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ABSTRACT

Blair, Andrew Jay. M.S. Egr., Department of Mechanical and Materials Engineering,
Wright State University, 1997. A DesignStrategy for Preventing High Cycle Fatigue
by Minimizing the Sensitivity of Bladed Disks to Mistuning.

The complexdynamicscommonto the turb omachinery bladeddisk make it oneof

the most widely studied systemsin mechanicalengineering.When all bladesof a par-

ticular systemare exactly alike and the disk is exactly symmetric, the systemis said

to be tuned. In this case,vibrational energy is symmetrically dispersedthroughout

the system. However, manufacturing tolerancesand blade damagemake the tuned

casean impossibility. Small geometricand/or material di�erences, mistuning, is al-

ways present. Mistuning is known to causethe con�nement of vibrational energyto a

singleblade or small set of blades,a phenomenonknown asmode localization, which

acceleratesthe processof high cyclefatigue. Mode localization is not only a function

of mistuning | it is a function of interblade coupling, as well. Modi�cations to the

disk, which is the primary meansof coupling betweenblades,are proposedwith the

intent of more e�ectiv ely distributing vibrational energy in the presenceof mistun-

ing. The �nite element method is usedto investigatethe e�ectiv enessof the proposed

modi�cations whenthe systemsare subjected to several typesof mistuning. The free

responsefor each caseis obtained and �ndings are substantiated by their similarit y

to those found in previousstudies. It is found that certain disk modi�cations lessen

the severity of mode localization in the mistuned system.
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Chapter 1

In tro duction

Turbomachinery designposesmany challengesto mechanical engineers.The wide

rangeof mechanical conditions | aerodynamic, thermal and structural | that these

systemsaresubjected to makeseventhe designof a singlecomponent a di�cult task.

One of the most widely studied, yet least understood, components of thesemachines

is the dynamicsof bladeddiskscommonto turbines, compressors,and fans. As blade

failure dueto high cyclefatigue continuesto occur, sodoesthe needfor further study.

Becausethe dynamicsof thesesystemsaresocomplex,past research hastendedto be

analytical in nature. Designmethods that are more preventativ e in nature are long

overdue. In this study, methods of designingthe disk (or hub) are presented that are

intended to reducethe risk of high cycle fatigue failures.

Fatigue, in itself, refers to the degradation of a material's strength through a

high number of repeated loads. More speci�cally , high cycle fatigue (HCF) occurs

when load levelsare relatively low and the number of load applications is extremely

high and it is a major concern in bladed disk assemblies. Today's turb omachines

typically operate at extremely high rotational speeds,subjecting the components to
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many resonancesituations | especially at start{up and shut{down. Since\passing

through" theseresonant frequenciesis a physical impossibility, it is desirableto do

so sustainingonly a minimum amount of long{term damage.

If it were possibleto manufacture bladed disks such that each of the bladeswere

exactly identical (in which casethe systemwould be said to be tuned), the general

consensusamong those in the engineeringcommunity is that HCF would not be

that great a concern. But, this is not a perfect world, and small di�erences between

the bladesof any given systemwill always be present. The presenceof thesesmall

di�erences is commonly referredto as mistuning.

Mistuning causesa phenomenonknown asmode localization, which canbe catas-

trophic to bladeddisk assembliesand subsequently the very expensive turb omachines

in which they are found. In the tuned system, the vibrational energyof each mode

is symmetrically distributed throughout the system. When mode localization occurs,

the bulk of this energyis con�ned to either a singleblade or a very small number of

bladeswhich are often called the rogueblades. Consequently, theseroguebladesare

subjected to higher levels of stressand their high cycle fatigue life is greatly short-

ened. Another devastating e�ect of mistuning is the \splitting" of the tuned system's

paired natural frequencies,resulting in more resonant frequenciesthat the system

must passthrough. This \splitting" phenomenonwill be referred to as eigenvalue

veering.

Many technical contributions have already beenmadethat deal with mistuning,

and with rapidly increasingavailabilit y of high{powered computing, it is expected

that many more will come in the near future. The work of several authors will

2



be summarized. Most of the work presented attempts to analytically model bladed

disk systems,to which several methods are in existence. However, there is a lack

of proposedsolutions to the mistuning problem and thosethat do exist tend to deal

with selectively locating mistunedblades,addingdampingto the system,or providing

additional coupling betweenthe blades.

Although it is the blades that tend to fail, the disk plays a major role in the

dynamicsof thesesystems. It acts as a coupling deviceto transmit energybetween

the blades. In the present study, several disk modi�cations are investigated as to

whetherthey transfer the energybetweenbladesmoree�cien tly than the traditionally

designeddisk in the presenceof mistuning. The free responseof di�eren t models is

obtained using the �nite element method (FEM) and results are presented in terms

of relative stresslevels. The methods usedare validated by the agreement between

resultsobtainedand thoseobtained in other studies. It is concludedthat certain disk

modi�cations canindeedimprovethe dynamic characteristicsof mistunedbladeddisk

assemblies. It is also found that the most bene�cial of thesemodi�cations is not one

which engineersfamiliar to the topic would expect to be terribly in
uen tial to the

behavior of thesesystems.
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Chapter 2

Background

A landmark paper by Campbell was written in 1924[1]. This is believed to be the

�rst work in which mode localization in bladed disk assemblies was presented to the

technical community. Experimental results werepresented and the phenomenonwas

explainedtheoretically by the presenceof travelling and standing waves. Sincethat

time, numeroustheoriesand analytical methods have beendeveloped to explain and

predict the dynamic behavior of bladed disks. Among the most popular and e�-

cient of these methods is perturbation theory and its variations. Several authors

have alsopresented the addition of certain devicesin bladed disk systemsto combat

the vibration problem. Someexamplesof thesedevicesinclude: blade shrouds,fric-

tion dampers, and packeted blades. Selectedexamplesof the existing literature are

presented and summarizedas to their relevancein this and similar future studies.
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2.1 Ov erview

Hodges[2] investigatesmode localization usinga wave propagationapproach. Simple

nearly periodic modelsare analyzedwherelocations of mistune can be thought of as

providing the \source" excitation. When coupling between locations is su�cien tly

weak the sourceexcitation cannot be e�cien tly transmitted to other locations, thus

mode localization occurs.

Ewins [3] was one of the �rst to disdain the practice of treating the blades as

being cantileveredand conveys the importance of including the disk in modal anal-

ysis. When this is done, the system modes occur in families characterizedby the

cantileveredbeam modesand nodal diameters in the disk. As the number of nodal

diametersincreaseswithin a modal family, the natural frequencyapproachesthat of

the cantileveredblade mode. Ewins alsoshows both analytically and experimentally

a maximum stressincreaseof only 20% from the tuned to the mistuned system[4].

However, he �nds that the e�ects of mistuning may basically be ignored when the

mistuned bladesare optimally arrangedon the disk.

Wu [5] usesan analytical approach to show that mistuning a single parameter

(massor sti�ness) at a single location in a system of coupled oscillators will cause

mode localization. The variation of this parameter can be examinedas to the re-

sulting changesin the system'sfree responseto gain insight on the causeand e�ect

relationship betweenmistuning and mode localization.

In a casestudy of a 33{bladed disk model, Ewins and Han [6] concludethat the

blade with the highest degreeof mistune will have the highest level of stress. It is
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also stated that arrangement of the mistuned bladesis as important to consequent

stresslevelsas is the degreeof mistune.

Gri�n and Hoosac[7] use a model of a 72{bladed disk to conduct a statistical

study of mistuned bladed disk assemblies. Results show that the bladesmost likely

to seethe highest stresslevelsare thosewith natural frequenciesclosestto the ideal

blade{aloneor tuned frequencies.Also, the higheststresslevelsof the systemincrease

as the degreeof mistuning increases. Two possibilities for decreasingblade stress

levelsare proposedwhich each require sorting bladesby frequency: usebladeswhich

areall from the samesortedsetor alternate bladesfrom two di�eren t sets. The model

usedis later re�ned by Gri�n [8] in a study where similar conclusionare drawn. A

statements is made in this paper which is so signi�cant to this �eld of study that it

bearsrepeating:

\... physical systemsthat are very sensitive to mistuning give rise to

mathematical systemsthat are sensitive to model inaccuracies.... simple

modelscanbe usedto predict overall statistical trends and that it is these

trends that are really important in terms of establishingenginedurabilit y.

[8]"

In a two part paper by Rzadkowski [9, 10], generalequationsof motion for bladed

disk assemblies of complex geometryare derived and computer programsdeveloped

for their solution using a Ritz method. Numerical results show that the singleblade

having the highestdegreeof mistuning may haveeither the higheststresslevel OR the

loweststresslevel, dependingon operating frequencyand type of mistuning. Optimal

arrangements for mistuned bladesare alsopresented.
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An experimental study by Srinivasanand Cutts [11] revealsthe extremedi�cult y

in obtaining useful experimental results to comparetuned and mistuned assemblies.

They found it impossibleto completely tune the system. Resultsdid, however, show

little di�erence in maximum strain levelsof the bladesin the tuned (or more appro-

priately, lessmistuned) and mistuned assemblies.

Blade staggerangleis found to have a signi�cant e�ect on the type and degreeof

coupling the disk provides to the bladesin a study by Crawley and Mokadam [12].

A Ritz method is usedto analyzeseveral modelsof disk{blade and shaft{disk{blade

assemblies. Analytical results agreereasonablywell with experimental.

