
Problem 9.28: 

 

Use the Predictor-Corrector Method to solve this problem.  

 

Problem setup: 

Use the Predictor-Corrector method to solve this problem. Solve the differential equation for 𝑑ℎ/𝑑𝑡: 

𝑑ℎ

𝑑𝑡
=

−𝐶𝑑𝐴√2𝑔ℎ

𝜋(2𝑟ℎ − ℎ2)
= 𝑔(𝑡, ℎ) 

Approximate the derivative as follows: 

𝑑ℎ

𝑑𝑡
≈

(ℎ(𝑡 + ∆𝑡) − ℎ(𝑡))

∆𝑡
=  𝑔(𝑡, ℎ) 

where ∆𝑡 is the time step size. Solve for ℎ(𝑡 + ∆𝑡): 

ℎ(𝑡 + ∆𝑡) = ℎ(𝑡) + 𝑔(𝑡, ℎ)∆𝑡 

Put this equation into a form appropriate for computer solution. This is called the Difference Equation: 

ℎ(𝑡𝑘+1) = ℎ(𝑡𝑘) + 𝑔[𝑡𝑘, ℎ(𝑡𝑘)]∆𝑡;    where   𝑡𝑘+1 = 𝑡𝑘 + ∆𝑡 

Rewrite this equation as follows. This is the Euler Predictor Difference Equation: 

𝑥𝑘+1 =  ℎ𝑘 + 𝑔(𝑡𝑘, ℎ𝑘)∆𝑡 

This represents a preliminary estimate for ℎ𝑘+1, which is designated as 𝑥𝑘+1 to avoid confusion. This estimate 

is then corrected using the Trapezoidal Corrector Difference Equation: 

ℎ𝑘+1 =  ℎ𝑘 +
∆𝑡

2
[𝑔(𝑡𝑘, ℎ𝑘) + 𝑔(𝑡𝑘+1, 𝑥𝑘+1)] 

Substitute the expression for 𝑔(𝑡, ℎ) into the difference equations: 



𝑔(𝑡, ℎ) =
−𝐶𝑑𝐴√2𝑔ℎ

𝜋(2𝑟ℎ − ℎ2)
 

𝑔(𝑡𝑘, ℎ𝑘) =
−𝐶𝑑𝐴√2𝑔ℎ𝑘

𝜋(2𝑟ℎ𝑘 − ℎ𝑘
2)

 

𝑔(𝑡𝑘+1, 𝑥𝑘+1) =
−𝐶𝑑𝐴√2𝑔𝑥𝑘+1

𝜋(2𝑟𝑥𝑘+1 − 𝑥𝑘+1
2 )

 

Predictor: 

𝑥𝑘+1 = ℎ𝑘 + 𝑔(𝑡𝑘, ℎ𝑘)∆𝑡 

Corrector: 

ℎ𝑘+1 =  ℎ𝑘 +
∆𝑡

2
[𝑔(𝑡𝑘, ℎ𝑘) + 𝑔(𝑡𝑘+1, 𝑥𝑘+1)] 

In the problem statement, the initial condition is ℎ(0) = 5.0 m, 𝑟TANK = 3.0 m,   𝑟DRAIN = 2.0 cm = 0.02 m. 
Let ∆𝑡 = 100.0. The order in which calculations are made is important, as shown below.  
 
For 𝑘 = 1: 

ℎ1 = 5.0 

𝑡1 = 0.0 

𝐴 = 𝜋𝑟𝐷𝑅𝐴𝐼𝑁
2 = 𝜋(0.02)2 = 1.2566 × 10−3 

𝑔(𝑡1, ℎ1) =
−𝐶𝑑𝐴√2𝑔ℎ1

𝜋(2𝑟ℎ1 − ℎ1
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(5.0)

𝜋[2(3.0)(5.0) − (5.0)2]
= −3.9617 × 10−4 

Predictor: 

𝑥2 = ℎ1 + 𝑔(𝑡1, ℎ1)∆𝑡 = (5.0) + (−3.9617 × 10−4)(100.0) = 4.9604 

Corrector:  

𝑡2 =  𝑡1 + ∆𝑡 = 0.0 + 100.0 = 100.0 

𝑔(𝑡2, 𝑥2) =
−𝐶𝑑𝐴√2𝑔𝑥2

𝜋(2𝑟𝑥2 − 𝑥2
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(4.9604)

𝜋[2(3.0)(4.9604) − (4.9604)2]
= −3.8260 × 10−4 

ℎ2 =  ℎ1 +
∆𝑡

2
[𝑔(𝑡1, ℎ1) + 𝑔(𝑡2, 𝑥2)] = (5.0) +

(100.0)

2
[(−3.9617 × 10−4) + (−3.8260 × 10−4)] = 4.9611 

For 𝑘 = 2: 

𝑔(𝑡2, ℎ2) =
−𝐶𝑑𝐴√2𝑔ℎ2

𝜋(2𝑟ℎ2 − ℎ2
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(4.9611)

𝜋[2(3.0)(4.9611) − (4.9611)2]
= −3.8283 × 10−4 



Predictor: 

𝑥3 = ℎ2 + 𝑔(𝑡2, ℎ2)∆𝑡 = (4.9611) + (−3.8283 × 10−4)(100.0) = 4.9228 

Corrector:  

𝑡3 =  𝑡2 + ∆𝑡 = 100.0 + 100.0 = 200.0 

𝑔(𝑡3, 𝑥3) =
−𝐶𝑑𝐴√2𝑔𝑥3

𝜋(2𝑟𝑥3 − 𝑥3
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(4.9228)

𝜋[2(3.0)(4.9228) − (4.9228)2]
= −3.7065 × 10−4 

ℎ3 =  ℎ2 +
∆𝑡

2
[𝑔(𝑡2, ℎ2) + 𝑔(𝑡3, 𝑥3)] = (4.9611) +

100.0

2
[(−3.8283 × 10−4) + (−3.7065 × 10−4)]

= 4.9234 

For 𝑘 = 3: 

𝑔(𝑡3, ℎ3) =
−𝐶𝑑𝐴√2𝑔ℎ3

𝜋(2𝑟ℎ3 − ℎ3
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(4.9234)

𝜋[2(3.0)(4.9234) − (4.9234)2]
= −3.7083 × 10−4 

Predictor: 

𝑥4 = ℎ3 + 𝑔(𝑡3, ℎ3)∆𝑡 = (4.9234) + (−3.7083 × 10−4)(100.0) = 4.8863 

Corrector:  

𝑡4 =  𝑡3 + ∆𝑡 = 200.0 + 100.0 = 300.0 

𝑔(𝑡4, 𝑥4) =
−𝐶𝑑𝐴√2𝑔𝑥4

𝜋(2𝑟𝑥4 − 𝑥4
2)

=
−(0.5)(1.2566 × 10−3)√2(9.81)(4.8863)

𝜋[2(3.0)(4.8863) − (4.8863)2]
= −3.5984 × 10−4 

ℎ4 =  ℎ3 +
∆𝑡

2
[𝑔(𝑡3, ℎ3) + 𝑔(𝑡4, 𝑥4)] = (4.9234) +

100.0

2
[(−3.7083 × 10−4) + (−3.5984 × 10−4)]

= 4.8869 



 

 



 



 

 

 


