‘ EE322/522
Digital Signal and Systems

1.01: Fourier Series and Line Spectrum
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Fourier Series Representation

= Periodic Signal (Frequency and Period)

= Analysis (Fourier Series Coefficients and Line
Spectrum: Phase and Magnitude)

= Synthesis (Sinusoids)

271
X, () =x,(t+T,), @,=—
0

1 — jagkt
C, =—j X, (t)e 1o dt

T, *T
X, (t) — cheiwokt

k=0 T ,
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Fourier Series of a Real Valued Signal

Real Valued Signal: X, (t) = X; (t)
* 1 — jakt ’
C, _[TOLO X, (t)e 1 dt
_ 1 * — jaookt }*
- . x ok Jdt
_L j X, (t)eldt =C
T,

Complex C,k — C:

Conjugate
Symmetry: . .
— 1£Cy — -J£Cy
«=|Ci[e’™, C., =[Ce
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Synthesis Equation for Real Valued Signal
X, () = 3 C el

(Ckejwokt+c e Ja)okt)

k=—c0
=Co+),
k=1
=C,+ ch ‘eJACKerokt ‘C ‘e 1€ o= onkt)
k=1
=C,+ Zq eJ(wokt+4ck) n ‘Ck ‘e—j(mokuzck))
k=1
=C,+ Y 2[C,|cos(awpkt + £C,)
k=1
T
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Phasor and Fourier Series Coefficients

Phasor:
Acos(wt+9) — @, Ae’?
. i(0-2)
Asin(ot + @) = Acos(a)ot+ga—%) - @, Ae' 2

Fourier Series Coefficients and Phasor:

Acos(ot+9) — 2|C,|cos(a,t+£C))
|Al=2|C,|; and ¢@=<£C, (zz,if A<0)

Unit Circle and Principal Phase Value:

e and -z<ep<zr
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Delta function and Sampling
X, (1)-5(t) =x,(0)-5(t), X,(t)-6(t-T)=x,(T)-5(t-T)
s(ty= > 5(t-nT),

X, ()50 =, () S5 -nT) =x,(nT)- S 6t -nT)

Sample values:

fz x,(z)-8(z)dr = j x,(0)-5(z)dr =X, (0) j S(r)dr =x,(0)

[ % (@) 6 -nTydr =[x, (nT)-8(—nT)dz

=x,()[" "8z =nT)dz = x,(nT) -
G
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Fourier Series of the Sampling Signal

s(t)= 3 5(t-nT), Period =T

N=-

1oy e 1er o -i%e ]
Ck:?'[_%zs(t)e dt:?J._225(t)e dt=—

0 -gﬁk 0 -Eﬁk 0
s(t) = ZCkeJT t=%ZeJT ——
k=—c0

k=—00 T k=—c0

2 .
o, = T sampling frequency

T T '
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Sampling of Sinusoids

X, (t) = 20s(2007t —1) +sin(12074 + %) —0.5c0s(807t +2)
= 2¢08(2007t —1) + cos(1207t + % - %) +0.5¢0(807t + 2 7)
=2c0s(2007t —1) + cos(120xt — %) +0.5c0s(80t —1.1415)

Phasors: 2e!, e '6, 0.5e L1415
Fourier Series Coefficients: C, =0.25e 1%, C_, = 0.25¢ %,
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C, :%eﬂg,cf3 :%elg,c5 —el,C,=¢
Foundamental Frequency(line Spectrum): 407z
T 1] \
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Sampling of Sinusoids ...

« Sampling frequency must be at least higher than the twice of the highest
frequency components in the signal.

w, >2-5w, =400z, Let o, :4507r,thenT:2—”:is.
: 0 ° o, 450

S

X, (t) |,_r = 2€05(2002nT —1) + cos(1207nT —%) +0.5c0s(807nT —1.1415)

x(n) = 2cos(2 2007 -+ cos(2 1207 | -y 0.5005(2'80” n-1.1415)
450 450 6 450
= 2cos(20. 2z -+ cos(12 27, —%) + 0.5cos(% n-1.1415)
T = 450 =11.25 samples/period(4 periods)
T 40
IR
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Sampling of Sinusoids ...