Contrary to classical linear free vibration theory, Vakakis [13] shows that mis-

tuning neednot be present for mode localization to occur. Systemswith su�cien tly

weak coupling and highly non{linear sti�ness will exhibit localizednodeseven when

perfectly tuned. Similar results are found by Muszy�nska and Jones[14]. However,

Slater [15] maintains that localization cannot occur if any linear coupling sti�ness

doesexist.

The FEM modal analysis solutions for a cantilevered blade and tuned disk are

usedin a reducedorder method of solution by Yangand Gri�n [16]. Resultscompare

favorably to the FEM solution of a full assembly, while computational time is reduced

by as much as an estimated two or three ordersof magnitude for a 100{bladeddisk.

This method tends to yield lessthen favorableresultswhenthe disk is not su�cien tly

sti� in comparisonto the bladesto completelyseparatethe modal families. However,

this is also the casewherelocalization tends not to occur.

Component modesynthesisis usedby Irretier [17] to model a 24{bladeddisk. The
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computational method is satisfactorily veri�ed by experimental results for a tuned

system. The method is then used to investigate mistuning with no experimental

veri�cation. In the caseof blade damage,he �nds localization in the area of the

damagedblade. In the caseof random mistuning he �nds that within a modal family,

asmode number increases,the shorter (higher blade{alonefrequency)bladestend to

dominate the localizedmode shapes.

An analytical method for predicting the forced responseof bladed disks is pre-

sented by Fabunmi [18]which is basedon the experimental knowledgeof the system's

mode shapes. The author claims that a family of mode shapes of a uniquely mis-

tuned systemform a newbasisfor the samemodal subspaceof the tuned systemand

that each uniquely mistuned systemwill have its own basisfor that samesubspace.

A conclusionsimilar to that of Balmes[19], who employs an analytical approach to

concludethat although localized modes may di�er drastically from the symmetric,

the modesof a particular band are from the samesubspacewhether they are localized

or not. The localizedmodescan be viewed as \rotations" within that subspace.

A casestudy of the last turbine row of a large industrial combustion turbine

is presented by Scalzo,et. al. [20]. Blade design changeswere implemented and,

basedon data collectedbeforeand after implementation, the authors concludethat

both aerodynamic damping and non{synchronous excitation must be accounted for

in blade design.

Standard designcriteria for bladed{disk fatigue is presented by Scalzo[21]. The

author draws on 35 yearsof experiencein the �eld to discussthe evolution of design

standardsand presents speci�c casesfor which modi�cations to thesestandardshave
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beennecessary.

In three papersby Kaza and Kielb [22, 23] and Kielb and Kaza [24], mistuning is

demonstratedto always have a positive e�ect on 
utter responseof a bladeddisk. In

contrast to many other authors, they alsoshow that mistuning doesnot always have

a negative e�ect on forcedresponse. In fact, for certain engineorder excitations and

Mach numbers, its e�ects may be bene�cial.

Sanliturk and Imregun [25] present an inverseapproach to the mistuning problem.

They develop a method of �nding manufacturing tolerancesthat correspond to an

allowablemaximum stresslevel in the blades. Resultscomparefavorably to the more

conventional direct approach, wheremistuning is the independent variable and blade

responselevelsare solved for.

In an indirectly related paper, Dobrzynski [26] showed that by spacinghelicopter

bladesunsymmetrically aroundthe rotor, in a mannerin which balanceis maintained,

noise levels can be reduced. Although the paper investigatesacoustics,there is a

strong correlation betweenacousticsand the free responseof the system.

2.2 Perturbation and Similar Techniques

Pierre and Howell [27] develop a perturbation schemewhich yields favorable results

when compared to the \exact" solution for a coupled system of pendulums. By

treating both the pendulum lengths and coupling betweenpendulums as perturbed

quantities, someinsight may begainedasto whenstrongmode localization will occur.

This method falters whenmany oscillators(blades)are present becausean N th order
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perturbation is necessaryto make observations about blades that are N locations

apart from oneanother. Pierre [28]and Wei and Pierre [29]extend this work to show

that eigenvalueveeringoccurswhen strong localization occurs. Eigenvalue veeringis

the \spreading" of the repeatednatural frequenciesfound in the symmetric system.

Pierre and Murth y [30] extend the perturbation method [27, 28] to include aeroe-

lastic damping by examining the e�ects of mistuning on a 56{blade system. In addi-

tion to the mode localization and eigenvalue veeringcommonto the structural only

problem, it is also found that the root locus of the tuned system'seigenvaluescom-

pletely and randomly breaksdown in the presenceof mistuning. Similar conclusions

are drawn by the analysisof the �rst stageof the oxidizer turb opump in the Space

Shuttle main rocket engine[31].

Peirre and Cha [32] model the bladed disk as a seriesof coupled beams. The

equationsof motion for the systemare derived basedon the modal representation of

each subsystemand perturbation techniquesare usedto investigatemistuning. The

authors show that mode localization is dependent only on the ratio of mistuning to

coupling strength and the location of coupling constraint. In contrast to work by

Wei and Pierre [29], it is found that the likelihood of mode localization increases

with modal number and that there is somemodal number at which mode localization

becomesunavoidable.

�Ottarsson and Pierre [33] usea transfer matrix approach along with perturbation

techniquesto developa sensitivity parameterwhich is usefulin the prediction of mode

localization. Resultsobtained for the mistuned systemusing this approach compare

favorably to thoseusingMonte Carlo techniques.Again, the modeling techniqueused
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is only useful in consideringthe energytransfer betweenadjacent blades.

A singular perturbation technique is used in two papers by Happawana, Bajaj,

and Nwokah [34,35] to investigatethe mistuning phenomenaof mode localization and

eigenvalueveering. Usingthis technique, the analysisreducesto algebraicexpressions

for the eigenvalues and eigenfunctions. Results compare favorably to the \exact"

solution for two simple models. The authors alsoshow that while eigenvalue veering

occurssimultaneouslywith mode localization, one is not the result of the other.

Natsiavas [36] employs the method of matched asymptotic expansionsto include

dampinge�ects in a simplemodel which cannotbeaccuratelyhandledby perturbation

techniques. The author veri�es the lack of a causeand e�ect relationship between

mode localization and eigenvalueveeringaspresented by Happawana, et.al. [34, 35].

2.3 Shrouds, Packets, and Damp ers

Valero and Bendiksen[37] incorporate shroudedbladeswith slippageinto �nite ele-

ment modelsof 12 and 48{bladed disks. A parametric study is conductedby varying

shroud interface angle as well as the type of mistuning present in the system. The

authors concludethat: natural frequenciesand mode shapes are altered by changes

in the interfaceangle,localization is most likely to occur in the lower modes,and it is

alsomost likely to occur in regions(blades)with a high degreeof relative mistuning.

Menq, Gri�n, and Bielak [38] model shrouded blade vibration. A non{linear

impedancetechnique is usedat the shroud interface. They concludethat the non{

linear e�ects of friction and dynamic separationmake a traditional linear �nite ele-
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ment analysisof shroudedbladeassembliesinadequate.The modeshapesand natural

frequenciesof such systemsare dramatically in
uenced by the non{linear interaction

at the shroud interface,which is highly dependent on the amplitude of excitation.

An experimental investigation on the e�ect of shroud gaps on the dynamics of

bladed disks is performedby Yang and Gri�n [39]. Test results show a much wider

bandof peaksin the frequencyresponseat low frequenciesthan onewould expect. The

authorsusea harmonicbalancemethod to concludethat shroudcontact may actually

\lo osen" blade constraint at the hub, e�ectiv ely lowering the contacted blades' and

consequently the system'snatural frequencies. Thus, the assembly is subjected to

resonancesituations more often than if the gap wassu�cien t to prevent contact and

designingto operating frequenciesbecomesnearly impossible.

Two methods of calculating the natural frequenciesof packeted bladed disks are

presented by Ewins and Imregun [40]. Analytical results are in reasonableagree-

ment with experimental results. Relationshipsbetweenpacketedassembliesand their

shroudedand unshrouded{unpacketed counterparts are found to exist.

Gri�n [41] develops an analytical method for determining a single blade's vi-

bratory responsewhen a blade{to{ground friction damper is present. Basedon the

agreement betweenexperimental and calculated results, the author claims that the

analytical methods are su�cien t for preliminary designof the damper's sti�ness and

the amount of force neededto \stic k" the damper.

Wangand Chen[42]present a HarmonicBalanceMethod (HBM) for investigation

of the frictionally{damp ed blade. Unlike prior useof this method, multiple terms are

used| making it moreusefulover a wider rangeof \stic k" and \slip" conditionsthan
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using a singleterm. The method is said to yield comparableresults in one{tenth the

computer time required by direct integration.

Jones,Nashif,andStargardter[43] introducea cantileveredbeamdamper mounted

inside the hollow blade at the tip. The authors claim that at low excitation frequen-

cies,vibration amplitude is reducedby asmuch astwo ordersof magnitude. However,

to be this e�ectiv e, the damper must be tuned to the frequencyat which its blade

is excited as part of the assembled system. As others have shown, determining that

frequencyis much more than a mere formality.

Two instancesin which mistuning may not needto be consideredin bladed disk

designare given by Gri�n and Sinha [44]. The �rst is the caseof the turbine stage

with interblade friction dampers. Here, analytical results for the mistuned casewere

so closeto that of the tuned case,that including mistuning was unnecessary. The

secondis the caseof the shroudedfan stage. Here,mode localization is sodominated

by the shroud interfacefriction that ordinary mistuning of the blades(representativ e

of manufacturing tolerances)goesvirtually unnoticed.

2.4 Summary and Conclusions from the Literature

A review of the literature leadsto several conclusionswhich will now be presented,

many of which have direct relevanceto the present study.

