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ABSTRACT

The ��D regions obtained as a result of a volume image segmentation often need to be geometrically modeled
and rendered� In this paper� use of rational Gaussian �RaG� surfaces in modeling and rendering ��D regions is
described� A new parametrization technique is introduced that morphs a sphere in a coarse�to��ne fashion to a ��D
region� Knowing parameters of points on the sphere� parameters of voxels on the region are determined� Having the
parameters of the voxels� a RaG surface is then �tted to the voxels to obtain a smooth representation for the region�
Examples of the proposed representation on various ��D regions are presented�
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�� INTRODUCTION

Image segmentation programs partition an image into regions of interest� In volumetric images� the regions represent
��D objects or their parts� A ��D region is usually represented by a set of connected voxels that cover the surface
of an object or its part� Representation by voxels is accurate� but it lacks the power to characterizes a region or
e�ectively render it�

For rendering purposes� a collection of voxels is often approximated by a triangle�������� and the triangles are
rendered� Optimization algorithms have been developed to minimize the number of triangles representing a discrete
��D data set��� The triangular representation can render ��D regions better than the voxel representation� but it
still lacks the descriptive power� It is desired to represent a region analytically so that various properties of the
region could be measured� Implicit and parametric representations have been used to describe ��D shapes� The
representation chosen in this paper is a parametric one� allowing e�ective characterization and rendering of ��D
regions�

The parametric representation requires that each voxel be assigned a pair of unique parameter values� A method
for determining these parameters for a free�form shape will be described� The only restriction imposed on the shape
of a ��D region is that it must not contain a hole� Many human organs have this property� such as the brain� the
bones� the hands� the legs� and the entire exterior skin of the body� After parametrizing the voxels in a given shape�
we �t a rational Gaussian �RaG� surface to the voxels to obtain a smooth parametric representation for the shape�
The RaG formulation has a smoothness parameter that can be selected appropriately to render an object at a desired
resolution�

In the following section� the existing ��D representing methods are reviewed� Next� an algorithm to parametrize
voxels in a ��D region is described� Then� examples of ��D regions represented by rational Gaussian surfaces are
given� Finally� speed and accuracy issues are discussed and concluding remarks are made�

�� BACKGROUND

Methods for representing volumetric regions have been around for some time� Roberts�� used volumetric primitives
such as cuboids� wedges� and hexagonal prisms to describe line drawing of polyhedral scenes� Additional support
for volumetric primitives based on accessibility� scope and uniqueness� and stability and sensitivity was provided by
Marr���
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A representation that can describe an object with an axis and varying cross�sections is the generalized cylin�
der������������ A generalized cylinder P�u� v� can be formulated as a surface of sweep� obtained by sweeping a curve
C�v� � 	X�v�Y �v�Z�v�
t along a trajectory T�u����

P�u� v� � T�u� �X�v�v� � Y �v�v� � Z�v�v�� �
�

where v� is the tangent vector at point with parameter u� v� � T��u�� and v� is the principal normal at point with
parameter u on the trajectory� This normal is in the plane normal to the curve and is in the direction the curve
bends toward the center of curvature� The principal normal is computed from v� � T���u��jT���u�j� and v� is the
binormal� which is the vector normal to both v� and v�� v� � v� � v�� In the above formula it is assumed that the
shape of the cross�section C�v� remains constant along the trajectory� If the cross�section varies along the trajectory�
C�v� should be replaced with C�u� v�� where u is the parameter along the trajectory� In tomographic images� these
curves can be considered the cross�sections of the shape with axial� sagittal� or coronal planes�

Biederman� argues that just as combinations of �� phonemes can represent all words in a language� a limited
number of geometric primitives should be able to represent all objects� He proposed a set of generalized cylinders as
the primitives and developed a process that could recognize objects with the primitives as parts� Based on a similar
idea� Pentland�� used ten generalized cylinders as primitives and modeled a large number of ��D objects�

Generalized cylinders evolved to superquadrics later� Superquadric surfaces were �rst formulated by Danish writer
and inventor Piet Hein in the early 
���s����� Their use in representation of volumetric primitives was brought to
light by Barr in 
��
�� Soon after� Pentland�� and Solina and Bajcsy�� used superquadrics to represent shapes with
global geometric deformations� Superquadrics in parametric form are de�ned by

x��� �� � s�sign�cos � cos��j cos � cos�j
�� � ���

y��� �� � s�sign�sin � cos��j sin � cos�j
�� � ���

z��� �� � s�sign�sin��j sin �j
�� � ���

where s�� s�� and s� are scaling factors along x� y� and z axes� respectively� ��� ��� and �� control the shape of
a superquadric� and by varying them� di�erent shapes are obtained� Parameters � � 	�� ��
 and � � 	��

�
� �
�

 are

spherical parameters of the shape��	 Parameters s�� s�� s�� ��� ��� and �� are determined through a minimization
process to �t a superquadric to a set of points�

Since superquadrics have only a few parameters� they can capture only the global properties of a shape� To
capture the local shape details� Pentland applied polynomial deformations to superquadrics�����
 To provide both
global and local shape control� Terzopoulos and co�workers combined superquadrics with generalized splines������

They proposed a dynamic model in which the local and global shape parameters could be determined by taking into
consideration the external forces de�ned by the image and the internal forces de�ned by the model� The process
starts from an initial state and gradually migrates to the �nal state through a minimization process���

To represent local shape details in a superquadric� Bardinet et al�� viewed the problem as one of free�form
deformation� They determined a transformation function that could deform a superquadric to approximately �t a
given set of points� The process was based on the free�form deformation of Sederberg and Parry��� who used Bernstein
polynomials as transformation functions� The process required mapping each given point into a unique point on the
superquadric� Knowing the parameters of points on the superquadric� they then determine the parameters of given
points� This parametrization enables deforming the superquadric to approximate a given set of points� The main
task in this method is the mapping of given points to points on the approximating superquadric�

To overcome the limitations of superquadrics� Cohen and Cohen�� suggested use of a model whose number of free
parameters could be adjusted to the complexity of the shape� They used a hybrid hyperquadric with the capability
to include a su�cient number of exponentials of hyperquadric terms to obtain a volumetric primitive of a desired
shape� The parameters of a hybrid hyperquadric shape were determined by the Levenberg�Marquardt optimization
method���

Hyperquadrics are de�ned by�	

H�x� y� z� �

NX
i��

j�aix� biy � ciz � di�j
�i � 
� ���



where ai� bi� ci� and di are coe�cients of a plane that approximates points in a local neighborhood and �i is a number
larger than �� determining the local in�uence of the plane on the obtained shape� For �i larger than 
� strictly convex
shapes are obtained� For �i less than 
� concavities can be produced� but this makes the underlying optimization very
unstable� often resulting in singularities��� Observing that sums of exponentials of hyperquadrics produce a hilly
landscape with bumps or intrusions centered around each component equation� Hanson�	 replaced the equations of
planes with the exponentials to create local shape deformations on a hyperquadric surface� A composite hyperquadric
surface is de�ned by�	

CH�x� y� z� �

KX
k��

ck exp��Hk�x� y� z�� � 
� ���

where Hk�x� y� z� is the equation of a hyperquadric shown by ��� and ck is the contribution of the kth hyperquadric
in local shape of the obtained model� A positive ck contributes to the convexity� while a negative ck contributes to
the concavity of the model in a local neighborhood� Parameters of the composite hyperquadrics are also determined
by an optimization process in the same way the parameters of the hyperquadrics are determined�

If a polyhedral mesh is already known approximating a given data set� parametric surface patches that approxi�
mate the data can be obtained� Gim�� used manifolds to stitch B�spline patches together to represent a shape� while
Catmull and clark�	 via subdivision obtained a B�spline approximation to a mesh� Three� and �ve�sided patches��

as well as n�sided patches�
 have also been used to obtain a smooth surface approximation to an irregular mesh�
Peters�� and Loop�� isolated irregularities in a mesh by one or more re�nements and �tted a parametric surface�
such as B�splines� to the mesh�

In this paper� the rational Gaussian �RaG� surface��
��� which is a parametric surface allowing rendering of a
free�form shape at varying resolutions is used� The equation of a RaG surface is�

P�u� v� �

NX
i��

Vigi�u� v�� ���

where Vi is the ith control point on the shape and gi�u� v� is the ith basis function of the surface� de�ned by

gi�u� v� �
G�u� v�PN
i��Gi�u� v�

� ���

For a spherically parametrized surface with u denoting parametrization along the hemisphere�

Gi�u� v� �
�X

j���

expf�	�u� ui � j�� � �v � vi�
�
����i g ���

where �i denotes the standard deviation of the ith Gaussian� The larger the value of �i the smoother the obtained
shape in the neighborhood of �ui� vi�� the ith node of the surface� If the points are parametrized spherically using
��� ��� we will have u � ���� and v � �� � ������� Although theoretically parameter j varies from �� to ��
because a ��D Gaussian extends to in�nity in all directions and along parameter u it wraps around the object
in�nitely� but in practice� a Gaussian approaches zero exponentially and j needs to be varied from �m to �m� where
m is a small number such as 
 or ��

A single RaG surface can represent a very complex shape� This representation� however� requires that f�ui� vi� �

� �� � � � � ng be given� Parameters �ui� vi� de�ne the node of the surface at the ith control point� In the following� we
will show how to determine the nodes at voxels on a region and how to represent a region by a RaG surface�

�� SPHERICAL PARAMETRIZATION OF A ��D REGION

In this section an algorithm for parametrizing voxels in the bounding surface of a ��D region is given� The basic idea
of the algorithm is to morph a sphere in a coarse�to��ne fashion to take the shape of the region� Then� by knowing
the parameters of points on the sphere� we will determine the parameters of the voxels� We will use the following
de�nitions to describe the algorithm�



Figure �� Each point on the sphere can be referenced by parameters u� v � 	�� 

�

Parametric Equation of a Sphere� The sphere of radius r centered at �x	� y	� z	� is parametrically de�ned by��

x � x	 � r cos � cos�� � � 	����� ���
� �
��

y � y	 � r cos � sin�� � � 	�� ��
� �

�

z � z	 � r sin �� �
��

By setting � � �v� �
�
and � � ��u� we see that when varying u and v from � to 
 we will be able to draw the sphere

in its entirety� In other words� each point on the sphere can be uniquely referenced by parameters u� v � 	�� 

� �See
Fig� 
��

Polyhedral Approximation of a Sphere� A sphere can be approximated by a polyhedron whose vertices lie on
the sphere� As the number of polyhedral vertices increase� the approximation becomes more accurate� We will denote
the vertices of the polyhedron approximating a sphere by V � fVi � i � 
� �� � � � � Nvg� Note that since parameters
�u� v� at each point on the sphere are known� parameters at the vertices of the approximating polyhedron will be
known� We assume all polyhedral faces are triangular and denote parameters at vertex Vi by �ui� vi��

A Digital Shape� We will call a ��D region in a volumetric image a digital shape� a digital object� or simply a shape
or an object� A digital shape is de�ned by a set of voxels de�ning the bounding surface of a ��D region� Assuming
No voxels form a shape� we will denote the voxels by p � fpi � i � 
� �� � � � � Nog�

Polyhedral Approximation of a Shape� A digital shape can be approximated by a polyhedron in such a way
that the vertices of the polyhedron lie on the shape� The approximation can be made more accurate by increasing
the number of faces or vertices of the polyhedron� We assume polyhedral faces are triangular and a polyhedron has
Nv vertices� denoted by v � fvi � i � 
� �� � � � � Nvg� Note that v is a subset of p�

Parametrizing Points on a Shape� By determining a one�to�one correspondence between vertices of a polyhedron
approximating a sphere and vertices of a polyhedron approximating a shape� we can parametrize the points �voxels�
on the shape by knowing the parameters of points on the sphere� To achieve this mapping� approximation of the
sphere and the shape is carried out in parallel in such a way that in each iteration the same vertex con�guration is
obtained in polyhedral approximations of both the sphere and the shape�

Edge Contour� Suppose that vivj is an edge of the polyhedron approximating a shape� Projection of this edge to
the shape is obtained by �nding the closest path on the shape that connects vi and vj � We denote this contour by
dvivj � Therefore� contour dvivj represents a sequence of voxels on the shape from vi to vj � connecting the two points
in a minimal path�

Midpoint of an Edge Contour� Given an edge contour dvivj � the midpoint of the contour� denoted by mij � is the
point on the contour that has the same length paths to points vi and vj � Parameters �uij � vij� at mij are set to the
averages of corresponding parameters at vi and vj � Therefore� assuming parameters at vi and vj are �ui� vi� and
�uj � vj�� respectively� we �nd uij � �ui � uj��� and vij � �vi � vj����

An easy way to determine the midpoint of contour dvivj is to mark all voxels adjacent to vi and vj � This will
mark small circles around vi and vj � If we mark voxels that are adjacent to the marked voxels around vi and vj � we



will obtain larger circles around vi and vj on the shape� If we continue doing this in parallel from the two ends� we
will see that at some point the circles centered at vi and vj will grow large enough to meet at a point �voxel�� This
is detected when a voxel is marked twice� If the two circles touch at more than one voxel� the mid voxel is taken to
represent the center point of contour dvivj � It should be mentioned that it is not necessary to �nd the shortest path
from vi to vj in order to �nd mij � As a matter of fact� it is not necessary to �nd any of the edge contours in the
proposed algorithm� It is only necessary to �nd the midpoints of the contours to implement the algorithm�

A Triangular Patch� This is a patch obtained by projecting the edges of a polyhedral face to the shape that it
is approximating� We will denote the patch obtained as a result of projecting a polyhedral face with vertices vi�vj �
and vk to a shape by tijk � Note that patch tijk is bounded by edge contours dvivj � dvjvk� and dvkvi�
A Triangular Face� This is one face of a polyhedron approximating a shape� If the vertices of a triangular face are
vi�vj � and vk� we will denote the face by Tijk � Note that triangular face Tijk has the same vertices as triangular
patch tijk �

Subdivision of a Triangular Patch� A triangular patch is subdivided into four by �nding shortest paths on the
shape between the midpoints of the edge contours de�ning the patch� Therefore� assuming triangular patch tijk is
given and if midpoints on the edge contours of the patch are denoted by vK � mij � vI � mjk� and vJ � mki� we
will denote the four triangular patches obtained as a result of the subdivision by tiJK � tIjK � tIJk� and tIJK �

Subdivision of a Triangular Face� Since a triangular face has a corresponding triangular patch� by knowing the
vertices of the triangle� vi�vj � and vk� and the midpoints of the edge contours� vK �vI � vJ � we �nd a triangular face
for each triangular patch� Therefore� after subdividing triangular face Tijk � we will obtain TiJK �TIjK �TIJk� TIJK �
Note that when a triangular patch is subdivided� the subdivision does not a�ect the adjacent patches because an
edge contour is only split into two� Its position does not change� However� when a polyhedral face is subdivided�
since segments of an edge before and after a subdivision are not the same� when one polyhedral face is subdivided
and its adjacent face is not� a hole will appear in the polyhedron� To avoid this from happening� when a triangle
is subdivided� triangles adjacent to it that are not subdivided� are automatically subdivided� Such triangles do not
need to be divided into four� but rather into two by connecting the new vertex obtained from the midpoint of an
edge contour to the triangular vertex facing it�

Relations between Number of Vertices� Number of Edges� and Number of Faces in a Polyhedron�
Assuming in a polyhedron there are Nv vertices� Ne edges� and Nf faces� since each face contains � vertices� if all
triangular faces are obtained by subdividing a triangle into four� each vertex will be shared by four faces� and we
have

Nv �
�

�
Nf � �
��

If Nf� of the triangles are obtained by subdividing a triangle into four and Nf� � Nf � Nf� of the triangles are
obtained by subdividing a triangle into two� we have

Nv �
�

�
�Nf� �

Nf�

�
�� �
��

If there are Ne edges in the polyhedron� since each edge is shared by exactly two triangles� but each triangle uses
three edges� we have

Nf �
�

�
Ne� �
��

Parallel Subdivision of a Sphere and a Shape� As a shape is subdivided into smaller triangular patches� the
corresponding polyhedral faces are subdivided into smaller triangles� Imagine starting with a similar polyhedral
approximation of a sphere and a shape� Then� as each triangular patch in the shape is subdivided� the corresponding
triangle in the polyhedral approximation of the shape and the sphere are also subdivided� The subdivision in the
shape is straightforward since a triangular patch has a corresponding triangular face� The subdivision in the sphere is
achieved by connecting the center of the sphere to the midpoints of the edges of the triangular face under consideration



and determining their intersections with the sphere� The intersections enable subdivision of a face in the polyhedral
approximation of the sphere�

To start� we �nd the largest vertical line segment inside the shape� Let�s suppose points on the shape that are also
at the end points of this line are v� and v� and the length of the line is �r� We will then initialize a sphere with radius
r at C � �v��v����� Suppose also that we obtain an octahedral approximation to the sphere and the vertices of the
octahedron are fVi � i � 
� �� � � � � �g� Note that V� � v� and V� � v�� To �nd points on the shape corresponding to
vertices of the octahedron approximating the sphere� we connect the center of the sphere C to fVi � i � �� �� � � � � �g
and �nd the intersections of obtained lines with the shape� Let shape points corresponding to octahedral vertices
be fvi � i � 
� �� � � � � �g� Therefore� before starting any subdivision� vertices of the octahedron approximating a
sphere fVi � i � 
� �� � � � � �g will correspond to vertices of polyhedron approximating a shape� fvi � i � 
� �� � � � � �g�
Subdivision is carried out in parallel in such a way that always the same polyhedral con�guration is obtained by
approximating a shape and a sphere� By knowing parameters of vertices of the polyhedron approximating the sphere
we will then know parameters of corresponding vertices in polyhedral approximation of the shape�

Note that if the objective is to approximate a shape by a polyhedron� we should follow the rules of subdivision
for a triangular face� However� if we want to represent a shape by a smooth parametric surface� we should follow the
rules of subdivision for a triangular patch�

Parameters at Voxels in a Triangular Patch� Parameters at the vertices of a triangular patch are the same
as parameters at vertices of the approximating polyhedron� Since there is a one�to�one correspondence between
the polyhedral approximation of a shape and the polyhedral approximation of a sphere� we will know parameters
at the vertices of the polyhedron approximating a shape from parameters at corresponding polyhedral vertices
approximating a sphere� The parameters at midpoints of edge contours are the same as parameters at midpoints of
corresponding polyhedral edges� We recursively subdivide a triangular patch into four subtriangles and determine
parameters at the vertices of newly obtained triangles until parameters at all voxels in a triangular patch are
determined�

Correspondence between Points in a Triangular Patch and Points in the Approximating Polyhedral
Face� A point �voxel� in a triangular patch and a point in the corresponding polyhedral face that have the same
parameters �u� v� are considered corresponding points�

Accuracy in Polyhedral Approximation� The error E between a shape and its polyhedral approximation is
de�ned by the maximum error between triangular patches in the shape and the corresponding triangular faces�
Assuming maximum distance between triangular patch tijk and corresponding triangular face Tijk is dl� we de�ne

E � max
l

dl� �
��

If there are Nf faces in the polyhedral approximation of a shape� then� l � 
� �� � � � � Nf � The maximum distance
between a triangular patch and its corresponding triangular face is determined from the maximum distance between
corresponding points in the patch and the face� If there are Np points �voxels� in a triangular patch and the ith
corresponding points in the patch and the face are pi and Pi� we de�ne

dl � max
i
jjpi �Pijj� �
��

where i � 
� �� � � � � Np�

Accuracy in Surface Approximation� The error e between a shape and its approximation by a RaG surface
is de�ned by the maximum distance between corresponding points in the shape and in the surface� Assuming
parameters at point �voxel� pi in the shape are �ui� vi�� we de�ne

e � max
i
jjpi �P�ui� vi�jj� �
��

Assuming there are No voxels in the shape� in the above equation we have i � 
� �� � � � � No�

Equipped with these de�nitions� we now describe algorithms for approximating a digital shape with a polyhedron
or a RaG surface with a required accuracy�



Algorithm � �Polyhedral Approximation�� Given voxels on a digital shape� this algorithm �nds a polyhedral
approximation to the shape with a required accuracy�


� Initialize� Find the octahedral approximation to the shape and compute the error between each obtained
triangular patch and corresponding triangular face of the octahedron� Enter into a list those faces that have
errors above the speci�ed tolerance�

�� Main Step� If the list is empty� stop� Otherwise� take a triangular face from the list �call it T� and subdivide
its corresponding triangular patch into four smaller patches� Determine the error between each obtained patch
and the corresponding polyhedral face� Enter all subtriangles that have errors above the required tolerance into
the list� For triangles adjacent to T that are not in the list� subdivide each to two subtriangles and compute
the error between each and the corresponding patch� Enter an obtained subtriangle into the list if its error is
above the required tolerance�

�� Continue� Go to the Main Step�

In this algorithm an adjacency list is kept� showing triangles adjacent to each triangle� This list is continuously
revised as the triangles are subdivided� Also not mentioned in the algorithm is the computation of parameters at the
vertices of the approximating polyhedron� By knowing the parameters at the octohedron approximating a sphere
and the corresponding polyhedron approximating a shape� and by carrying out subdivision of the sphere and the
shape in parallel� parameters at the vertices of the polyhedron are computed at each step of the algorithm�

The proposed algorithm produces triangles of various sizes approximating a shape� Complexity in one area in
a shape results in localized subdivision in that area� Note that if a given shape has branches� the subdivision will
allow approximation of the branches by growing the subdivision into the branches� Therefore� subdivision will stop
early in �at areas in a shape� while it will continue in detailed and branching areas until the desired tolerance in
approximation is reached� The output of this algorithm will be a triangular mesh� which can be used for rendering and
other purposes� The algorithm is not optimal since the initial octahedron that approximates a shape is always oriented
vertically irrespective of the geometry of the shape� However� obtained approximation considerably compresses data
and produces far fewer triangles than voxels in a shape�

Algorithm � �RaG Surface Approximation�� This subdivision algorithm is similar to that of the polyhedral
approximation except that error is measured between points �voxels� in a shape and corresponding points in the
approximating RaG surface� Also� note that when a triangular patch is divided into four smaller patches� there is no
need to check for adjacent patches and divide them into two �see discussion on Subdivision of a Triangular Patch��

Polyhedral approximation of irregularly�spaced data has been attempted before� Hoppe et al��� developed a
method for triangulating irregularly spaced points on the surface of an object to recover its geometry� Later the
method was optimized�� to minimize the number of triangles while reproducing the same geometry with a required
tolerance� An algorithm to represent iso�valued surfaces in a volumetric image was given by Lorensen and Cline���

This algorithm� which was called the marching cube� represents a surface by a large number of very small triangles� A
method to combine many triangles to larger ones based on distance and angle tests was later developed by Schroeder
et al���� reducing the number of the triangles considerably while preserving the appearance of the surface� A similar
algorithm was given by Turk��
 which combined triangles in �at areas without changing triangles in high curvature
areas to preserve shape while reducing the number of the triangles approximating a shape with a required tolerance�
In an algorithm developed by Garland and Heckbert��� adjacent vertices were combined by removing the edge
between them and reducing the number of triangles in a triangular mesh�

If the objective in mesh simpli�cation is for rendering purposes� viewpoint should be taken into consideration�
Based on a selected view� some triangles may become completely hidden� in which case they can be removed� or
become very small when viewed� in which case they can be combined with adjacent triangles� View�dependent mesh
simpli�cation methods have been proposed by Hoppe�� and Luebke and Erikson��	

Parametrization of mesh vertices is very important for smooth representation of a mesh by a parametric surface
and for texture mapping� To determine parameters at mesh vertices� Lee et al��� simpli�ed a mesh to a base
mesh� Parameters were then assigned to vertices in the base mesh� and parametrization of the original mesh was
determined through conformal mapping of the base mesh to the original mesh� Eck et al��� developed a method for



parametrizing a polyhedral mesh using the theory of harmonics� In this method� parameters at vertices of a simple
polyhedron having an opening was mapped to a polygonal domain in the plane� For more complex polyhedral shapes
with possible holes� parameters were assigned locally to ensure continuity between patches that replaced adjacent
polyhedral faces� Later� this method was extended to combine triangular faces into quadrilateral and determined
local parametrization of the polyhedral mesh for representation by B�spline patches��� A nonlinear optimization
method for determining the parameters of a B�spline surface �tting an irregular mesh was also given by Rogers
and Fog��	 Brechb�uhler et al�
�� developed an optimization method for a one�to�one mapping of closed� simply
connected shapes to a sphere� thus enabling spherical parametrization of closed shapes� The algorithm proposed here
determines a spherical parametrization of an irregular mesh approximating a digital region with a required accuracy�

�� RESULTS

Examples of surface �tting to ��D regions are shown in Figures ���� The left�column images show the ��D regions
obtained by an image segmentation method� and the middle�column images show results of RaG surfaces �tting to
the regions� The surface �tting process preserves the geometry of the regions while smoothing noise and unnecessary
details� The smoothness of a RaG surface can be varied by changing the standard deviation of the Gaussians used
to de�ne the surface� The third�column images show surfaces obtained by increasing the smoothness of the surfaces
shown in the second column�

The region in the �rst row represents the left ventricular blood pool obtained by segmenting a cardiac MR image�
the region in the second row shows a brain tumor obtained by segmenting a brain MR image� the region in the third
row shows a brain obtained by segmenting an MR image� and the region in the fourth row shows the skin of the
head obtained by segmenting an MR image� The surface �tting process removes excess noise and details and enables
visualization and manipulation of the regions e�ectively�

�� CONCLUSIONS

Parametric representation of ��D regions is required in many situations� Parametric representation provides an
e�ective means to render and manipulate the regions� It also enables determination of the local and global properties
of a region such as surface normals and surface gradients� In addition� it allows reproduction of the region in a
resolution that is most suitable for viewing� Even close up of a region represented by a surface will appear sharp�
This is in contrast to the digital representation� which appears blurred at close up�

A key advantage of representing a ��D region with a parametric surface is that the region can be easily revised by
moving the control points of the surface� In a system being developed jointly by Wright State University and Wallace�
Kettering Neuroscience Institute� the result of an automatic image segmentation is represented by a parametric
surface and the surface is overlaid with the image��� The user is provided with the ability to revise the surface
interactively while observing image data� In this manner� segmentation errors obtained by an automatic method are
quickly corrected by the user�
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