When
the density of control points does not vary greatly across the image domain, local polynomials of
degree two will be sufficient. However, when density of control points varies greatly across the
image domain, polynomials of degree two may create holes in the transformation where large gaps
exist between the control points. Polynomials of higher degrees may be used to widen the local
functions to cover the holes, but high-degree polynomials are known to produce fluctuations away
from the data points. Therefore, when the density of control points varies greatly across the image
domain, a globally defined weighted mean is more suitable for registering the images than a locally

defined weighted mean.
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5 Piecewise Linear

A piecewise linear (PL) transformation registers two images piece by piece, each piece using a linear
transformation. Although so far only triangular regions have been used, in theory, the regions can
be of any shape and size. PL mapping is continuous, but it is not smooth. When the regions are
small or local geometric differences between images are small, PL may be sufficient. However, if
local geometric differences between images are large, tangents at the two sides of a boundary shared
by two triangles may become quite different, resulting in large registration errors.

If control points in the reference image are triangulated, by knowing the corresponding control
points in the target image, the corresponding triangles in the target image will be known. The
choice of triangulation will affect the registration accuracy. As a general rule, acute triangles should
be avoided. Algorithms that maximize the minimum angle in triangles are known as Delaunay
triangulation [25, 33]. A better approximation accuracy can be achieved if triangulation is carried
out in 3-D using (z,y, f) coordinates as opposed to only (z,y) coordinates [3, 48].

In order to provide tangent continuity across triangles, polynomials of degrees two or higher
are fitted to the triangles with the coefficients of the polynomials determined such that polyno-
mial gradients at two sides of a triangle edge and in the direction normal to the edge become
the same. Methods for fitting piecewise smooth surfaces to triangular meshes have been proposed
[8, 10, 11, 46]. Such piecewise smooth surfaces may be used as the components of a transforma-
tion when registering images with local geometric differences. Another local transformation that
assures tangent continuity across the image domain is the multi-level B-spline function proposed
by Lee et al. [35] and Xie and Farin [57]. From a given set of corresponding control points, a
hierarchy of uniform control lattices is created, representing a sequence of B-spline surfaces whose
sum approaches f; at (x;,y;) for i =1,... N.

Starting from 3-D triangle meshes, subdivision techniques can be used to create piecewise
smooth surfaces over the triangles. Subdivision methods use corner-cutting rules to produce a
limit smooth surface by recursively cutting off corners in the polyhedron obtained from the 3-D
triangles [38, 41, 50]. Subdivision surfaces contain B-spline, piecewise Bézier, and non-uniform

B-spline (NURBS) as special cases [47]. Therefore, each component of a transformation can be
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Table 4: Registration accuracy of PL.

I [[ Trans. | Rot. [ Sc. | Affine | Global [ Local [ G. & L. ||

Uniform MAX 0.0 0.0 0.0 0.0 0.0 0.0 0.0
(Dense) RMS 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Uniform MAX 0.0 1.4 1.4 1.4 28.0 15.0 30.3
(Sparse) RMS 0.0 0.5 0.5 0.5 3.4 4.0 4.6
Random MAX 0.0 1.4 1.4 1.4 35.0 16.1 38.8

RMS 0.0 0.6 0.6 0.6 4.0 4.0 4.1
Varying MAX 0.0 1.4 1.4 1.4 37.0 16.0 40.1
Density RMS 0.0 0.5 0.4 0.6 5.8 3.3 6.9

considered a B-spline, a piecewise Bézier, or a NURBS surface. These surfaces are very suitable
for use as components of a transformation function for the registration of images with local ge-
ometric differences because they keep a local deformation or inaccuracy among the control point
correspondences local.

PL transformation is efficient and often sufficient for nonrigid registration [18]. Use of piecewise
cubic functions in nonrigid registration has also been explored [19]. Piecewise methods register
image regions within the convex hull of the control points. Although extrapolation is possible
outside the convex hull of the control points, the process could lead to large registration errors due
to the very local nature of the function over each triangle.

