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Lqvwuxfwru= Nhix [xh/ Sk1 G1/ Ghsw1 ri HH/ ZVX

CDsu1 5333

]�wudqvirupv= ]�wudqvirup lv wkh Odsodfh wudqvirup ri d vdpsohg vhtxhqfh {+q, @ {@+w,m|'?A zkhuh
} @ hrA dqg v @ � . m$1

[+}, @
"[

?'3"

{+q,}3? @ � � �. {+�433,}�ff . � � �. {+�5,}2 . {+�4,} . {+3, .

{+4,}3� . {+5,}32 . � � �. {+433,}3�ff . � � �

iru } 5 d Uhjlrq ri Frqyhujhqfh +U1R1F1,1 Wkh U1R1F1 ri [+}, lv dozd|v erxqghg e| srohv ri [+}, dqg
qr srohv ri [+}, duh orfdwhg zlwklq wkh U1R1F1

W|sh ri vhtxhqfhv U1R1F1

Uljkw�vlghg
S"

?'?f {+q,}
3?

+
m}fm ? m}m / zkhuh }f lv wkh odujhvw sroh ri [+}, dqg qf � 3
m}fm ? m}m ? 4/ iru qf ? 3

Ohiw�vlghg
S?f

?'3" {+q,}3?
+

m}m ? m}�m / zkhuh }� lv wkh vpdoohvw sroh ri [+}, dqg qf � 3
3 ? m}m ? m}�m / iru qf A 3

Wzr0vlghg
S"

?'3" {+q,}3? m}@m ? m}m ? m}Km/ wkhuh lv qr sroh lqvlgh wkh dqqxodu vkdsh ri U1R1F1

Fdxvdolw|= Wkh rxwsxw |+q, grhv qrw suhfhgh wkh lqsxw {+q,1 Iru d fdxvdo OWL v|vwhp/ k+q, @ 3 iru
q ? 31 Lq whupv ri U1R1F1/ d v|vwhp lv fdxvdo/ wkh U1R1F1 ri K+}, pxvw frqwdlq } @ 4/ l1h1/ m}fm ? m}m1
Vwdelolw|= D v|vwhp lv ELER vwdeoh/ li wkh rxwsxw |+q, lv erxqghg iru doo wkh srvvleoh erxqghg lqsxwv1
Iru d OWL v|vwhp/ fkhfn +d, Li k+q, lv devroxwho| vxppdeoh/

S"
?'3" mk+q,m @ P ? 4> ru +e, Li wkh U1R1F1

ri K+}, frqwdlqv wkh Xqlw Flufoh h�w1
Frpprq }�wudqvirupv dqg surshuwlhv=

D�+q� qf, #$ D}3?f> U1R1F1 lv 3 ? m}m > li qf A 3> m}m ? 4> li qf ? 3

Dx+q� qf, #$ D}3?f

4� }3�
> U1R1F1 lv 4 ? m}m > li qf A 3> 4 ? m}m ? 4> li qf ? 3

Dd?x+q, #$ D

4� d}3�
> U1R1F1 lv mdm ? m}m

Dqd?x+q, #$ Dd}3�

+4� d}3�,2
> U1R1F1 lv mdm ? m}m

Dd?x+�q� 4, #$ �D

4� d}3�
> U1R1F1 lv m}m ? mdm

Vkliw Surshuw|= {+q� qf, #$ }3?f[+},> U1R1F1 lv U1R1F1f / exw fkhfn } @ 3 dqg 4
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Olqhdu frqyroxwlrq= {�+q, � {2+q, #$ [�+},[2+},> U1R1F1 lv U1R1F1f�
_U1R1F1f2