1. Mistuning does indeedcausemode localization. The extent to which it occurs

is still subject to argument.

2. Which blade(s) incur the highest stresslevels in the presenceof mistuning is

not entirely agreedupon. The majorit y of studiesshow that it will be the blade
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with the most mistune, although Gri�n [8, 7] presents strong evidencethat it

is the least mistuned blade, or the blade closestto the ideal tuned frequency.

3. The mistuned modesmay propagatefrom an individual mistuned blade. Fur-

thermore, the modesin this caseoccur in the order of the natural frequencies

of the bladesfrom which they propagate[17, 2].

4. The mistuned mode shapes are orthogonal and form a new basis set for the

samesubspacede�ned by the tuned eigenvectors.

5. Eigenvalueveeringandmode localization aresimultaneouslyoccurring phenom-

ena,however neither seemsto be the causefor the other.

6. Numerical methods of analyzing bladeddisks can be sensitive to small changes

in the systems. This presents di�cult y in the fact that this is exactly when

mode localization occurs.

7. Classicallinear analysesmay not be su�cien t in the completeddesignof bladed

disk assemblies. Non{linear coupling, in itself, has beenshown to causemode

localization.

8. However, linear analysesare more than adequatewhen seekingtrends of when

mode localization occursand how its severity may be lessened.

9. Perturbation theoriesare extremely useful and e�cien t at predicting mode lo-

calization. However, the methods becomemuch less e�cien t when coupling

betweenbladesmore than oneor two locations from each other are to be con-

sidered.

10. The �nite element method is the most comprehensive analytical method avail-

able for studiesof this nature. However, it requiresthe availabilit y and expense

of high powered computing. Component mode synthesis and other methods

of substructuring are promising methods of reducing the FEM problem to one

that is more acceptable.
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11. Designstrategiesfor minimizing mode localization are minimal. Thosethat do

exist require sorting the bladesby their blade{alonefrequencies.This would be

extremely time consumingand costly, better methods needto be developed.

12. There is a strong relationship betweenmode localization and interblade cou-

pling. Weaker couplingbetweenbladeslessensthe severity of mode localization.

13. In a related study it hasbeenshown that spacinghelicopter bladesunsymmet-

rically canreducenoise. Similarly, desymmeterizingbladeddisk assembliesmay

minimize vibrational amplitudes.

In 1986,several leadersof the aerodynamiccommunity who hadbeeninvestigating

the 
uid 
o w problemof bladecascadestook it upon themselvesto formulate what are

now known as the 10 standard con�gurations [45]. Thesecon�gurations werechosen

to represent blade cascadestypical to modern turb omachinery. Experimental data

wasmadereadily accessiblefor most of the con�gurations sothat investigatorswould

havedata with which to compareresultsobtainedby analytical methods. In reviewing

the structural literature on bladeddisks, it is apparent that there are nearly asmany

models in existenceas there are authors on the subject and very little experimental

data is available. As the availabilit y of better computers increases,so too does the

possibility of using more complex methods in the study of the structural problem

and a time is near in which quantitativ e comparisonsand searching for trends will

no longer be su�cien t. The establishment of universal models and readily available

experimental data for the veri�cation of structural analysismethods seemsto be in

order if the structural community is going to most e�cien tly make useof state of the

art technology. Furthermore, theseuniversalmodelsshould be selectedsuch that all
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complicationscommonto the structural problem are included and the robustnessof

an analytical technique is exposedwhen tested on thesemodels.
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Chapter 3

Theory

Designingbladed disk assemblies for the alleviation of high cycle fatigue is certainly

oneof the most complexproblemsfacing today's engineers.The literature hasshown

that therearemany anglesfrom which to approach the problem. The study conducted

in this work focuseson the minimization of the detrimental e�ects of modelocalization

initiated by the presenceof mistuning. The �nite element method is usedto formulate

the modal analysis(eigenvalue)problemin which the system'snatural frequenciesand

mode shapesare obtained. The solution to the eigenvalue problem is obtained using

the subspaceiteration method. Model generationand analysiswas performed using

ANSYSr
 .

3.1 Free Response of the Tuned System

In order to gain a thorough understanding of the localized behavior of a mistuned

system, it is �rst necessaryto understand the ideal mode shapes and frequencydis-
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tributions of the tuned system. Bladed disk assemblies, speci�cally those typical to

today's turb omachinery, exhibit certain modal characteristics. In these assemblies,

the sti�ness of the disk is extremely high relative to that of the blades. Therefore,

participation of the disk is minimal in the mode shapes of the system,especially at

lower frequencies.As a result, the system'smode shapes can be e�ectiv ely catego-

rized by the cantileveredbeammode shapescharacteristic of an individual blade. At

lower frequenciesthis will include bending and torsion. At higher frequencies,com-

binations of bending and torsion will be present and no such simple realizationsare

appropriate.

The mode shapesand natural frequenciesof thesesystemsoccur in groups. The

number of degreesof freedom in the system is equal to the number of blades. In

the models presented, there are eight bladesattached to the disk. Therefore, eight

linear modes can be expected in each group. Within each modal group, the mode

shapes are di�eren tiated by the number and orientation of nodal lines (also called

nodal diameters) present. The di�eren t groups are di�eren tiated not only by the

type of deformation (bending or torsion), but also by the number of nodal circles

present. For example,all modes in the �rst bending group would have zero nodal

circles, all modes in the secondbending group would have one nodal circle (almost

without exception,this circle will occur through the blades),and soon. The natural

frequenciesof the modeswithin a group are typically very close(within one to two

percent) to each other. There is typically a considerabledi�erence betweenthe mean

frequenciesof modal groups in the samedeformation category. This certainly does

not mean that the mean frequencyof all modal groups are far apart, though. For
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instance, there may be only a small di�erence between the mean frequencyof the

fourth bending group and the secondtorsional group.

Take for instance the following bladed disk (Figures 3.1{3.4), where the radial

lines represent blades of the disk. The inner circle represents the perimeter of the

disk and the outer circle represents the nominal position of the undeformedblade.

The blade de
ection is represented as axial shortening or lengthening. The dotted

lines inside the disk circle represent the nodal diameters(lines) along which there is

no de
ection.
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Figure 3.1: First and eighth modes(zero nodal diametersand four nodal diameters,
respectively).
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Figure 3.2: Secondand third modes(repeated,with onenodal diameter).

It is reasonableto expect the modesto berepeatedin this fashionwhenconsidering
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Figure 3.3: Fourth and �fth modes(repeated,with two nodal diameters).
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Figure 3.4: Fifth and sixth modes(repeated,with three nodal diameters).

the symmetry involved in the structure. The diagrams(Figures 3.1 - 3.4) depict the

�rst of each type of modal group (beam bending and torsion). It is not di�cult to

extend this analogyof nodal diametersto the higher groups,though. The �rst group

can be thought of ascombinations of nodal diameterswith zeronodal circles. As the

modal group number increases,the number of nodal circlesincreases.So, the second

bending mode would have one nodal circle, the third would have two nodal circles,

and so on.

Someselectmodeshapesfrom the present investigationfollow to clarify the modal

characterizationsused.
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Figure 3.5: Mode 1 | �rst bending, zeronodal diameters.

Figure 3.6: Modes2 and 3 | �rst bending, onenodal diameter.
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Figure 3.7: Modes4 and 5 | �rst bending, two nodal diameters.

Figure 3.8: Modes6 and 7 | �rst bending, three nodal diameters.
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Figure 3.9: Mode 8 | �rst bending, four nodal diameters.

Figure 3.10: Mode 9 | �rst torsion, zeronodal diameters.
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Figure 3.11: Mode 17 | secondbending, zeronodal diameters.
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3.2 Mistuning and Mo de Lo calization

When mistuning is present, the system'smode shapes are formed as linear combi-

nations of the tuned mode shapes. As a result, most of the energyin the systemis

con�ned to a small region of the system| a phenomenonknown as mode localiza-

tion. In the caseof the eight{bladed disk to be presented, the bulk of the deformation

was found to take place in a singleblade. In systemshaving many more blades,the

energymay be con�ned to more than oneblade. The blade(s) exhibiting the highest

levelsof deformation are often referredto as rogueblades.

To illustrate the dramatic e�ect of mode localization on a mistuned system,ex-

amples from the present investigation are given (Figures 3.12 and 3.13). In these

examples,one must remember that all displacements shown are relative displace-

ments and not absolute displacements, as would be the casein a forced response

analysis. The samedeformation scalewas used for plotting the two mode shapes

shown here and it is rather easyto seehow drastic mode localization can be in the

presenceof mistuning.

When mistuning occurs in a given system, it is important to realize that groups

of modes remain grouped. In fact, the mistuned mode shapes are orthogonal linear

combinations of the tuned mode shapes which form a new basis set for the same

modal subspacespannedby the tuned mode shapes [18, 19]. This is easily veri�ed

by the following calculation.

[� t ]
24� n

T [� m ]
n� 24

= [	]
24� 24

(3.1)

Where, [� t ] and [� m ] are the matrix of tuned eigenvectors(mode shapes)and matrix
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Figure 3.12: Model 1 (baseline),eighth mode, tuned case

of mistuned eigenvectors(mode shapes), respectively. The variable [	] is de�ned as

the transformation matrix and n is the number of degreesof freedom. This results in

an m � m matrix, wherem is the number of modesexamined(m = 24, in this case).

The transformation matrix canthen be divided into three submatrices,corresponding

to the three modal subspaces(modal groups) being investigated.

