
Problem 9.33: 

 

This is a second-order ordinary differential equation. Rewrite the equation by solving for the second 

derivative. 

𝑦̈ = 𝜇(1 − 𝑦2)𝑦̇ − 𝑦 

Let   𝑥1 = 𝑦  and   𝑥2 = 𝑦̇ 

Taking the derivative of the first equation gives 

𝑥̇1 = 𝑦̇ = 𝑥2   or   𝑥̇1 = 𝑥2 

Taking the derivative of the second equation gives 

𝑥̇2 = 𝑦̈ = 𝜇(1 − 𝑦2)𝑦̇ − 𝑦 = 𝜇(1 − 𝑥1
2)𝑥2 − 𝑥1  or  𝑥̇2 = 𝜇(1 − 𝑥1

2)𝑥2 − 𝑥1 

The initial conditions are  

 𝑦(0) = 𝑥1(0) = 5  and   𝑦̇(0) = 𝑥2 = 0 

The original second order ordinary differential equation is now converted into two first order ordinary 

differential equations that are coupled. 

𝑥̇1 = 𝑥2,     𝑥̇2 = 𝜇(1 − 𝑥1
2)𝑥2 − 𝑥1,    𝑥1(0) = 5,   𝑥2(0) = 0 

Use the Euler method for this problem. The system of equations can be discretized as follows: 

𝑥1,𝑘+1 = 𝑥1,𝑘 + ∆𝑡 ∙ 𝑥2,𝑘 

𝑥2,𝑘+1 = 𝑥2,𝑘 + ∆𝑡[𝜇(1 − 𝑥1,𝑘
2 )𝑥2,𝑘 − 𝑥1,𝑘] = 𝑥2,𝑘 + ∆𝑡 ∙ 𝑔(𝑥1,𝑘, 𝑥2,𝑘) 

𝑔(𝑥1,𝑘, 𝑥2,𝑘) = 𝜇(1 − 𝑥1,𝑘
2 )𝑥2,𝑘 − 𝑥1,𝑘 

Let ∆𝑡 = 0.001  and  𝜇 = 1.0.  

For 𝑘 = 1: 

𝑥1,1 = 5.0,   𝑥2,1 = 0.0 

𝑥1,2 = 𝑥1,1 + ∆𝑡 ∙ 𝑥2,1 = (5.0) + (0.001)(0.0) = 5.0 

𝑔(𝑥1,1, 𝑥2,1) = 𝜇(1 − 𝑥1,1
2 )𝑥2,1 − 𝑥1,1 = (1.0)[1 − (5.0)2](0.0) − (5.0) = −5.0 



𝑥2,2 = 𝑥2,1 + ∆𝑡[𝑔(𝑥1,1, 𝑥2,1)] = (0.0) + (0.001)[(−5.0)] = −0.005 

𝑡2 = 𝑡1 + ∆𝑡 = 0.0 + 0.001 = 0.001 

For 𝑘 = 2:  

𝑥1,3 = 𝑥1,2 + ∆𝑡 ∙ 𝑥2,2 = (5.0) + (0.001)(−0.005) = 4.999995 

𝑔(𝑥1,2, 𝑥2,2) = 𝜇(1 − 𝑥1,2
2 )𝑥2,2 − 𝑥1,2 = (1.0)[1 − (5.0)2](−0.005) − (5.0) = −4.88 

𝑥2,3 = 𝑥2,2 + ∆𝑡[𝑔(𝑥1,2, 𝑥2,2)] = (−0.005) + (0.001)[(−4.88)] = −0.00988 

𝑡3 = 𝑡2 + ∆𝑡 = 0.001 + 0.001 = 0.002 

 

For 𝑘 = 3:  

𝑥1,4 = 𝑥1,3 + ∆𝑡 ∙ 𝑥2,3 = (4.999995) + (0.001)(−0.00988) = 4.999985 

𝑔(𝑥1,3, 𝑥2,3) = 𝜇(1 − 𝑥1,3
2 )𝑥2,3 − 𝑥1,3 = (1.0)[1 − (4.999995)2](−0.00988) − (4.999995) = −4.762875 

𝑥2,4 = 𝑥2,3 + ∆𝑡[𝑔(𝑥1,1, 𝑥2,1)] = (−0.00988) + (0.001)[(−4.762875)] = −0.0146429 

𝑡4 = 𝑡3 + ∆𝑡 = 0.002 + 0.001 = 0.003 



 

 

Time step independence check: For ∆𝑡 = 0.1, the solution is unstable.  



 

 

The time step should be decreased as the final time increases: 



 



 

 

 