/ exw fkhfn iru

sroh2}hur fdqfhoodwlrqv1

Pxowlsolfdwlrq e| q= q{+q, #$ �}
g[+},

g}
> U1R1F1 lv U1R1F1f / exw fkhfn } @ 4

Lqyhuvh }�wudqvirupv=

K+}, @
E+},

D+},
@

uS
&'f

e&}
3&

4 .
�S
&'�

d&}3&
@

uS
&'f

e&}
�3&

}� .
�S
&'�

d&}�3&

@
ef}

� . e�}
�3� . � � �. eu}

�3u

}� . d�}�3� . � � �. d�3�} . d�

zkhuh xvxdoo| O ? Q iru d surshu ixqfwlrq1 Li O � Q / vd| O �Q @ P / xvh orqj glylvlrq lq dvfhqglqj
rughu ri srzhu

d�}
3� . � � �. d�}

3� . df

t
eu}3u . � � �. e�}3� . ef

wr �qg

K+}, @ G+}, .K �+}, @ G+}, .
E�+},

D+},

@ g�}3� . g�3�}
3�n� . � � �. g�}

3� . gf .

u3�3�S
&'f

e�&}
3&

4 .
�S
&'�

d&}3&

zkhuh K �+}, lv d surshu ixqfwlrq1 Sduwldo iudfwlrq h{sdqvlrq ri d surshu ixqfwlrq zlwk vlpsoh srohv

K+},

}
@

ef}�3� . e�}�32 . � � �. eu}
�3u3�

}� . d�}�3� . � � �. d�3�} . d�
@

ef}�3� . e�}�32 . � � �. eu}
�3u3�

�T
&'�

+} � s&,

@
�[
&'�

F&

+} � s&,

zkhuh F& @ +} � s&,
ME5�
5

m5'R& 1 Xvh U1R1F1M / m}@m ? m}m ? m}Km/ wr jxlgh wkh wdeoh�orrnxs iru hdfk whup lq
K+}, @

S�
&'�

�&u5
E53R&�

1 Li ms&m � m}@m ? m}m/ wkhq wkh lqyhuvh }�wudqvirup ri wkh whup �&u5
E53R&�

lv d uljkw0vlghg

vhtxhqfh1 Li m}m ? m}Km � ms&m/ wkhq wkh lqyhuvh }�wudqvirup ri wkh whup �&u5
E53R&�

lv d ohiw0vlghg vhtxhqfh1
Orqj glylvlrq phwkrg iru qxphulfdo vroxwlrq ri lqyhuvh }�wudqvirup=

� Xvlqj orqj glylvlrq lq dvfhqglqj rughu wr jhqhudwh ohiw�vlghg vhtxhqfh=

d�}
3� . � � �. d�}

3� . df

t
eu}3u . � � �. e�}3� . ef

� Xvlqj orqj glylvlrq lq ghvfhqglqj rughu wr jhqhudwh uljkw�vlghg vhtxhqfh=

df . d�}
3� . � � �. d�}

3�
t
ef . e�}3� . � � �. eu}3u

Vnhwfk wkh pdjqlwxgh iuhtxhqf| uhvsrqvh iurp wkh sroh2}hur gldjudp=

K+}, @
E+},

D+},
@

ef}
�3u

uT
&'�

+} � }&,

�T
&'�

+} � s&,
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zkhuh }& dqg s& duh wkh }hurv dqg srohv ri wkh v|vwhp uhvshfwlyho|1

���K+h�	/,
��� @ mefm

uT
&'�

���h�	/ � }&
���

�T
&'�

mh�	/ � s&m
@

mefm
uT
&'�

E&

�T
&'�

D&

zkhuh E& @
���h�	/ � }&

��� dqg D& @
���h�	/ � s&

��� duh wkh glvwdqfhv iurp d iuhtxhqf| 3 � a$ � � wr }hur }& dqg
sroh s& uhvshfwlyho|1 Qrwh wkdw mK+4,m lv wkh GF jdlq +a$ @ 3, dqg mK+�4,m lv wkh jdlq dw a$ @ �1
Olqhdu Skdvh ILU Ilowhu dqg Lwv Lpsohphqwdwlrqv=