[	]
24� 24

=

2

6
6
6
4

 1
8� 8

0 0

0  2
8� 8

0

0 0  3
8� 8

3

7
7
7
5

(3.2)

The determinate of each of the three submatricesshould have a magnitude of

one, if the mistuned mode shapesare indeeda basisset for the samemodal subspace

spannedby the tuned mode shapes. Each submatrix can also be examinedfor the
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Figure 3.13: Model 1 (baseline),eighth mode, 1% blade masssubtracted from blade
1

contribution of each of the tuned mode shapesto each of the mistuned mode shapes.

Here, each column represents a mistuned mode shape, and each row represents a

tuned mode shape. This is illustrated by an examplefrom the present investigation

(3.3:  1, model 1, mistuning case1). It is easilyseenthat the secondmistuned mode

shape is comprisedmainly of the �rst and third tuned mode shapes. The seventh

mistuned mode shape is comprisedalmost entirely of the sixth tuned mode shape,

and so on.
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[ 1] =

2

6
6
6
6
6
6
6
6
6
6
4

0:315 0:734 0:451 0:360 ' 0 0:159 0:005 � 0:040
0:167 0:371 � 0:892 0:173 ' 0 0:089 � 0:003 � 0:025
0:510 � 0:570 ' 0 0:582 ' 0 0:268 ' 0 � 0:070
0:505 ' 0 0:015 � 0:689 ' 0 0:509 � 0:007 � 0:103
' 0 ' 0 ' 0 ' 0 � 1 ' 0 ' 0 ' 0

� 0:007 0:003 0:005 0:007 ' 0 ' 0 � 1 � 0:010
0:490 � 0:003 ' 0 � 0:135 ' 0 � 0:754 ' 0 � 0:417
0:343 � 0:003 � 0:003 � 0:075 ' 0 � 0:261 � 0:012 0:900

3

7
7
7
7
7
7
7
7
7
7
5

(3.3)

Along with the resulting changein modeshapes,it is equally important to examine

the resulting changesin the natural frequenciesof the mistuned system relative to

thoseof the tuned system. In the tuned system,especially systemsin which the disk

is symmetric, all natural frequenciesof each group are within a very small percentage

of each other. In the mistuned models,someof the natural frequenciesin each group

canmoveconsiderablyaway from the meanfrequencyof that group (this phenomenon

is commonly known as frequencyveeringor eigenvalue veering). Frequencyveering

results in more resonant frequencieswhich are dispersedover a wider rangethat the

systemmust passthrough.

To clarify, an exampletable of frequenciesfrom the present investigation is given

(Table 3.2) . Here, the di�eren t columnsrepresent di�eren t casesof mistuning. The

samedisk model is usedthroughout the table. In the caseof the tuned symmetric

disk, the frequenciesin each group are all within onepercent of each other. This is no

longerthe casewhenthe systemis mistuned. In mistuning cases1-4(addition of mass

to one blade), the �rst frequencyof the �rst mistuned group deviatesconsiderably

from the rest of its group. In cases5-8 (removal of massfrom one blade), it is the

last frequencyof that group that deviates. There is no singlefrequency\leaving" the

group in the random mistuning cases(9-11). Instead, the frequenciesof that group
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Mode Tuned Cases1-4 Cases5-8 Case9 Case10 Case11
# Hz Hz Hz Hz Hz Hz
1 336.8 330.64 336.8 334.74 331.49 331.74
2 336.8 336.8 336.8 336.56 332.55 333.6
3 336.8 336.8 336.85 338.01 334.54 333.92
4 336.9 336.85 336.9 338.45 334.96 334.36
5 336.9 336.9 337 342.68 335.8 335.24
6 337.07 337 337.07 342.83 336.59 339.18
7 337.07 337.07 337.13 343.15 338.03 340.05
8 337.15 337.13 343.59 343.49 342.34 342.94
9 1411.4 1411.3 1411.4 1411.4 1411.3 1411.3
10 1411.4 1411.4 1411.4 1411.4 1411.3 1411.4
11 1411.4 1411.4 1411.4 1411.4 1411.4 1411.4
12 1411.5 1411.5 1411.5 1411.5 1411.5 1411.5
13 1411.5 1411.5 1411.5 1411.6 1411.5 1411.5
14 1411.8 1411.8 1411.8 1411.9 1411.8 1411.8
15 1411.8 1411.8 1411.9 1411.9 1411.8 1411.9
16 1412 1412 1412 1412 1412 1412
17 2066.1 2038.4 2066.5 2059.6 2040.9 2042.6
18 2066.6 2066.5 2066.8 2073.1 2051 2055.1
19 2066.7 2066.8 2069.5 2078.6 2057.8 2056.1
20 2072.6 2070.3 2072.8 2081 2061.3 2059
21 2072.8 2072.8 2076.9 2104.3 2070.6 2067.2
22 2081.4 2078.5 2081.6 2108.9 2072.5 2088.6
23 2081.6 2081.6 2083.7 2113.9 2082.8 2091.3
24 2084.6 2083.9 2114.1 2115.4 2106.7 2110.9

Table 3.1: Frequencytable for Model 1 (symmetric massdistribution, axisymmetric
sti�ness).

are dispersedover a larger range. It will be shown later, in the caseof massaddition

or removal, the mode in which frequencydeviatesmost from the group is also the

mode which exhibits the strongestmode localization.
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3.3 Finite Elemen t Metho d

Even when the geometryof a bladed disk assembly is extremely simpli�ed, as in the

present investigation, it is nearly impossibleto obtain useful equations to describe

the motion of the system. It becomesnecessarythen, to discretize the problem.

The existenceof commercial software, such as ANSYSr
 makes the �nite element

method the logical choicefor discretization and subsequent solution. When usingthe

�nite element method, special care must be taken in choosing the element type and

interpreting the results. It is nearly always possibleto obtain a solution using the

�nite element method. Obtaining a meaningfulsolution, however, requiresa thorough

understandingof the problem and methods usedin obtaining the solution.

3.3.1 The \Bric k" Elemen t

The element chosenfor discretizing the model usedin this investigation is an eight{

noded, three{dimensional element having three degreesof freedom at each node.

Becauseof its shape, this element is commonly referred to as a \bric k" element

(Figure 3.14). This element is designatedas Solid 45 by ANSYSr
 . The degreesof

freedomof this element are the nodal translations X, Y, and Z.

Theoretical derivation of the brick element is well documented and the interested

reader is directed to the ANSYSr
 Theory Manual. The displacement relationships

betweennodesin this element are assumedto be linear. This can lead to an arti�cial

\sti�ening" of the element, especially whenmeshingallowsthe element to degradeto a

prism or tetrahedron. The geometricdegradationof elements wasnot a concernin this
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Figure 3.14: Eight{no ded \bric k" element.

study (to be explainedin Section3.3.2). But, it wasa concernthat eventhe optimally

shapedbrick element may inducearti�cial sti�ness becauseof the assumptionof linear

displacement betweennodes. As seenin Section3.3.3,precautionsweretakento verify

that this was not the case.

3.3.2 The Mesh

The model used in this study is basedon an existing experiment at Wright State

University. Although the model had to be modi�ed to exhibit the desired modal

characteristics, one objective of the study was to maintain as many of the features

on this set{up aspossible.One characteristic that wasmaintained wasthe mounting

condition of the blades(Figure 3.15).

Intuitiv ely, a two{dimensionalelement with thicknessmay seemto be the logical

element choicebecausethe disk and bladesare relatively thin. However, the overlap-

ping of the bladesand plates in the mounting areaof the disk (Figure 3.15) presents
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Figure 3.15: Mounting condition of each blade to the disk.

di�culties in meshingwith a two{dimensional element. Meshing the model was the

primary reasonfor choosingthe brick element.

Onevery important featureof the meshusedin this study is that it is symmetric.

The nature of this analysis is such that any irregularities may arti�cially induce

mode localization e�ects in the modal analysis results. To avoid the possibility of

this occurring, a symmetric meshwas used. To ensuresymmetry, a two dimensional

surfaceof oneblade and disk sectorwere drawn in AUTOCAD12r
 . This surfacewas

divided into symmetric areasrepresentativ eof the desiredthree{dimensionalelement

locations. This wasthen imported to ANSYSr
 , wherethe two{dimensionalareaswere

extruded to separatethree{dimensionalvolumes.Each volumewasthen meshedwith

a singlebrick element, thusensuringa symmetricmeshwhenthe singlebladeanddisk

sectorwerecopiedasa polar array to form the entire model (Figure 3.16). Using this

method, the databasefor the model wasextremely largeand computational processes

very time consuming.For this reason,the geometriesof the individual volumeswere

not saved. The baselinemodel was comprisedof only its elements, and sinceit had

no associated geometricvolumes,modi�cation (other than the addition of point mass
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elements or changing material properties) required completely starting the process

over, oncethis point was reached.

Figure 3.16: Baselinemodel, symmetrically meshedwith brick elements.

3.3.3 Verifying Elemen t Selection and the Mesh

It wasof greatconcernthat usingthe brick element may result in the modelsbehaving

too rigidly. To verify that the element choiceand meshusedproduced satisfactory

results,a singlebladewas\removed" from the assembly andanalyzedasa cantilevered

beam. The results were then compared to results obtained using Euler{Bernoulli

Beam Theory as presented by Inman [46] for the bending modes(Equations 3.4 and

3.5).
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! n = � 2
n

p
EI =�A (3.4)

� n l = 1:87510407

= 4:69409113

= 7:85475744

= 10:99554073

= 14:13716839

=
(4n � 1)pi

4
for n > 5 (3.5)

Where: ! is the natural frequency, E is Young's Modulus, I is cross{sectionalarea

moment of inertia, � is material density, A is crosssectionalarea,and n is the modal

index number. Knowing the length of the beam l, the constant � is determined by

Equation 3.5.