Table 4 shows the results of mapping Figs. 1b—h to Fig. 1a with control points shown in Fig. 2
using PL transformation. Errors are slightly worse than those obtained by WM with rational
Gaussian weights, but they are much better than those obtained by TPS and MQ. To obtain these
results, the control points in the reference image were triangulated by Delaunay triangulation.
Then corresponding triangles were obtained in the target image and a linear transformation was

used to map a triangle in the target image to the corresponding triangle in the reference image.
6 Computational Complexity

Assuming the images being registered are of size n x n and N corresponding control points are
available, the time needed to register the images consists of the time to compute the transformation
function and the time to resample the target image to the coordinate system of the reference
image. In the following, the computational complexities of the transformations discussed above
are determined. An addition, a subtraction, a multiplication, a division, a comparison, or a small

combination of them is considered an operation.
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To determine a component of the TPS transformation, a system of N linear equations has to be
solved. This requires on the order of N? operations. Resampling of each point in the target image
into the space of the reference image requires use of all N correspondences. Therefore, resampling
by TPS requires on the order of n? N operations. Overall, the computational complexity of TPS is
O(N?)+O(n?N). The computational complexity of MQ is also O(N?)+O(n?N). MQ is, however,
several times slower than TPS as determination of the optimal parameter d? requires use of an
iterative steepest descent algorithm.

WM transformation uses rational weights with coefficients that are the coordinates of the control
points. Therefore, a transformation is immediately obtained from the coordinates of corresponding
control points without solving a system of equations. Mapping of each point in the target image to
the space of the reference image takes on the order of N operations because coordinates of all corre-
spondences are used to find each resampled point. Therefore, overall, the computational complexity
of the method is O(n2N). In practice, however, since monotonically decreasing functions, such as
Gaussians, approach zero abruptly, it is sufficient to use only those control points that are in the
immediate neighborhood of the point under consideration. Since digital accuracy is sufficient, use
of control points farther than a certain distance to the point under consideration will not affect the
result. For this to be possible though, the control points should be binned in a 2-D array so that
given a point in the target image, the control points surrounding it could be determined without
examining all the control points.

The computational complexity of PL transformation involves the time to triangulate the control
points. This is on the order of N log N operations. Once the triangles are obtained, there is a need to
find a transformation for each corresponding triangle. This requires on the order of N operations.
Resampling of each point in the target image to the space of the reference image takes a small
number of operations. Therefore, overall, the computational complexity of PL transformation is
O(Nlog N) + O(n?). For the images shown in Fig. 1 and the control points shown in Fig. 2, our
implementations showed that PL was a few times faster than TPS, TPS was several times faster
than MQ, and MQ was several times faster than WM.

Table 5 summarizes the computational complexities of TPS, MQ, WM, and PL transformations
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Table 5: Computational complexities of various transformation functions.

H Type of Transformation ‘ Computational Complexity H

TPS Interpolation O(N?) + O(n?N)
MQ Interpolation O(N?) + O(n®N)
WM Approximation O(n?N)

PL Interpolation O(Nlog N) + O(n?)

when n and N are both very large.
7 Detecting the Incorrect Correspondences

Transformation functions contain information about the geometric differences between images. This
information is sometimes crucial in understanding the contents of images. The presence of sharp
differences in geometries of two images can be the result of local motion or deformation in the
scene and may be significant in interpretation of the scene. Figs. 5a and 5b show the X and Y
components of the true transformation for registering images in Figs. 1g and 1la. The sinusoidal
geometric difference between the images is clearly reflected in the components of the transformation.
If some information about the geometric difference between two images is known, that informa-
tion along with the obtained transformation can be used to identify the inaccurate correspondences.
For instance, if the images are known to have only linear geometric differences, f,(z,y) and f,(x,y)
will be planar. Planes are obtained only when all the correspondences are accurate though. Inac-
curacies in the correspondences will result in small dents and bumps in the planes. The geometric
difference between Figs. 1a and 1g is sinusoidal as demonstrated in Figs. 5a and 5b. This is observed
when all the correspondences are accurate. In an experiment, two of the control points in Fig. 2a
were displaced horizontally, two were displaced vertically, and one was displaced both horizontally
and vertically, each by 15 pixels. The displacements are reflected in the obtained transformation as
depicted in Figs. 5c and 5d. The dark and bright spots in these images are centered at the control
points that were moved. A bright spot shows a positive displacement while a dark spot shows a
negative displacement. When displacements are caused by inaccuracies in the correspondences,
these small dents and bumps (dark and bright spots) identify the inaccurate correspondences.

