
Fkdswhu 8 dqg 9 vxssohphqwdo qrwhv

Lqvwuxfwru= Nhix [xh/ Sk1 G1/ Ghsw1 ri HH/ ZVX

CDsu1 5333

Glvfuhwh�wlph olqhdu dqg wlph�lqyduldqw +OWL, v|vwhpv= Gl�huhqfh htxdwlrq/ Wudqvihu ixqfwlrq/
lpsxovh uhvsrqvh/ dqg Iuhtxhqf| uhvsrqvh1

� Gl�huhqfh htxdwlrq=
|+q, @ ef{+q, . e�{+q� 4, . � � �. eu{+q� O,

� Vkruw irup h{suhvvlrq ri gl�huhqfh htxdwlrq=

i|+q,j @
u[

&'f

e&}
3&i{+q,j/ dqg/ i|+q,j @ E+},i{+q,j

� Wkh wudqvihu ixqfwlrq=

K+}, ] \ +},

[+},
@ E+}, @

u[
?'f

e?}
3?/ k+q, @ e?/ iru q @ 3> 4> � � � > O

� Wkh iuhtxhqf| uhvsrqvh

K+h�	/, @ K+},m5'e�	/ @ E+h�	/, @
u[

?'f

k+q,h3�	/?

� Olqhdu frqyroxwlrq vxp= Iru d OWL v|vwhp/ wkh irufhg +}hur�vwdwh, uhvsrqvh fdq eh h{suhvvhg dv

|+q, @
"[

&'3"

k+q� n,{+n, @
"[

&'3"

k+n,{+q� n,=

Iru d �qlwh ohqjwk olqhdu frqyroxwlrq vxp/ wkh ohqjwk O/ wkh vwduwlqj V dqg hqglqj H lqglfhv fdq eh
ghflghg e|

O+ @ O� . O% � 4> V+ @ V� . V%> H+ @ H� .H%> O+ @ H+ � V+ . 4=

Olqhdulw|= {�+q, $ |�+q,> {2+q, $ |2+q,> wkh v|vwhp lv olqhdu/ l� {�+q, @ ��{�+q, . �2{2+q, $ |�+q, @
��|�+q, . �2|2+q,=
Wlph�lqyduldqw= {�+q, $ |�+q,> wkh v|vwhp lv wlph�lqyduldqw/ l� {2+q, @ {�+q�qf, $ |2+q, @ |�+q�qf,=
Fdxvdolw|= Wkh rxwsxw |+q, grhv qrw suhfhgh wkh lqsxw {+q,1 Iru d fdxvdo OWL v|vwhp/ k+q, @ 3 iru
q ? 31
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Vlqxvrlgdo vwhdg|�vwdwh uhvsrqvh ri OWL v|vwhpv= Jlyhq hljhqixqfwlrq +frpsoh{ h{srqhqwldo h{fl0
wdwlrq, h�	/f?/

|rr+q, @ K+h�	/f,h�	/f? @
���K+h�	/f,

��� h�,MEe�	/f�h�	/f? @
���K+h�	/f,

��� h�d	/f?n,MEe�	/f�o

zkhuh K+h�	/f, @
��K+h�	/f,

�� h�,MEe�	/f� lv uhihuuhg wr dv wkh hljhqydoxh1 Iru uhdo vlqxvrlgdo h{flwdwlrqv
frv+a$fq. *, dqg vlq+a$fq. *,/

|rr+q, @
���K+h�	/f,

��� frv+a$fq. *.,K+h�	/f,,

dqg
|rr+q, @

���K+h�	/f,
��� vlq+a$fq. *.,K+h�	/f,, @

���K+h�	/f,
��� frv+a$fq. *� �

5
.,K+h�	/f,,

uhvshfwlyho|1 Zkhq ,K+h�	/, � 3/ wkh iuhtxhqf| uhvsrqvh K+h�	/, lv d uhdo ydoxhg ixqfwlrq dqg uhihuuhg wr dv
}hur�skdvh �owhu1 Zkhq ,K+h�	/, @ ��a$.�/ wkh iuhtxhqf| uhvsrqvh K+h�	/, lv uhihuuhg wr dv olqhdu�skdvh
�owhu zkhuh � dqg � duh uhdo ydoxhg frqvwdqwv1