For the torsional modes, a combination of theory presented by Inman [46] and

geometricequationspresented by Ugural and Fenster [47], were usedfor comparison

to the �nite element method (Equations 3.6 through 3.8).

! n =
(2n � 1)� c

2l
; n = 1; 2; :::: (3.6)

c =
p

G
 =�J (3.7)

Here, c is given by Equation 3.7. Where, G is Torsional Modulus of Rigidit y, and

J is the Polar Moment of Inertia. The variable 
 is a geometricproperty given by

Equation 3.8. Where, w is the beam width, t is the beam thickness,and � is given

as 0.333for thin beams(as is the casefor the present study).
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 = �w t3 (3.8)

It was found that results for the bending modeswere in reasonableagreement for

the two solutions (3.2). However, results for the torsional modeswere unacceptable

(3.2). To achieve reasonableagreement betweenthe two solutions for the torsional

modes,an impractical amount of degreesof freedom(DOF) neededto be added to

the �nite element model.

! n;theor y ! n;F E M

Deformation
Hz Hz

�
�
�

! n;theor y � ! n;F E M

! n;theor y

�
�
� (100%)

1st bending 338.69 347.68 2.65%

1st torsion 1081.50 1423.1 31.58%

2nd bending 2123.07 2153.4 1.43%

2nd torsion 3244.50 4744.3 46.22%

3r d bending 5944.66 6063.0 1.99%

Table 3.2: Comparisonof �nite element results and conventional beamtheory.

Resultswill be presented for the �rst family of torsional modessimply becauseit

liesbetweenthe �rst two bendingfamiliesand solution proceduresdo not allow modes

to be \skipp ed". However, this family is basically ignoredin drawing any conclusions

from the investigation. The reader is strongly advised to usesimilar precaution in

drawing any conclusionson his or her own.
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3.4 Eigen value Extraction

In the study presented, the free responseof the di�eren t systemsis sought. This

is obtained by performing a modal analysis,which simply meanssolving the classic

eigenvalue problem typical to undamped structures (Equation 3.9).

[K ][� i ] = ! 2
i [M ]f � ig (3.9)

Where, [K ] is the sti�ness matrix, [M ] is the massmatrix, ! 2 is the eigenvalue or

squareof the natural frequency, f � i g is the eigenvector or mode shape, and i is the

modal index.

Two methods of eigenvalueextraction are available in ANSYSr
 for problemshav-

ing symmetric massand sti�ness matrices and negligible damping. The �rst is the

ReducedMethod, which requireschoosingmasterdegreesof freedom(DOF) to which

the model matrices are reducedusing Guyan Reduction. Subsequent eigenvalue ex-

traction is then performed via the HBI (Householder{Bisection{Inverse iteration)

technique. The ReducedMethod is the more time e�cien t of the two. However,

great caremust be taken in choosingthe masterDOF. Inherently , masswill be \lost"

using this method and poor selection of the master DOF can produce misleading

results. Computational time for each model was not as important to this study as

dynamic accuracy. Therefore, the more comprehensive SubspaceIteration Method

was chosenfor eigenvalue extraction.

The SubspaceIteration Method is a widely acceptedmethod of computing the

lower modesof the structural eigenvalueproblem in which the full massand sti�ness
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matrices are maintained. General descriptions and evaluations of the method are

available in books by Meirovitch [48], Craig [49], and Rao [50]. A brief outline of the

method as given by Rao [50] follows.

Subspace Iteration Metho d [50]

1. De�ne the initial modal matrix [X 0] and set the initial iteration number as

k = 0.

2. Usethe following procedureto generatean improved modal matrix [X k+1 ]

(a) Find [X k+1 ] from the relation

[A][X k+1 ] = [B ][X k] (3.10)

(b) Compute

[Ak+1 ] = [X k+1 ]T [A][X k+1 ] and (3.11)

[Bk+1 ] = [X k+1 ]T [B ][X k+1 ] (3.12)

(c) Solve for the eigenvaluesand eigenvectorsof the reducedsystem

[Ak+1 ][Qk+1 ] = [Bk+1 ][Qk+1 ][� k+1 ] and (3.13)

to obtain [� k+1 ] and [Qk+1 ]

(d) Find an improvedapproximation to the eigenvectorsof the original system

as

[X k+1 ] = [X k+1 ][Qk+1 ] (3.14)

3. Check for convergenceof the eigenvalues, where � (k)
i and � (k+1)

i denote the

approximations to the i th eigenvalue in iterations k � 1 and k, respectively.
�
�
�
�
�
� (k+1)

i � � (k)
i

� (k+1)
i

�
�
�
�
�

� 10� 5; i = 1; 2; :::; p (3.15)
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One enhancement is madeto the generalmethod by ANSYSr
 which insuresthat

modesare not skipped. This is known as the Sturm SequenceCheck for which the

�nal shift on the iterated eigenvaluesis computedas follows:

S = � p + 0:1(� p+1 � � p) (3.16)

Where: � p is the eigenvalue of the last requestedmode, and � p+1 is the eigenvalue

of the next computedmode. In the caseof missedmodes,more iteration vectorsare

usedfor extraction.
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Chapter 4

In vestigation

In bladed disk assemblies, the disk acts as a coupling device between the blades.

As the sti�ness of the disk increases,blade coupling decreases.It has been shown

that weak interblade coupling leadsto high levels of mode localization when blades

are mistuned [30, 31, 29]. Mode localization also occurs in bladed disks as a result

of their symmetry. Sets of axisymmetric modes combine to form a basis set from

which drastically localizedmode shapescanbe generated.Bladeddisk assembliesare

traditionally designedto be symmetric for balancing. This leadsto two hypotheses

to be investigatedin this work: 1) Decreasingthe sti�ness of the disk by varying the

geometryand/or material composition will reducemodelocalization dueto mistuning,

2) Destroying the symmetry of the disk, yet maintaining balance,will reducemode

localization due to mistuning. Each of thesewas investigatedseparately, as well as

combinations of the two.

A model of an eight bladed disk basedon an experimental testbed in existence

at Wright State University was constructed in ANSYSr
 using eight noded \bric k"
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elements (Figure 3.16, p. 33). The model was designedto exhibit a propensity for

mode localization similar to that in real bladed disk assemblies. The bladed disk

model was adjusted to provide weak coupling betweenthe bladesresulting in tightly

packedsetsof natural frequencies,eight modesin each. The bladedeformation in the

�rst set of modes is predominately a �rst beam bending mode, in the secondset of

modesit is predominately a �rst beamtorsional mode, and in the third set of modes

it is predominately a secondbeambending mode.

In all, ten di�eren t disk designswereusedin this study. First was the aforemen-

tioned baselinemodel which was symmetric with axisymmetric disk sti�ness. Three

typesof non{symmetric diskswerecreatedby: addingan additional 10%mass,adding

and additional 1% mass,and varying the sti�ness. Two moresymmetric modelswere

createdby reducing sti�ness at either the interior or exterior region of the disk. In

addition, each of the mass{added,non{symmetric schemeswere combined with the

two reducedsti�ness models.

Threetypesof mistuning werechosenfor the investigation. The �rst two were: one

percent of the massof onebladeaddedto the tip of oneblade,and onepercent blade

massremoved from the tip of a singleblade. This results in two casesof mistuning

for the symmetric models. For non-symmetricmodels, however, each type (addition

and subtraction) must be investigatedon each of four di�eren t blades. This results

in eight di�eren t casesof mistuning for the non-symmetric models. The preceding

models, representing minor damagecasesto an individual blade or all but oneblade,

are in agreement with acceptedpractice in prior studies [30, 31]. The �nal type of

mistuning casesis random mistuning. Three random patterns werechosensuch that
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the massaddedto the tip of each bladecould vary betweenplus or minusonepercent

of the massof oneblade.

4.1 Mo dels

All models used in this study were variations of the symmetric, constant sti�ness

systemreferredto as the baselinemodel (Figure 3.16,p. 33). The dimensionsof the

disk are as follows: OD = 188 mm, ID = 87.5 mm, and thickness= 14 mm. The

dimensionsof each blade are: length = 62 mm, width = 32 mm, and thickness= 1.5

mm. This model was constructed entirely of eight noded brick elements (ANSYSr


element| Solid 45), having three degreesof freedomper node. Element selectionwas

basedon the overlapping condition of the disk, blades,and plates (Figure 3.15). The

material properties used were that of mild steel: Young's Modulus E = 200 GPa,

density � = 7800kg/m 3, and Poisson'sRatio � = 0:3. Lineswerealsoincluded in the

geometrythat allowed meshingto be performed in ANSYSr
 . A proper meshin this

study had two important properties. First, the meshhad to be symmetric. Due to

numericalsensitivities,a non-symmetricalmeshcould numerically induceundesirable

mode localization characteristicsthat would not appear in a symmetrical, tuned disk.

Second,the meshhad to consistentirely of \bric k" elements | each element having

eight independent nodes. These elements have a tendency to behave to \sti�y"

whenallowed to degenerateto \w edges"| elements in which all eight nodesare not

independent.