Note that horizontal displacements appear only in the X-component of the transformation
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Figure 5: (a), (b) The X and Y components of the transformation mapping Fig. 1g to Fig. 1la.
Shown here are f,(x,y) —x and fy(x,y) —y when mapped to 0-255 for enhanced viewing. Brighter
points show higher functional values. (c), (d) The X and Y components of the transformation after
displacing five of the control points in the target image.
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and vertical displacements appear only in the Y-component of the transformation. Displacement
in other directions will appear in both the X-component and the Y-component of the transfor-
mation. An inaccurate correspondence, therefore, could appear in one or both components of a
transformation. A transformation contains valuable information about the accuracies of the cor-
respondences, which can be used to identify and remove the inaccurate correspondences. If the
geometric difference between two images is known to be gradual, large gradients in the components

of a transformation will point to the inaccurate correspondences.

8 Conclusions

Images representing different views of a 3-D scene contain nonlinear geometric differences. To reg-

ister such images, first a number of corresponding control points in the images must be determined

21



and then a transformation function that can accurately represent the geometric differences between
the images must be found. Accuracy in image registration is, therefore, controlled by the accuracy
of control-point correspondences and the accuracy of the transformation function that represents
geometric differences between the images. This paper compared the accuracies of four popular
transformation functions in nonrigid image registration.

If information about geometric differences between images is available, that information should
be used to select the transformation. If no such information is available, a transformation function
that can adapt to local geometric difference between the images should be chosen.

Use of TPS, MQ, WM, and PL transformations in nonrigid registration was explored. Experi-
ments show that among the four transformations, TPS and MQ are least suitable for the registration
of images with local geometric differences. This is because of three main factors. First, the basis
functions from which a component of a transformation is determined are radially symmetric. When
spacing between the control points is very irregular, large errors may be obtained in areas where
large gaps exist between the control points. Second, because the radial basis functions used in TPS
and MQ are monotonically increasing, the transformation becomes global and cannot adapt well to
local geometric differences between images. Third, a system of equations has to be solved to find
each component of a transformation, and when spacing between the control points varies greatly
the system of equations to be solved may become ill-conditioned. When a small set of widely
spread and accurate control points is given and local geometric differences between the images are
not large, TPS and MQ are actually preferred over WM and PL because they are interpolating
functions and map corresponding control points to each other exactly and also because they extend
beyond the convex hull of the control points, registering entire images.

PL interpolation is most suitable when the images to be registered have local geometric differ-
ences because a control point affects registration in a small neighborhood of the control point. This
property not only makes the computations very efficient, it keeps inaccuracies in the correspon-
dences local without spreading them over the entire image domain. Recent subdivision schemes
[38, 50] provide efficient means of fitting piecewise smooth surfaces to triangular meshes, creating

continuous and smooth transformation functions.
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When a large number of control point correspondences is given and the correspondences are
noisy, WM is preferred over PL, TPS, and MQ for four main reasons. First, WM does not re-
quire the solution of a system of equations. A transformation is immediately obtained from the
coordinates of corresponding control points in the images. Second, a transformation is obtained
from a weighted average of the control points and the averaging process smoothes noise in the
correspondences. Third, the rational weights adapt to the density and organization of the control
points by automatically stretching toward large gaps and their widths change with the density of
the control points. Fourth, the width of all weight functions can be increased or decreased together
by controlling parameter n of the transformation.

Some applications require transformations that are spatially differentiable up to some degree.
Among the four transformation functions discussed in this paper, TPS, MQ, and WM are C* and
PL is C; that is, all derivative of TPS, MQ, and WM are continuous, while PL is continuous as a

function, but its derivatives are all discontinuous across the image domain.
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