Normalized Frequency(6 = @T): 1-27 ’NZH , (radian)

Frequencies: a5 =2007 < 6; = k27 _ %

0,=1207 < 0, = 227 1227 nr g 2T 827
N 45 N 45

The normalized frequencies of a periodic signal must
all equal to rational numbers multiplying 2.

Period N (samples) : x(n) = x(n£ mN),
I, :#of periods of k,, frequency in N samples.
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Sampling of Sinusoids ...

« Considering a different sampling frequency

w, >2-50, =400z, Letw, =5007,thenT = 7 _ 1 S.
o, 250

s

X (t) |i_nr = 2€08(2002nT —1) + cos(1202nT — %) +0.5c0s(802nT —1.1415)

x(n)=2 cos(& n-1)+ cos(@ n— E) + 0.5005(80—” n-1.1415)

250 250 6 250

10-27
25

n-1)+ cos(ﬁ n —f) + O.SCos(mn —1.1415)
25 6 25

=2c0s(

10-27 P :6‘271 0 42z

25 P 25 2T 25
o, 10-5007 _

Normalized Frequencies: 6, =

Denormalized (w:gz& f5:¢9~—7ia)5):a)5 2007,
T 2z N 25
0, =897 1907, = 35097 07 (Lo 22015 5 smplipra)
25 25 T 20 o
JEIAS. = i i
\\'Iilt.;il_l'[' "I'-\:I'[
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Plots (sampling frequency=4507)
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Plots (sampling frequency=>5001)
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Discrete Fourier Series (DES):

Sampling a Periodic Signal (T and N)
Analysis (DFS)
Synthesis (Inverse DFS)

x(n) = x, (t) |[:nT=x(n+N) N-T=m-T, (m=120r3:)

_ 1 — jakt ](m)
C, T jT X, (et = - j X, (t)e dt
1 N-1 —jz—:knT l N-1 Zﬂn 1
~—>» x(ne ™° —» x(n)e N :—X k
NT 2 (n) Y z{; (n) (k)

N-1 2
—J—kn
X(k):Zx(n)e N (DFSandk -, =k- —7k—m k- sm)
n=0 0 NT
Matlab function: Xk=fft(xn); e
BRI i 1
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DFES ..

Synthesis (Inverse DFS)

) . 17 nT
Obr=xm=3Ce| =3 ce™
—®© t=nT
N-1 2m n N-1 27
-3 L x e v =L x ke’ N
oo N N =
x(n) =x(n£ N) periods mT,
Matlab function: xn=ifft(XKk); T
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DES of a Periodic Signal (ws=450m)

Magnitude Line Spectrum
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frequency (pi radian/seconds)
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DFES of a Periodic Slgnal ((DS 500m)

Magnitude Line Splm
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DES Properties:

Periodicity: x(n+N), X(k+N)

Complex Conjugate Symmetry(x(n) real valued) :
X (K) = X" (=k) = X" (N —k), that is,

X (K)| = [X (k)| =X (N =K)|

ZX (k) ==2X (k) ==2X (N —=k)

Index :
k=01---N-1.
0= kz—ﬂ, a)ozﬁ-m
N N .
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DEFS Example: (0s=450m, N=45, m=4)
Peaks (Matlab index) : k =[9 13 21 26 34 38]

DFSindex (k—1):[8 12 20 25 33 37]

FSindex (k—=1)/mand (k—1-N)/m: [2 35 -5-3 -2]
X (8) = X" (-8) = X" (45-8), that is,

X (8)|=|X (-8)| =X (37)|

ZX(8) =—£X (8) = —£X (37)

Caculate frequencies:

INFS:[235-5-3-2].%407; w,=407

InDFS:[8 12 20 20 12 8].*%; Frequency Resolution :%
I
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Periodic Signal Synthesis
Synthesis Equation :
X,(t) = Y Ce™ =C,+ > 2[C,|cos(wpkt + £C,);
k=—o0 k=1

Example: Given FS coefficients of a real - valued periodic
signal (T, =10 seconds)'C =2,C,=1. 2e"'2 C_,=06e’

X, (t)=2+2- 12005

=2+24 cos(4007zt —2)+1.2c0s(800xt + 1)
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