The secondmodel generatedhad a non-symmetricmassdistribution and axisym-
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metric bending sti�ness. A point masselement (ANSYSr
 element|Mass 21), was

addedto the edgeof the disk at the centerline of each blade. The masseswereadded

in a pattern that repeatedafter 180� in order to maintain the balanceof the system

(Figure 4.1). The procedureaddedten percent of the massof the disk to the system.
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1 = 0.5 disk mass= 0.02825Kg

2 = 1.0 disk mass= 0.0565Kg

3 = 1.5 disk mass= 0.08475Kg

4 = 2.0 disk mass= 0.113Kg

Figure 4.1: Massdistribution for the massadded,non-symmetricmodel.

The third and fourth modelsweresymmetric, with reducedsti�ness at the interior

andexterior portions of the disk, respectively. For the simplicity of modeling, reducing

the sti�ness was accomplishedby reducingYoung'sModulus (E) to a value equal to

half of its original value (100 GPa). In practice, similar reductions in sti�ness would

be accomplishedby varying both designmaterials and geometry.

In conjunction with the secondmodel, the third and fourth models were usedto

create models �v e and six. This gave two non-symmetric disks. One with reduced

sti�ness at the interior of the disk and one with reducedsti�ness at the exterior of

the disk.

When consideringthe secondmodel, it was found to be of considerableconcern

that, in practice,destroying the symmetry of the disk would inevitably leadto changes
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in the geometry. Not only would such a changemeanthe addition or subtraction of

massin certain locales,but it would alsomeana considerablechangein sti�ness. It

wasthis concernthat brought about the seventh and �nal model (Figure 4.2). In this

model, the disk wasdivided into eight equalsections.Four valuesof Young'sModulus

were usedin thesesectionsin a repeatedpattern similar to the massdistribution in

the secondmodel.
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1 = 100Young'sModulus = 200Gpa

2 = 80 Young'sModulus = 160Gpa

3 = 60 Young'sModulus = 140Gpa

4 = 40 Young'sModulus = 80 Gpa

Figure 4.2: Sti�ness distribution for the variable sti�ness, non-symmetricmodel.

After the investigation was completedwith the original seven models, it was de-

cidedthat a 10%increasein the disk massis most likely to be unacceptablein design

practice. Also, results using the original models seemedto indicate that lessmass

addition may actually lead to more improvement in the free responseof the system.

At this time, three moremodelswerecreatedusinga massaddition schemesimilar to

the original Figure 4.1. Each of the point massesaddedin this schemewere reduced

by an order of magnitude, resulting in the total addition of only 1% disk mass.This

schemewas implemented on the baselinemodel, the disk with reducedinterior sti�-

ness,and the disk with reducedexterior sti�ness. The addition of these three disk
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models resulted in a total of 10 di�eren t modelsusedin the study.

4.2 Mistuning

Three basic typesof mistuning were chosento best represent realistic challengesto

the robustnessof a bladed disk design. The �rst two were addition and subtraction

of mass to a single blade. These were chosento represent obstructions that may

be \sucked into" a bladed disk system and causedamageto either a single blade

(subtraction) or all but oneblade (addition). The �nal type of mistuning chosenwas

the random addition and subtraction of massfrom each blade, representativ e of the

small variancebetweenbladesdue to manufacturing techniquesand tolerances.

For the tuned systems,onepercent of a singleblade masswasaddedto the tip of

each blade. To simulate the addition of one percent massto one blade, the massof

the point element added to that blade was simply increasedfrom one percent blade

massto two percent blade mass. To simulate the removal of massfrom one blade,

the one percent blade masselement was simply not added to that particular blade.

For the symmetric models it was only necessaryto investigatethe results of adding

massto or removing massfrom a singlelocation (locations1-4, Figures4.1 and 4.2 ).

However, for the non-symmetricmodels it wasnecessaryto investigatethe results of

adding massto or removing massfrom four di�eren t locations (locations1-4, Figures

4.1and 4.2). Dependingupon which location the masswasaddedto or removedfrom,

the resulting mode shapesand frequencydistributions of the systemare di�eren t.

Three random patterns of mistuning werealsoinvestigated.As mentioned before,
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the addition of one percent blade massto each blade was chosenas the tuned, or

nominal case.In determining the random patterns to be used,the massto be added

to any location was allowed to vary from zero to two percent of a singleblade mass.

This represents a toleranceof plus or minusonepercent, with onepercent of the mass

of one blade being the nominal value. The random point massdistributions to be

usedweregeneratedin MATLAB r
 usingthe randnfunction to generatethree mistuning

patterns, each with a normal distribution about the nominal value. The patterns

generatedfollow in Table4.1and the bladenumbering schemeis shown in Figure 4.3.

This type of statistical representation (normal distribution about a nominal value) is

widely usedand acceptedwhen incorporating manufacturing tolerancesinto design

analysis.
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Figure 4.3: Blade numbering schemeusedfor random mistuning. Exterior numbers
are blade numbers and interior numbers are masslocations for the non{symmetric
models.
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Random1 Random2 Random3
Blade Number

10� 3 Kg 10� 3 Kg 10� 3 Kg

1 0.0168 0.3343 0.3413

2 0.0260 0.2867 0.4431

3 0.2579 0.4529 0.3710

4 0.3267 0.4119 0.1278

5 0.0037 0.2565 0.0231

6 0.1866 0.0448 0.3583

7 0.0325 0.3183 0.1598

8 0.2032 0.2025 0.3080

Table 4.1: Random mistuning patterns usedin the investigation.

4.3 Analysis

Modal analysiswas performedon all 10 models for the tuned caseand for each case

of mistuning in ANSYSr
 , version 5.2. In each case,the inner surfaceof the disk

was constrained to have zero displacement at all degreesof freedom. To minimize

computer time, a lumped massmatrix formulation wasused. The SubspaceIteration

method wasusedfor eigenvalueextraction, with the tolerancefor convergencecheck-

ing set to 10� 5. Convergencewascon�rmed by testing onecasewith toleranceset to

10� 6.The �rst twenty-four modeswere extracted for all cases.

All casesof mistuning wereinvestigatedby application to each of the ten models.

In each casethe localizedmodeswerecomparedto the nominal systemand frequency

tables recordedfor observation of the eigenvalue veeringphenomenon.This resulted

in the analysisof 10 tuned systemsand 92 mistuned systems.

46



4.4 Data Reduction

Most studiesconcentrate on the �rst group of modes,corresponding to the �rst beam

bending mode of a singleblade. This is donefor two reasons:�rst, and foremost, is

the relativesimplicity in mathematical formulation whenassumingonegeneralshape

of deformation; second,is that mode localization tends to occur to a greater degree

in the lower modes [29]. When looking at only the �rst beam bending modes, it is

su�cien t to quantify the results by looking at the displacement at the tips of the

blades. In this particular mode of deformation there is a direct correlation between

the tip displacement of a blade and the amount of stressat its root. This is not true

for higher modes. To properly investigatethe higher modes,somemeasureof energy

or stresswas needed.

ANSYS5.2r
 has the built{in capability to determine relative Principal and Von

MisesStressesat each node. It is important to note that thesestressesare quali�ed

asrelativebecausethere is no forcing of the systemin modal analysis. This capability

was utilized in determining a meaningful measurefor presenting the results of this

study. It is intuitiv e that the blade with the highestvalue of Von MisesStress(VM )

will be the one where the greatest mode localization takes place. To obtain a true

measureof mode localization, this maximum value of stress was compared to the

averagevalue of stressfor the entire system, yielding a stressratio R( �). Here, Rt

represents the stressratio for the tuned caseand Rm represents the stressratio for

the mistuned cases.
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Rt =
VMmax;tuned

VMavg;tuned
Rm =

VMmax;mistuned

VMavg;mistuned
(4.1)

Finally, and most importantly , the StressRatios Rt and Rm of each model were

compared to that of the other models for each type of mistuning. This is done

graphically and can be found in Figures A.1-A.12 for the �rst seven models and

Figures B.1-B.12 for the last three models. It is from thesegraphs that conclusions

are drawn.

Somemathematicalmanipulation wasrequiredto justify the comparisonof results

betweendi�eren t models. ANSYSr
 normalizesthe resulting eigenvectors(modeshape

vectors) by the massmatrix in the following manner:

f � gT
i [M ]f � gi = 1 (4.2)

where, f � gi is the i th mode shape eigenvector, and [M ] is the systemmassmatrix.

The relative stressesare then calculated using these normalized eigenvectors. This

createsa problem in comparing eigenvectors or stress vectors of di�eren t models,

sincefor di�eren t models,thesevectorsare normalizedto di�eren t massmatrices. To

remedy this situation, both the eigenvectorsand the stressvectors were normalized

to unit length.
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Chapter 5

Results

The goal of this investigation was to minimize the detrimental e�ects of mode local-

ization in the presenceof mistuning by altering the symmetry and/or sti�ness of the

disk. Blade damagecases(addition and subtraction of mass)were investigated,as

well as random mistuning representativ e of small manufacturing variances. Results

are presented asplots of the StressRatio in appendicesA-B. Although the frequency

veering phenomenonwas not the primary subject of this study, it was present and

frequencytablesaregivenin AppendicesC-D. It wasalsorecordedat which bladethe

maximum relative stresswas found for each mode of each casein the investigation.

This wasdonefor later comparisonto the many di�eren t �ndings of previousstudies.

5.1 Stress Ratio Plots

The StressRatio formulated in the previous chapter (Section 4.4) is a measureof

mode localization and its minimization is the goal of this study. Therefore, the
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most important results of this investigation are given as plots of the StressRatio

(AppendicesA-B). Each plot represents a stateof mistuning: tuned (zeromistuning),

bladedamage(massaddition or subtraction at a singlelocation), or randommistuning

(massaddition or subtraction at every location). To easeinterpretation, each plot is

divided into three subplots | each containing the results for only onemodal group.