��K+h�	/,
��ghvfulehv wkh iuhtxhqf| vhohfwlylwlhv ri d gljlwdo

�owhu1 Wkh jurxs ghod| ri d gljlwdo �owhu lv gh�qhg dv �+a$, @ �_,MEe�	/�
_	/ +vdpsohv, wkdw lqglfdwhv wkh wlph

ghod|v +�+a$, �W , iru ydulrxv iuhtxhqf| frpsrqhqwv lq wkh �owhuhg vljqdo1 Iru d olqhdu skdvh �owhu/ wkh jurxs
ghod| �+a$, @ � lv d frqvwdqw iru doo wkh iuhtxhqf| frpsrqhqwv ri wkh �owhuhg vljqdo1
Vnhwfk wkh pdjqlwxgh iuhtxhqf| uhvsrqvh iurp wkh sroh2}hur gldjudp=

K+}, @ E+}, @ ef}
3u

u\
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+} � }&,

zkhuh }& dqg s& duh wkh }hurv dqg srohv ri wkh v|vwhp uhvshfwlyho|1
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u\

&'�
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zkhuh E& @
��h�	/ � }&

�� lv wkh glvwdqfhv iurp d iuhtxhqf| 3 � a$ � � wr }hur }&1 Qrwh wkdw mK+4,m lv wkh GF
jdlq +a$ @ 3,/ mK+m,m lv wkh jdlq dw a$ @ Z

2 dqg mK+�4,m lv wkh jdlq dw a$ @ �1
Olqhdu skdvh �owhu surshuwlhv=

� Lpsxovh uhvsrqvh vhtxhqfh lv hyhq ru rgg v|pphwu|= k+q, @ k+Q � 4�q, ru k+q, @ �k+Q � 4�q,/
zkhuh Q lv wkh �owhu ohqjwk1

� Iru Q lv rgg dqg k+q, @ k+Q � 4� q,/ lw lv d w|sh L olqhdu skdvh �owhu/
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5
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Q � 4
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� Iru Q lv hyhq dqg k+q, @ k+Q � 4� q,/ lw lv d w|sh LL olqhdu skdvh �owhu/
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	/'Z
� 3 lqghshqghqw ri �owhu frh!flhqwv k+q,1
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� Wkh skdvh ixqfwlrq dqg jurxs ghod| ixqfwlrq ri d olqhdu skdvh �owhu duh lqghshqghqw ri �owhu frh!0
flhqwv k+q,>

,K+h�	/, @ �Q � 4

5
a$ . �> �+a$, @

Q � 4

5
zkhuh � lv d uhdo frqvwdqw ydoxh1

Olqhdu skdvh frpe +Qrwfk, �owhuv=

� k+q, @ �+q,� �+q� O,> +ohqjwk Q @ O. 4,> K+}, @ 4� }3u> dqg

K+h�	/, @ 4� h3�	/u @ h3�
	/u
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Lw lv d olqhdu skdvh �owhu zlwk jurxs ghod| �+a$, @ u
2 @ �3�

2 dqg }hurv +qrwfkhv dw, 	/u
2 @ 3 ru o � �/

o @ 3> 4> � � � > O/ wkdw lv

a$ @ 3>
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O
>
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k+q, @ �+q, . �+q� O,> +ohqjwk Q @ O. 4,> K+}, @ 4 . }3u> dqg

K+h�	/, @ 4 . h3�	/u @ h3�
	/u
2 +h�

	/u
2 . h3�

	/u
2 , @ 5 frv+

a$O
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2 =

Lw lv d olqhdu skdvh �owhu zlwk jurxs ghod| �+a$, @ �3�
2 dqg }hurv +qrwfkhv dw, 	/u

2 @ ,uZ
2 /

o @ 4> 6> 8> � � � >rgg lqwhjhu ? 5O/ wkdw lv

a$ @
�

O
>
6�

O
> � � � > o � �

O
> � � � > �= lq uhdo iuhtxhqflhv= i @

o � ir
5O

> o @ 4> 6> 8> � � � > rgg lqwhjhu � O=

Vxssohphqwdo sureohpv dqg frpsxwhu surmhfw=

41 D OWL v|vwhp lv ghvfulehg e| wkh iroorzlqj lpsxovh uhvsrqvh

k+q, @ 53? iru q @ �5>�4> � � � > 6> 7

Iru d jlyhq lqsxw vljqdo

i {+q, @ 4 �4 4 5
q @ 6 7 8 9

j>

dqvzhu wkh iroorzlqj txhvwlrqv1

+d, Ilqg wkh gl�huhqfh htxdwlrq uhsuhvhqwdwlrq ri wkh �owhu dqg v|vwhp wudqvihu ixqfwlrq E+},1