Iru d ILU �owhu/ zh fdq ghvljq wkh �owhu frh!flhqwv vxfk wkdw wkh �owhu kdv d ghvluhg pdjqlwxgh
iuhtxhqf| uhvsrqvh +l1h1 d ghvluhg iuhtxhqf| vhohfwlylw|, dqg d olqhdu skdvh iuhtxhqf| uhvsrqvh +l1h1 d
frqvwdqw jurxs ghod|,1 Wklv w|sh ri ILU �owhuv duh fdwhjrul}hg dv olqhdu skdvh ILU �owhu1 Iru d olqhdu
skdvh ILU �owhu/ wkh xqlw lpsxovh uhvsrqvh vhtxhqfh pxvw vdwlvi| wkh iroorzlqj frqglwlrqv=

k+q, @ k+Q � 4� q, hyhq v|pphwu| wr
Q � 4

5
+4,

ru

k+q, @ �k+Q � 4� q, rgg v|pphwu| wr
Q � 4

5
+5,

zkhuh lqwhjhu Q / wkdw frxog eh hyhq ru rgg qxpehu/ lv wkh ohqjwk ri wkh �owhu1
Iru d olqhdu skdvh �owhu/ li }f lv d }hur ri wkh �owhu/ wkhq }3�f pxvw eh dovr d }hur ri wkh �owhu1 Vlqfh

k+q, lv d uhdo vhtxhqfh/ li }f lv frpsoh{/ wkhq }Wf pxvw eh d }hur ri K+},/ vr dv +}Wf,
3�1 Wklv surshuw| fdq

eh suryhg dv iroorzv=
Wkh v|vwhp wudqvihu ixqfwlrq ri d olqhdu skdvh �owhu fdq eh h{suhvvhg dv

K+}, @
�3�[
?'f

k+q,}3?= +6,

Vlqfh k+q, @ 	k+Q � 4� q,/ zh fdq uhzulwh htxdwlrq +6, wr

K+}, @
�3�[
?'f

	k+Q � 4� q,}3?= +7,

E| vxevwlwxwlqj o @ Q � 4� q/ wkh deryh htxdwlrq fdq eh uhzulwwhq dv

K+}, @
f[

,'�3�

	k+o,}3E�3�3,� +8,

@ }3E�3��
�3�[
,'f

	k+o,},

@ }3E�3��K+}3�,=

Li }f lv d }hur ri d �owhu/ wkhq wkh wudqvihu ixqfwlrq K+}, pxvw vdwlvi|

K+},m5'5f @ }
3E�3��
f K+}3�f , @ 3> +9,

wkdw lv/ }3�f pxvw dovr eh d }hur ri K+},/ gxh wr }
3E�3��
f 9@ 31 Wkh sroh2}hur gldjudp ri d w|slfdo olqhdu

skdvh ILU �owhu zlwk ohqjwk Q @ < frh!flhqwv +; }hurv, lv vkrzq lq �jxuh+4,1
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Iljxuh 4= D w|slfdo }hur gldjudp ri d ohqjwk Q @ < olqhdu skdvh ILU �owhu

Lq pdq| olwhudwxuhv/ d olqhdu skdvh �owhu zlwk hyhq v|pphwulf ru rgg v|pphwulf �owhu frh!flhqwv duh
uhihuuhg wr dv W\SH L ru W\SH LLL �owhuv uhvshfwlyho|/ li wkh ohqjwk Q ri wkh olqhdu skdvh ILU �owhu lv dq
rgg qxpehu1 Rq wkh rwkhu kdqg/ lw lv uhihuuhg wr dv W\SH LL ru W\SH LY �owhuv uhvshfwlyho|/ li wkh ohqjwk
Q ri wkh olqhdu skdvh ILU �owhu lv dq hyhq qxpehu1

W\SH L ru W\SH LLL �owhuv= k+q, @ 	k+Q � 4 � q, dqg Q lv dq rgg lqwhjhu qxpehu1 Zh fdq
uhzulwh wkh h{suhvvlrq ri wkh wudqvihu ixqfwlrq dv iroorzv1

K+}, @

E�3�
2

�3�[
?'f

k+q,}3? . k+
Q � 4

5
,}3E

�3�

2
� . +:,

�3�[
?'E�3�

2
�n�

k+q,}3?

@

E�3�
2

�3�[
?'f

k+q,}3? . k+
Q � 4

5
,}3E

�3�
2

� .

E�3�
2

�3�[
,'fEohw ,'�3�3?�

k+Q � 4� o,}3E�3�3,� +;,

@ k+
Q � 4

5
,}3E

�3�
2

� .