In Appendix A, the results for the �rst seven disk typesare given. All mass{added

models in this appendix are of the 10% massscheme. The di�eren t linetypesused

in the plots represent the symmetry condition: solid = symmetric, dashed= non{

symmetric (massadded),and dotted = non{symmetric (variable sti�ness). Di�eren t

characters are plotted at point locations to represent the sti�ness condition of the

disk: � = constant, � = reducedinterior, + = reducedexterior, and � = variable.

In Appendix B, the results for the �nal three models are given. The baselinemodel

and symmetric, reducedinterior sti�ness models are also given for comparison. All

mass{addedmodels in this appendix are of the 1% massscheme. The samelinetype

and point character format usedin Appendix A is repeatedhere.

Guidelines to Reading the Stress Ratio Plots

1. All massaddedmodels in Appendix A are of the 10% schemeand all those in

Appendix B are of the 1% scheme.

2. Each plot represents a particular type of mistuning.

3. Each subplot represents onemodal group.

4. Linetype represents the symmetry condition of the disk.

5. Point charactersrepresent the sti�ness condition of the disk.
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In the examination of the stressratio, it is important to �rst look at the tuned

models (Figure A.1 and Figure B.1). In the caseof the symmetric disk with axisym-

metric sti�ness (the baselinemodel to which all designmodi�cations are compared),

stressratio values(Rt ) rangebetween: 9-11for the �rst modal group, 3-7 for the sec-

ond modal group, and 5-8 for the third modal group. The proposeddesignchanges

o�ered little improvement in the stressratio for the tuned case.In fact, the selected

methods of destroying the disk's symmetry actually induced mode localization, in-

creasingthe value of the stressratio. However, this result is not of dire consequence

to future design,becausethe perfectly tuned casewill never be a practicalit y.

The results of the mistuned casesare best summarizedby looking at each case,

one modal group at a time. The �rst modal group corresponds to the �rst beam

bending shape of an individual blade. In the casesof blade damage,one mode of

this group showed a signi�cant increasein stressratio. When masswas added, the

�rst mode of the group showed a signi�cant increasein stressratio (Figures A.2-A.5

and FiguresB.2-B.5). However, when masswasremoved, the last mode of the group

showed a signi�cant increasein stressratio (Figures A.6-A.9 and Figures B.6-B.9).

Noneof the proposedchangeso�ered a signi�cant improvement in the StressRatio of

this highly localizedmode. The techniquesemployed to destroy the symmetry of the

disk even causedoneor more other modesto show an increasein mode localization.

For the three random casesof mistuning (Figures A.10-A.12 and FiguresB.10-B.12),

all eight modes of the group were found to have high levels of stress localization.

Destroying the symmetry of the disk causedsporadic improvement of stress levels

throughout this group. Most importantly , reducing the sti�ness of the inner portion
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of the disk resulted in a consistent lowering of the StressRatio throughout the entire

group (relative to the mistuned baselinesystem).

The results for the secondmodal group (�rst torsional modes) are presented. Al-

though, as explained in Section3.3.3, the author suggestsusing extreme caution in

drawing any conclusionsbasedon theseresults. For all casesof mistuning, the stress

levelsof this group wereonly slightly raised. Again the destruction of symmetry was

shown to have a negative a�ect on the system. Although somesporadic improve-

ment was shown by changingeither the interior or exterior sti�nessesof the disk, no

consistent improvement was shown in this modal group by implementing any of the

proposeddesignchanges.

The most interesting and promising results are found in the examination of the

third modal group, corresponding to the secondbeambendingmode of an individual

blade. In the casesof blade damage,there was only a single highly localizedmode,

similar to the resultsobtained for the �rst modal group (FiguresA.2-A.9 and Figures

B.2-B.9). The only modelsproposedthat did not o�er signi�cant improvement in the

bladedamagecaseswerethe non-symmetric(massadded),axisymmetricdisk sti�ness

model and the symmetric, reducedexterior sti�ness model. Reducingthe interior disk

sti�ness seemedto trigger the most improvement. When this was coupledwith the

destruction of symmetry, via the addition of 10% mass, the maximum stressratio

dropped to as little asone-fourth that of the mistuned baselinesystem(Figures A.2-

A.9). In the randommistuning casesnearly all of the proposeddesignchangeso�ered

someimprovement (FiguresA.10-A.12andFiguresB.10-B.12). The resultsof the 10%

massaddeddestruction of symmetry wererather inconsistent and the 1% massadded
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destruction of symmetry causedeven slightly worseresults than those obtained for

the baselinemodel. Again, the reduction of the interior disk sti�ness seemedto be the

most bene�cial designmodi�cation. Implementing both the reduction of the interior

disk sti�ness and massaddeddestruction of symmetry yielded the best results. Here,

the stressratio dropped to as little asone-half that of the baselinesystemon a fairly

consistent basis.

Two schemesof desymmeterizingthe disk were used in the study, one in which

10% of the disk masswas added (Appendix A) and one in which 1% of the disk

masswas added(Appendix B). Comparisonof the two schemesshows that the 10%

massschemeo�ers both the greater risk and the greater reward. Each schemehas

a tendency to causeadditional localized modes in the free response. The Stress

Ratio for the additional localized modes tends to be much higher when using the

10% schemethan when using the 1% scheme. When the massadded schemesare

used simultaneously with a disk having reduced interior sti�ness, the best results

of all models used in this study are obtained. Implementing the 10% schemeon a

reducedinterior sti�ness disk can drop the StressRatio to as little as one{third that

of symmetric disk with reducedinterior sti�ness. However, the bene�t of using the

1% schemeon thesedisks is basically negligible.

Summarizing the Stress Ratio Plots

1. Consistently lower StressRatios were obtained by reducing the interior disk

sti�ness.

2. Desymmeterizingby the 10% massaddition schemeand reducing the interior

disk sti�ness simultaneously, produced the lowest StressRatios of all the disk
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con�gurations.

3. The modi�cations proposedlowered the StressRatio signi�cantly more in the

higher modesof vibration than in the lower modes.

4. In somecases,desymmeterizingthe disk induced additional mode localization

that wasnot present in the mistuned symmetric cases.

5.2 Frequency Tables

The splitting of closely grouped natural frequenciesis known as frequencyveering

or eigenvalue veering. It occurs simultaneously with mode localization. Frequency

veeringwas not the primary concernof this study, but its presenceservesto further

validate the investigative procedure. Therefore, frequency tables are presented in

AppendicesC-D.

Case Type of Mistuning

Tuned zeromistuning

Case1 1% blade massaddedto blade 1

Case2 1% blade massaddedto blade 2

Case3 1% blade massaddedto blade 3

Case4 1% blade massaddedto blade 4

Case5 1% blade masssubtracted from blade 1

Case6 1% blade masssubtracted from blade 2

Case7 1% blade masssubtracted from blade 3

Case8 1% blade masssubtracted from blade 4

Case9 random mistuning pattern 1

Case10 random mistuning pattern 2

Case11 random mistuning pattern 3

Table 5.1: Mistuning casenumbersand their associated type of mistuning.
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Unlikethe StressRatio plots, each table represents a particular disk model. Tables

for the �rst seven models (where the 10% schemeis usedfor massaddeddesymme-

terizing) are presented in Appendix C. Tablesfor the last three models (where the

1% schemeis usedfor massadded desymmeterizing)are presented in Appendix D.

In each table, the columns represent di�eren t casesof mistuning (Table 5.1). Each

row represents the mode number to which the indicated frequencycorresponds.

Guidelines to Reading the Frequency Tables

1. All massaddedmodels in Appendix C are of the 10%schemeand all those in

Appendix D are of the 1% scheme.

2. Each table represents a particular disk type.

3. Each column represents a particular caseof mistuning (Table 5.1).

4. Rows indicate mode number.

Three results are readily apparent upon examination of frequenciesin the �rst

and third modal groups (the secondgroup is overlooked by reasoningpresented in

Section 3.3.3). In the casesof massaddition mistuning, the frequencyof the �rst

mode deviatesfrom the group and in the casesof masssubtraction mistuning, the

frequencyof the last modedeviatesfrom the group. Thesearealsothe modesin which

the highestdegreeof localization wasfound. In the casesof random mistuning, there

was not a single mode whosefrequency\left" the group. Rather, the frequenciesof

the entire group occurred over a broader rangethan in the tuned assemblies.

Summarizing the Frequency Tables

1. Frequencyveeringoccurred concurrently with mode localization.
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2. In casesof blade damage, the modes with high degreesof localization had

frequencieswhich were the most deviated from their group.

3. When random mistuning waspresent, the tightly packed frequenciesof a tuned

modal group weredispersedover a wider range.

5.3 Blade Lo cation of Relativ e Stress Lo calization

Many statements have beenmadein the literature as to which bladesencounter the

higheststresslevelsin the presenceof mistuning. On this note, it wasrecordedwhich

bladeshad the highest stresslevels for every caseof mistuning on all modelsusedin

this study and somevery interesting results were obtained, speci�cally for the �rst

modal family:

� In all casesof massaddedbladedamage,the �rst mode wasthe most localized.

The blade with the highest stress in these caseswas ALWAYS the blade to

which the masswas added.

� In all casesof masssubtracted blade damage,the eighth mode was the most

localized. The blade with the highest stressin thesecaseswas ALWAYS the

blade from which the masswas subtracted.

� In all but two casesof bladedamage,oneaddition and onesubtraction, a second

highly localized mode was found for the massadded non{symmetric models.