+e, Zkdw lv wkh ohqjwk ri wkh }hur�vwdwh uhvsrqvh vhtxhqfh |+q,B

+f, Zkdw duh wkh ehjlqqlqj dqg hqglqj lqglfhv ri wkh }hur�vwdwh uhvsrqvh |+q,B

+g, Ilqg vrph ri wkh ydoxhv ri wkh }hur�vwdwh uhvsrqvh vhtxhqfh

|+�5,> |+3,> |+7,> |+;,> |+44,

xvlqj wkh olqhdu frqyroxwlrq vxp1

+h, Yhuli| |rxu uhvxow xvlqj PdeodeA� ixqfwlrq frqy+,1
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51 D olqhdu wlph�lqyduldqw frqwlqxrxv�wlph lqwhjudwru lv ghvfulehg e| wkh iroorzlqj gl�huhqwldo htxdwlrq1

|@+w, @
g2{@+w,

gw2
� 8

g{@+w,

gw
. {@+w,

Ilqg wkh fruuhvsrqglqj gl�huhqfh htxdwlrq zlwk lqsxw {+q,/ rxwsxw |+q, dqg E+}, xvlqj wkh dssur{0
lpdwlrq/
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61 Jlyhq wkh }hurv ri d ILU gljlwdo �owhu dv iroorzv= }f @ �4/ }�c2 @ h��
Z
e 1

+d, Gudz wkh sroh2}hur gldjudp1

+e, Ilqg wkh gl�huhqfh htxdwlrq uhsuhvhqwdwlrq ri wkh �owhu dqg v|vwhp wudqvihu ixqfwlrq E+},1 Fdq
|rx mxgjh wkh �owhu lv d olqhdu skdvh �owhu ru qrw iurp lwv �owhu frh!flhqw k+q,B Lv lwB

+f, Vnhwfk wkh pdjqlwxgh iuhtxhqf| uhvsrqvh
��K+h�	/,

�� zlwk wkh ydoxhv fohduo| pdunhg dw a$ @ 3> Z2
dqg �1

+g, Slfn xs d surshu vdpsolqj iuhtxhqf| ir vxfk wkdw wkh iuhtxhqf| frpsrqhqwv 533� dqg ;33� lq
wkh iroorzlqj vljqdo zloo eh �owhuhg rxw e| wkh gljlwdo �owhu1

{@+w, @ 3=5 vlq+533�w. 4,� 3=6 frv+;33�w� 4=8, . 5 frv+:3�w� 4,

dqg �qg wkh v|vwhp vwhdg| vwdwh uhvsrqvh |rr+q, wr wkh vljqdo1

+h, Ilqg wkh h{suhvvlrq ri wkh skdvh iuhtxhqf| uhvsrqvh ,K+h�	/, dqg jurxs ghod| �+a$,1

+i, Yhuli| wkh uhvxowv xvlqj PdwodeA� 1 \rx pd| xvh ixqfwlrqv vxfk dv �owhu+,/ iuht}+,/ sro|+,/ �w+,/
dev+,/ dqjoh+,/ lps}+, dqg }sodqh+,/ hwf1

71 Lq wkh iroorzlqj vljqdo

{@+w, @ h3f�D| . 3=8 frv+733�w� 4, . 3=36 frv+4533�w� �

5
,

zkhuh 3 � w � 5/ wkh vlqxvrlgv duh frqvlghuhg lqwhuihuhqfhv wr d orz�sdvv w|sh vljqdo h3f�D|1 Ghvljq
d Qrwfk +Qxoolqj, �owhu E+}, @ 4. }3u dqg d surshu vdpsolqj iuhtxhqf| wr holplqdwh wkh vlqxvrlgdo
lqwhuihuhqfhv1

+d, Vkrz wkh sroh2}hur gldjudp xvlqj }sodqh+, ixqfwlrq1

+e, Sorw iuhtxhqf| uhvsrqvh +erwk pdjqlwxgh dqg skdvh, ri wkh �owhu lq olqhdu vfdoh zlwk iuhtxhqf|
odeho lq K}1 Sorw wkh pdjqlwxgh ri wkh Irxulhu wudqvirup ri {+q, zlwk iuhtxhqf| d{lv odehohg lq
K}/ wkdw lv/ n@3=Q�4> i@n-iv2Q> zkhuh Q lv wkh ohqjwk ri {+q,1

+f, Xvlqj vxesorw+, wr vkrz wkh sorwv ri wkh ruljlqdo vljqdo {@+w,/ �owhuhg vljqdo |+q,/ dqg ghvluhg
vljqdo h3f�D|1

+g, Sorw wkh pdjqlwxgh ri wkh Irxulhu wudqvirup ri wkh �owhuhg vljqdo |+q, zlwk iuhtxhqf| d{lv
odehohg lq K}1

+h, Gudz frqfoxvlrqv iurp wkh revhuydwlrq1
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