E�3�
2

�3�[
?'f

k+q, � +}3? 	 }3E�3�3?�,= +<,

Zlwk wkh qhz h{suhvvlrq zklfk wdnhv wkh dgydqwdjh ri wkh v|pphwulf �owhu frh!flhqwv/ dq lpsohphqwdwlrq
zlwk rqo| �3�

2 . 4 pxowlsolfdwlrqv fdq eh uhdol}hg1 Iljxuh +5, vkrzv wkh v|vwhp gldjudp ri d W\SH L ru
W\SH LLL �owhu1

W\SH LL ru W\SH LY �owhuv= k+q, @ 	k+Q�4�q, dqg Q lv dq hyhq lqwhjhu qxpehu1 Wkh wudqvihu
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Iljxuh 5= Gluhfw uhdol}dwlrq ri d W\SH L ru W\SH LLL olqhdu skdvh ILU �owhu

ixqfwlrq fdq eh uhzulwwhq dv

K+}, @

E�
2
�3�[

?'f

k+q,}3? .
�3�[
?'�

2

k+q,}3? +43,

@

E�
2
�3�[

?'f

k+q,}3? .

E�
2
�3�[

,'fEohw ,'�3�3?�

k+Q � 4� o,}3E�3�3,� +44,

@

E�
2
�3�[

?'f

k+q, � +}3? 	 }3E�3�3?�,=

Wkh v|vwhp gldjudp ri wkh W\SH LL ru W\SH LY �owhuv lv vkrzq lq �jxuh +6,1 Wkhuh duh rqo| �
2 pxowl0

solfdwlrqv lq wklv lpsohphqwdwlrq1
Odsodfh Wudqvirup wr ] Wudqvirup wkurxjk Vdpsolqj
Hyhu| uhdo dqdorj vljqdo {@+w, kdv d olplwhg edqgzlgwk i4@ gxh wr wkh �qlwh vljqdo hqhuj|1 Wkhuhiruh/ hyhu|
uhdo dqdorj vljqdo kdv d Q|txhvw udwh wkdw lv wzlfh ri wkh edqgzlgwk ri wkh vljqdo/ i� @ 5i4@ 1 Dffruglqj
wr wkh vdpsolqj wkhru|/ wkh dqdorj vljqdo fdq eh vdpsohg lq wr d glvfuhwh vhtxhqfh zlwkrxw doldvlqj huuru
e| vhohfwlqj d vdpsolqj iuhtxhqf| juhdwhu wkdq wkh Q|txhvw udwh/ ir A i� 1

Wr frpsduh wkh Odsodfh wudqvirup ri wkh dqdorj vljqdo dqg }�wudqvirup ri lwv glvfuhwh frxqwhu sduw1
Zh �uvw vhw wkh prgho iru wkh lghdo vdpsolqj surfhvv=

{_+w, @ {+q, @ {@+w,m|'?A +45,

@ {@+w, �
"[

?'3"

�+w� qW ,=
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Iljxuh 6= Gluhfw uhdol}dwlrq ri d W\SH LL ru W\SH LY olqhdu skdvh ILU �owhu

Wkh Odsodfh wudqvirupv ri dqdorj vljqdo dqg lwv glvfuhwh frxqwhu sduw fdq eh suhvhqwhg dv=

[@+v, @

] "

3"
{@+w,h

3r|gw +46,

dqg

[_+v, @

] "

3"
{@+w, �

"[
?'3"

�+w� qW ,h3r|gw +47,

@
] "

3"

"[
?'3"

{@+qW , � �+w� qW ,h3r|gw

@
"[

?'3"

{@+qW , �
] "

3"
�+w� qW ,h3r|gw

@
"[

?'3"

{@+qW , � h3rA?