The highest stressin this secondlocalized mode ALWAYS occurred at blade

location 3. The only times this secondlocalizedmode was not introducedwas

the casesof addition and subtraction of massat this sameblade location.
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� In the caseof random mistuning: the blade with the most massaddedhad the

highest stress level in the �rst mode, followed by the blade with the second

highest massaddedin the secondmode, continuing through to the blade with

the most masssubtracted having the highest stresslevel in the eighth mode.

This was true for ALL symmetric disks. Except for two casesin which two of

the modesexchangetheir order, this wasalsotrue for the non-symmetricdisks.

Results for the secondbending family tended toward the sametrends as shown

for the �rst bending family. However, the samestatements can not be made to the

absoluteextent as was the casefor the �rst bending family. One identical trend to

be pointed out is that for the massadded non{symmetric models, in the casesof

bladedamageat all locationsexceptblade3, an additional highly localizedmode was

introducedin which the highest stresslevel was seenat blade location 3.
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Chapter 6

Conclusion

This study was conducted with the intent of exposing possibledirections in which

designersmay chooseto goin the future and practical implimentation of the proposed

modi�cations has been left to future work. However, meaningful conclusionscan

be drawn and the work presented should bene�t the future design of bladed disk

assemblies.

Reducingthe interior disk sti�ness relative to the exterior disk sti�ness can dra-

matically improve the performanceof bladeddisk systemsin the presenceof mistun-

ing. The majorit y of numerical modelsusedin the study of mistuning consideronly

the coupling between adjacent blades or a blade and its nearest two neighbors on

either side. Results from such studies lead one to believe that reducing the exterior

sti�ness of the disk should have beenthe most e�ectiv e designmodi�cation of those

presented. Clearly, that wasnot the casein this investigation. The �ndings heresug-

gestthat such simpli�ed modelsmay not be su�cien t and that the coupling between

remote blades plays a much larger role in the system's dynamics than previously
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realized.

Upon examination of the di�eren t responsesin the third modal group, one can

alsoconcludethat there is somepromisein the prospect of destroying the symmetry

of the disk. Although no great improvement was shown in the responsesof the �rst

and secondmodal groups,the dramatic improvement shown in the third modal group

is enoughto warrant considerationfor the designchangesproposed.

Whencoupledwith the reduction of interior disk sti�ness, the 10%massschemefor

desymmmeterizingprovedvery bene�cial to the freeresponseof the mistunedsystems.

However, the amount of improvement realizedby usingthe 1% massschemeon a disk

of reducedinterior sti�ness wasvirtually unnoticable. Unfortunately, adding 10%to

the disks's massis likely to be unacceptablein designpractice. One may conclude

from this, though, that the \less symmetric" the disk is the better the free response

will be when mistuning is present. In practice, designmethods of desymmeterizing

the disk may involve the removal of massin someareasas well as the addition of

massin others, resulting in a total addition of masswell below the 10% usedin the

study.

When one considersthe observations made on which blade incurred the highest

stresslevel for the di�eren t modesof the �rst family, someinterestingconclusionsmay

be drawn that serve to validate the methodsusedin this study by virtue of agreement

with past work. The most obvious is for the caseof blade damagewhere literature

stating that the most mistuned blade seesthe highest stresslevel [9, 10, 37, 6, 17] is

supported. From the work by Hodges[2], in which wave propagation theory is used,

onecan infer that the mistuned system'smodescan be viewedaspropagatingfrom a
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mistuned blade. Similar conclusionsare drawn by Irretier [17] using modal analysis

techniques.For the �rst eight modesof the random casespresented, a successionwas

observed in which the blade with the highest stresscamein order of the blade{alone

frequencies.This suggeststhat the mistuned modesmay indeedpropagatefrom the

individual bladesin the order of their blade{alone frequencies,and veri�es �ndings

madeby both authors.

Contrary to the conclusionsdrawn above, Gri�n, et.al. [8, 7, 41] claims that the

blade(s)closestto the ideal tuned frequencyseesthe highestlevelsof stress.According

to this, oneshouldexpect to seea \b ell" shapedcurveon the stressplots, especially for

the random mistuning casesof the symmetric models | thosesituations which most

closelyreplicate the studiesdoneby Gri�n, et al. Knowing that the highest relative

stress levels occurred in the blades by the order of their blade{alone frequencies,

Gri�n's claim suggeststhat the highest relativestressesshouldbe noticed in the two

bladescoming fourth and �fth in this succession,as they will be nearest the ideal

tuned frequency, and that stresslevels should taper of at either end of the modal

family. Clearly this is not the casein the study presented.

Although the sametrends for blade stresslevelswere seenin the secondbending

modal group, there wereseveral instancesin which the trends werebroken. It should

be pointed out that this group wasthe last modal group of this model that wastightly

grouped. The disk in this model waschosento approximate an existing experimental

bladeddisk. Therefore,the disk wasnot su�cien tly sti� to group the modesat higher

frequencies.It is reasonableto expect that a much sti�er disk (as would be the case

in actual turb omachinery) would tightly pack many more modal families and that
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the trends seenin the �rst group would hold for many of the lower groups.

When massadded non{symmetric disks were used, an \extra" highly localized

mode wasintroducedand the higheststressin this mode always occurredat blade lo-

cation 3 (Figure 4.1). The presenceof additional localization in a non{symmetric disk

is consistent with the theory presented. However, the location at which localization

occursis unexplainedby the �ndings hereand conclusionsmadeby previousauthors.

Based on the available information about the dynamics of mistuned systems,one

would expect additional localization to occur in the areaof locations 1 and 4, where

there is an abrupt changein massdistribution. At this time, the author knows no ba-

sis for speculation as to why additional localization occurred whereit did. However,

this consistent occurrencesuggeststhat a more e�cien t method of desymmeterizing

exists which more e�ectiv ely dispersesthe modal energythroughout the system.

The study presented was conductedwith the intention of exposingpossiblemod-

i�cations by which bladed{disk designsof the future may be improved. As such,

possibleimprovements have beensuggested.However, basedon the given resultsand

limited scope of the project, several areasneedto be investigatedfurther:

� What is the optimal method of desymmeterizingthe disk?

Although two di�eren t schemesof massaddition were used, the same basic

pattern wasusedfor each (Figure 4.1). It is quite likely that changingthe order

in which the di�eren t massesare placedaround the disk will have a profound

e�ect on the behavior of the system.

� Would the addition of massbe more e�ectiv e nearerto the center of the disk?

Reducingsti�ness proved to be much moree�ectiv eat the disk's interior rather

than the exterior. It is quite possiblethat a similar trend exists for methods of
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desymmeterizingthe disk.

� What would be the e�ects of adding massand varying sti�ness simultaneously?

In this study, the two weredoneseparatelyin the interest of keepingthe model

sizesand computational time to a minimum. The actual construction of a non-

symmetric disk would involveboth the addition (or subtraction) of massaswell

as changingthe system'ssti�ness.

� What is the optimal ratio of the disk's interior and exterior sti�nesses?

The only casesinvestigatedhere were those where the sti�ness of one region

was one{half that of the other.

� What would be the e�ects of changingthe geometryto reducethe disk's interior

sti�ness?

Reducingthe sti�ness was accomplishedby simply changingYoung'sModulus

in that region, this is an impossibility in actual design.

� Can the results obtained be veri�ed experimentally?

Experimentation of this nature has beenshown to be extremely di�cult. The

abilit y to manufacture su�cien tly tuned systemsand accurately measurethe

degreeto which systemsare mistuned is very expensive, if available at all.

Resourceswerenot available to attempt experimental veri�cation in this inves-

tigation.

The dynamicsof bladed disk assemblies are extremely complexand an investiga-

tion of this nature is certainly never going to answer all questionsthat may arise.

However, the work presented hasprovided information that should prove to be bene-

�cial to the engineeringcommunity. The methods usedin this investigationare vali-

dated by the favorablecomparisonof results found in this and previousstudies. Disk

designmodi�cations have been presented that minimize the localization of relative

stressin the free responseof the system. One should alsoconsiderthat as frequency
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increases,so too does the disk's participation in the system'smode shapes. Consid-

ering the results obtained for the secondbending family, it is not unreasonableto

expect that the disk modi�cations presented may result in even greater improvement

in the free responseof the higher modes.
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App endix A

Stress Ratio Results for the 10%

Mass{Added Scheme

In this appendix, the resulting stress ratios Rm are given in a graphical format.

Results for the �rst seven models,whereall added{massmodels are of the 10%disk

massscheme,are given for each of the 11 mistuning cases.The stressratio Rt is also

given for the tuned caseof each of the seven models.
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App endix B

Stress Ratio Results for the 1%

Mass{Added Scheme

In this appendix, the resulting stress ratios Rm are given in a graphical format.

Results for the the last three models, where all added{massmodels are of the 1%

disk mass scheme, are given for each of the 11 mistuning cases. Results for the

baselineand reducedinterior sti�ness models of the original study are given as well

for easein comparison.The stressratio Rt is alsogiven for the tuned caseof each of

the �v e models.
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App endix C

Frequency Tables for the 10%

Mass{Added Scheme

In this appendix, the resulting natural frequenciesare given in a tabular format.

Results for the �rst seven models,whereall added{massmodels are of the 10%disk

massscheme,are given for each of the 11 mistuning cases.
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App endix D

Frequency Tables for the 1%

Mass{Added Scheme

In this appendix, the resulting natural frequenciesare given in a tabular format.

Results for the last three models, where all added{massmodels are of the 1% disk

massscheme,are given for each of the 11 mistuning cases.
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