@
"[

?'3"

{+q, � }3? @ [+},

zkhuh
} @ hrA @ hjA h�/ +48,

lv d frpsoh{ yduldeoh pdsshg iurp wkh frpsoh{ yduldeoh v @ �.m$ ri wkh v�grpdlq wkurxjk dq h{srqhqwldo
ixqfwlrq1 Wkh Odsodfh wudqvirup ri d glvfuhwh vhtxhqfh lv fdoohg }�wudqvirup dqg wkh frpsoh{ yduldeoh }
lv lq d grpdlq fdoohg }�grpdlq1

Htxdwlrq +48, uhyhdov wkh uhodwlrqvkls ehwzhhq wkh Odsodfh wudqvirup ri dq dqdorj vljqdo dqg wkh
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}�wudqvirup ri lwv glvfuhwh frxqwhu sduw1 Wkh pds ehwzhhq wzr grpdlqv fdq eh vxppdul}hg lq wdeoh +49,1

v�grpdlq }�grpdlq
Wkh iuhtxhqf| d{lv= v @ m$ Wkh Xqlw Flufoh= } @ h�/A @ h�	/> a$ @ $W +udgldq,
Wkh ohiw�kdoi ri= � ? 3 Lqvlgh ri wkh Xqlw Flufoh= m}m @ mhjA h�/m @ hjA ? 4

Wkh uljkw�kdoi ri= � A 3 Rxwvlgh ri wkh Xqlw Flufoh= m}m @ hjA A 4

+49,

Iru d frqwlqxrxv�wlph/ fdxvdo dqg vwdeoh dqdorj v|vwhp k@+w,/ lwv Odsodfh wudqvirup K@+v, pxvw kdyh
doo wkh srohv rq wkh ohiw�kdoi v�grpdlq/ wkdw lv/ wkh uhdo sduw +�, ri doo wkh srohv pxvw eh ohvv wkdq 31
Wkhuhiruh/ wkh uhjlrq ri frqyhujhqfh +U1R1F1, ri K@+v, lv dozd|v juhdwhu wkdq wkh uhdo sduw ri wkh odujhvw
sroh+v, ri K@+v, lqfoxglqj m$ d{lv dqg � @ 4/ wkdw lv �4@ RJ,e ? �1 Lwv glvfuhwh�wlph frxqwhu sduw K+},
pxvw kdyh doo wkh srohv lqvlgh wkh Xqlw flufoh dffruglqj wr wkh wdeoh +49, dqg wkh U1R1F1 juhdwhu wkdq wkh
pdjqlwxgh/ hj4@ RJ,eA / ri wkh odujhvw sroh+v, lqfoxglqj wkh Xqlw Flufoh dqg 41 Dqrwkhu revhuydwlrq/ li d
frqwlqxrxv�wlph v|vwhp lv vwdeoh/ wkhq ohwwlqj v @ m$ |lhogv

K@+m$, @
] "

3"
k@+w,h

3�/|gw= +4:,

Wklv lv wkh Irxulhu wudqvirup ri wkh lpsxovh uhvsrqvh dqg uhsuhvhqwv wkh iuhtxhqf| uhvsrqvh ri wkh v|vwhp1
Dffruglqj wr wkh wdeoh +49,/ iru d vwdeoh glvfuhwh�wlph vljqdo/ wkh Irxulhu wudqvirup ri wkh lpsxovh uhvsrqvh
vhtxhqfh k+q, fdq eh h{suhvvhg dv

K+h�	/, @
"[

?'3"

k+q, � h3�	/ +4;,

wkdw dovr uhsuhvhqwv wkh iuhtxhqf| uhvsrqvh ri wkh v|vwhp1
Lq d glvfuhwh wlph vlwxdwlrq/ zh dovr glvfxvv qrq�fdxvdo v|vwhpv dqg vljqdov gxh wr wkh hdv| lpsohphq0

wdwlrq ri ghod| lq d frpsxwhu1 Wkh vwdelolw| ri olqhdu wlph�lqyduldqw +OWL, v|vwhp fdq eh jhqhudoo| vwdwhg
dv iroorzv=

� D glvfuhwh�wlph OWL v|vwhp lv ELER vwdeoh/ li dqg rqo| li/ wkh uhjlrq ri frqyhujhqfh +U1R1F1, ri K+},
frqwdlqv wkh Xqlw Flufoh1

Vlqfh wkh Odsodfh wudqvirup dqg }�wudqvirup duh uhodwhg e| wkh vdpsolqj surfhvv zlwk d vdpsolqj
lqwhuydo W / zh zrxog dssuhfldwh d surfhvv wr frqyhuw wkh wudqvihu ixqfwlrq/ K@+v,/ ri d frqwlqxrxv�wlph
v|vwhp gluhfwo| wr K+}, ri d glvfuhwh�wlph v|vwhp1 Wkh gluhfw frqyhuvlrq iurp K@+v, wr K+}, lv edvhg rq
vdpsolqj surfhvv1 Wkhuhiruh/ lw lv qrw vxlwdeoh iru dq dqdorj v|vwhp K@+v, zklfk lv kljksdvv lq qdwxuh1
Wkh sdudphwhu ri wkh gluhfw frqyhuvlrq lv wkh vdpsolqj lqwhuydo W wkdw pxvw eh vhohfwhg dffruglqj wr wkh
vdpsolqj wkhruhp1 Wkh wkhru| ehklqg wkh gluhfw frqyhuvlrq lv wkh lpsxovh�lqyduldqw dv h{sodlqhg lq �jxuh
+7,1 Wkh frqyhuvlrq phwkrg=

� Li K@+v, lv surshu dqg kdv Q glvwlqfw srohv/ s&> n @ 4> 5> � � � >Q / wkhq wkh sduwldo iudfwlrq h{sdqvlrq
|lhogv

K@+v, @
�[
&'�

D&

v� s&
= +4<,

� Lqyhuvh Odsodfh wudqvirup |lhogv

k@+w, @
�[
&'�

D& � hR&u|x+w,= +53,

:



Iljxuh 7= Lpsxovh Lqyduldqw Frqfhsw= |@+q, @ |+q,

� Vdpsolqj wkh lpsxovh uhvsrqvh ixqfwlrq |lhogv

k@+qW , @
�[
&'�

D& � hR&uA?x+qW ,= +54,

� Dffruglqj wr wkh lpsxovh lqyduldqw sulqflsoh/ k@+qW , pxvw eh htxdo wr k+q,/ zh kdyh

K+}, @
"[

?'3"

k+q,}3? +55,

@
"[

?'3"

�[
&'�

^D& � hR&uA?x+qW ,`}3?

@
�[
&'�

D&^
"[
?'f

hR&uA?}3?`

@
�[
&'�

D&

4� hR&uA }3�

dqg U1R1F1 lv pd{&
q
mhR&uA m

r
? m}m1 Wkdw lv li wkh odujhvw uhdo sduw ri wkh srohv ri K@+v, lv �4@ / wkhq

wkh U1R1F1 lv hj4@ A ? m}m1

K@+v, @
�[
&'�

D&

v� s&
+, K+}, @

�[
&'�

D&

4� hR&uA }3�
+56,

lv wkh gluhfw frqyhuvlrq ri Odsodfh wudqvirup wr }�wudqvirup yld vdpsolqj surfhvv xvlqj wkh sulqflsoh
ri lpsxovh lqyduldqw1 Qrwh wkdw wkh gluhfw frqyhuvlrq rqo| zrunv iru wkh orzsdvv w|sh ri v|vwhpv1

H{dpsoh 4 Ghwhuplqh K+}, jlyhq wkdw

K@+v, @
4

v2 . 6v. 5
=

;



Shuirup sduwldo iudfwlrq h{sdqvlrq �uvw=

K@+v, @
4

v. 4
.

�4

v. 5

Wkh gluhfw frqyhuvlrq |lhogv=

K+}, @
4

4� h3A }3�
� 4

4� h32A }3�

H{dpsoh 5 Ghwhuplqh K+}, jlyhq wkdw

K@+v, @
4

v2+v. 4,
=

Shuirup sduwldo iudfwlrq h{sdqvlrq �uvw=

K@+v, @
D

v2
.

E

v
.

F

v. 4

zkhuh

D @ v2K@+v,mr'f @ 4

E @
g

gv
+v2K@+v,,mr'f @ �4

F @ +v. 4,K@+v,mr'3� @ 4=

Vlqfh lqyhuvh Odsodfh ri �
r2

dqg �
r
duh wx+w, dqg x+w,/ wkh glvfuhwh�wlph vhtxhqfhv duh Wqx+q, dqg x+q,

uhvshfwlyho|/ wkh lpsxovh lqyduldqw sulqflsoh |lhogv wkh gluhfw frqyhuvlrq iurp Odsodfh wr }�wudqvirup/ wkdw
lv/

K+}, @
W}3�

+4� }3�,2
� 4

4� }3�
.

4

4� h3A }3�

iurp K@+v, @
�
r2

� �
r
. �

rn� 1

H{dpsoh 6 Ghwhuplqh K+}, jlyhq wkdw

K@+v, @
v

+v. 5,2
=

Shuirup sduwldo iudfwlrq h{sdqvlrq �uvw=

K@+v, @
D

+v. 5,2
.

E

v. 5

zkhuh

D @ +v. 5,2K@+v,mr'32 @ �5

E @
g

gv
++v. 5,2K@+v,,mr'32 @ 4=

Vlqfh lqyhuvh Odsodfh ri �
Er3@�2 lv wh@|x+w, dqg lwv glvfuhwh�wlph vhtxhqfh lv qWh@A?x+q,/ wkh lpsxovh lq0

yduldqw sulqflsoh |lhogv

K+}, @
�5Wh32A }3�

+4� h32A }3�,2
.

4

4� h32A }3�

iurp K@+v, @
32

Ern2�2 .
�

rn2 1

<



Wkh gluhfw frqyhuvlrq wdeoh=
Kr+v, K+},
�
r

�
�353�

�
r2

A53�

E�353��2
�

r3@
�

�3e@A 53�

�
Er3@�2

Ae@A 53�

E�3e@A 53��2

+57,

Wkh wdeoh fdq eh xvhg iru prvw ri vlpsoh fdxvdo dqdorj v|vwhpv lq frqmxqfwlrq zlwk sduwldo iudfwlrq
h{sdqvlrq ri wkh wudqvihu ixqfwlrq K@+v,1

Wkh vdph lpsxovh lqyduldqw sulqflsoh fdq eh uhdol}hg e| xvlqj frpsoh{ frqyroxwlrq lq wkh Odsodfh
grpdlq1 Wkh htxdwlrq +45, fdq eh h{suhvvhg lq Odsodfh wudqvirup +rqo| fdxvdo v|vwhpv duh frqvlghuhg,1

[_+v, @ [@+v, � Odsodfhi
"[
?'f

�+w� qW ,j +58,

@ [@+v, �
] "

f

"[
?'f

�+w� qW ,h3r|gw

@ [@+v, �
"[
?'f

h3rA?

@ [@+v, � 4

4� h3rA

zkhuh h3jA ? 4 l1h1 wkh U1R1F1 lv � A 31 Wkh frpsoh{ frqyroxwlrq fdq eh h{suhvvhg dv iroorzlqj/

[_+v, @

]
�
[@+�,

4

4� h3Er3b�A
g�

zkhuh F lv d forvhg frqwrxu zlwklq wkh uhjlrq ri frqyhujhqfh lq wkh � grpdlq1 Xvlqj wkh idfw wkdw 4 @ h�2Z&/
zh fdq �qg wkdw ixqfwlrq

4

4� h3Er3b�A

kdv lq�qlwh qxpehu ri srohv

�& @ v. m
5�

W
n

rq wkh uljkw�kdoi ri � grpdlq gxh wr wkh U1R1F1 � A 3 iru doo v1 Wkhuhiruh/ wkh lqwhjudo fdq eh shuiruphg
e| vhohfwlqj d flufoh hqforvlqj doo wkh srohv ri [@+�, rq wkh ohiw�kdoi ri � grpdlq1 Wkh frqwrxu lqwhjudo fdq
eh hydoxdwhg e| wkh uhvlgxhv phwkrg=

[_+v, @
[

doo srohv ri f@Eb�

�
Uhvlgxhv ri [@+�, � 4

4� h3Er3b�A

�
= +59,

Qrwh wkdw [+}, @ [_+v, zlwk } @ hrA 1
Iru d wudqvihu ixqfwlrq [@+v, wkdw rqo| kdv glvwlqfwlyh vlqjoh srohv=

[+}, @

%[
&

�
+�� s&,

[@+�,

4� h3Er3b�A

�
b'R&

&
5'erA

+5:,

zkhuh s& duh wkh srohv ri [@+v,1
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Iru d wudqvihu ixqfwlrq wkdw lqfoxghv rqh p�pxowlsoh sroh +s6&6,=

[+}, @

5
7 [
& �'&6

�
+�� s&,[@+�,

4� h3Er3b�A

�
b'R&

.
4

+p� 4,$

C63�

C�63�

+
+�� s6&6,

6[@+�,

4� h3Er3b�A

,
b'R6

&6

6
8
5'erA

+5;,

H{dpsoh 7 Ghwhuplqh K+}, jlyhq wkdw

K@+v, @
v

+v. 5,2
=

K+}, @

%
4

+5� 4,$

C23�

C�23�

�
+�. 5,2

K@+�,

4� h3Er3b�A

�
b'32

&
5'erA

@

%
C

C�

�
�

4� h3Er3b�A

�
b'32

&
5'erA

@

%+
4� h3Er3b�A . �Wh3rA hbA

+4� h3Er3b�A ,2

,
b'32

&
5'erA

@

%
4� h3Ern2�A � 5Wh3rA h32A

+4� h3Ern2�A ,2

&
5'erA

@
4� h32A }3� � 5Wh32A }3�

+4� h32A }3�,2

@
4

4� h32A }3�
� 5Wh32A }3�

+4� h32A }3�,2
=

Lw |lhogv wkh vdph uhvxow dv wkh rwkhu phwkrg1

Vxssohphqwdo sureohpv dqg frpsxwhu surmhfw=

41 Ghwhuplqh K+}, xvlqj wkh lpsxovh lqyduldqw sulqflsoh jlyhq wkdw

K@+v, @
4

v2 . 8v. 9
=

51 Ghwhuplqh K+}, xvlqj wkh lpsxovh lqyduldqw sulqflsoh jlyhq wkdw

K@+v, @
v

+v. 5,+v. 4,2
=

61 Ghwhuplqh K+}, xvlqj wkh lpsxovh lqyduldqw sulqflsoh jlyhq wkdw

K@+v, @
6

v2+v. 5,
=

71 Dq LLU �owhu kdv wkh iroorzlqj wudqvihu ixqfwlrq

K+}, @
4� 4=4}3�

4� 3=6}3� � 3=7}32
=

+d, Sorw wkh sroh�}hur gldjudp1
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+e, Ilqg doo wkh srvvleoh U1R1F1 iru K+}, dqg lqglfdwh doo wkh U1R1F1 rq wkh sroh�}hur gldjudp1

+f, Zklfk rqh ri wkh U1R1F1 fruuhvsrqglqj wr d vwdeoh �owhuB Zk|B

+g, Zklfk rqh ri wkh U1R1F1 fruuhvsrqglqj wr d fdxvdo �owhuB Zk|B

+h, Ilqg wkh lpsxovh uhvsrqvh/ k+q,/ ri wkh vwdeoh �owhu xvlqj lqyhuvh ]�wudqvirup

+i, Xvh PdwodeA� ixqfwlrq lps}+, wr jhqhudwh �uvw 43 ydoxhv ri wkh lpsxovh uhvsrqvh dqg frpsduh
wkhp zlwk k+q, wkdw |rx �qg xvlqj lqyhuvh ] wudqvirup1

+j, Vnhwfk wkh pdjqlwxgh iuhtxhqf| uhvsrqvh ri wkh �owhu dffruglqj wr lwv sroh�}hur gldjudp1 Zkdw
nlqg ri iuhtxhqf| vhohfwlyh �owhu lv wklvB

+k, Fdofxodwh wkh vwhdg| vwdwh uhvsrqvh wr d vlqxvrlgdo vljqdo zklfk kdv d iuhtxhqf| htxdo wr 62; ri
wkh vdpsolqj iuhtxhqf|1

+l, Iru dq lqsxw vljqdo {+q, @ 5+3=8,?x+q, dqg lqlwldo frqglwlrqv |+�4, @ 4/ |+3, @ �3=8/ fdofxodwh
wkh �uvw 43 ydoxhv ri |+q, lwhudwlyho| e| kdqg1

+m, Qrz iru wkh vdph lqsxw vljqdo dqg vdph lqlwldo frqglwlrqv/ fdofxodwh wkh �uvw 43 ydoxhv ri |+q,
e| xvlqj PdwodeA� ixqfwlrqv �owlf+, dqg �owhu+,1
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