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Abstract

A solid shape is a shape with possible holes, and there-
fore, not only does it possess an outer boundary but it
may contain inner boundaries also. In this paper, a
boundary contour is segmented at the points of peak
curvature. Then, the obtained contour segments are
approximated by parametric cubic curves in such a
way that neighboring curves join smoothly. Represen-
tation of a contour at a lower scale is obtained by
reducing the scale of the original shape and applying
the same segmentation and representation process on
the contour of the obtained shape.

1. Introduction

In problems related to image analysis, it is often
required to represent shapes of regions in an image
analytically for recognition, storage, and reconstruc-
tion purposes. Given the pixels in a shape, it is desired
to find a representation that is fast in processing,
economical in usage of storage, and accurate in recon-
struction of the original shape.

We will be dealing with solid shapes in this paper.
It is obvious, however, that pixels inside a shape
between the outer boundary and the inner boundaries
(holes) are insignificant. Because, if we can reconstruct
the inner and outer boundaries of a shape, pixels
between the boundaries become known automatically.
Therefore, we will first concentrate on segmentation
and representation of boundary contours and then
consider how the inner and outer boundaries of a
shape change as the scale of the shape changes.

To represent a contour analytically, we could seg-
ment the contour and replace each contour segment
by a line or a curve segment. The problem then
becomes: How should we segment the contour?
Attneave! determined that peak curvature points in a
contour carry most information about the contour and
therefore, should be detected and preserved for later
reconstruction. Yuille and Poggio® have also realized
the importance of peak curvature points and have
shown that it may be possible to reconstruct an origi-
nal signal to within a constant factor if information
about the peak curvature points of the signal at
different scales are known.

Traditional contour segmentation techniques
do not guarantee preservation of the peak curvature
points. In these techniques, starting at an arbitrary
point on the contour and while following the contour,
the error between the contour and the approximating
line is measured. When the error reaches a bound, the
contour is segmented at that point. Segmentation in
this manner does not guarantee that a segmentation
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point falls on a point of peak curvature and it may
very well fall on a perfectly smooth area. A conse-
quence of this would be that unnatural edges and ver-
tices are obtained in the reconstructed contour. Other
disadvantages of these techniques are: 1) dependency
on the starting point, and 2) requirement of an error
bound as the input data which depends on the scale of
the contour and a novice user will have a hard time
specifying it. In this paper, a contour is segmented at
points of peak curvature. This preserves points with
most information in the contour and results in a
unique segmentation without dependency on the start-
ing point.

Representation of boundary contours by line seg-
ments (polygons) works well as long as the underlying
contours are polygonal. If the underlying contours are
smooth and curved, the polygonal representation will
perform poorly because a large number of line seg-
ments would be necessary to represent them. In the
literature, circular ares'®* and conic sections!®~17
have also been used for representing contours. These
curves, however, cannot represent contour segments
with inflections. In this paper, parametric cubic curves
will be wused to approximate contour segments.
Parametric cubic curves are able to represent contour
segments with inflections.

The organization of the rest of the paper is as fol-
lows. Section II discusses multiple-scale segmentation
of boundary contours and Section III describes how to
best fit a parametric cubic curve to a contour seg-
ment. Then Section IV measures the performance of
the proposed segmentation and representation tech-
nique on reconstruction of solid plane shapes.

2. Segmentation

In this section, segmentation of a contour at the
points of peak curvature is discussed. Peak curvature
points in a contour are determined by computing the
curvature values of points on the contour and locating
the points that are locally maximum. Before doing so,
however, we need to resolve one issue and that is: Do
we want a shape representation that is sensitive to
small details on the shape or that the small details are
just the noise and we want to avoid them in our
representation. In the following, both cases will be
considered. We first describe a procedure that deter-
mines the peak curvature points of a contour in its
highest scale (or finest resolution). Then we consider
segmentation of the contour at a lower scale (or
coarser resolution) such that small and noisy details in
the contour are suppressed.




2.1. Segmentation in the highest scale

Let’s consider a boundary contour that is consti-
tuted of n points Py, Py, - - P, where P,,; and
P,_, are neighbors of P; (modulo n). If we look at
point P; in the contour, this point may be in any one
of the four situations shown in Fig. 1. Each situation
determines a curvature value. Therefore, if we encode
each situation to a number between 1 and 4, we can
represent curvature values on the contour by numbers
between 1 and 4. A simple procedure that does this
conversion is as follows. Start from an arbitrary point
on the contour (say P;) and shift a 3X3 window on
the contour in such a way that the center of the win-
dow always lies on the contour and if we are
interested in the curvature value at point P, then
point P; lies in the window center and P;_, lies in the
mid-bottom entry of the window, see Fig. 2. A curva-
ture value between 1 and 4 is assigned to P; depend-
ing on where P, falls in the window, see Fig. 2. In
this manner we can determine curvature values on the
contour. Fig. 3.b shows determination of curvature
values of contour of Fig. 3.a by this method. Once the
curvature values are determined, detection of a peak
curvature point is easy because we only need to deter-
mine the point that has a curvature value greater
than curvature values of both of its neighbors.

Digitization of a curve could hide some of the
peak curvature points. For example, consider the
sequence of curvature values in a contour as:
112333211122111311. It is obvious that there are three
peak curvature points in this sequence, two of them
hidden. One of the hidden peaks is located somewhere
in the sub-sequence 333 and the other is located in the
sub-sequence 22. We put the peak curvature point for
a hidden point at the middle of the sub-sequence. For
example, in the above sequence, the peaks are set to
be at locations shown by the asterisks in
1123*32111*2111*11. Peak curvature points of Figure
3.a are shown in Fig. 3.c.

2.2. Segmentation at a lower scale

The purpose of segmentation at a lower scale is
twofold. One, we would like to have a representation
which is not sensitive to small and noisy details in the
shape and be able to represent general properties of
the shape. Two, we would like to have the capability
to represent and recognize a shape perceived at
different scales (or in different resolutions). Consider
the shape of an object in a scene. If the object moves
towards the viewer, more details become visible and
the shape will cover a larger area of the image and if
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Fig. 1. Possible curvature values at a point P;.
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Fig. 2. As:signment of curvature value to point P;
depending on where P, falls.
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Fig. 3. (a) A contour, (b) its curvature values, and
(c) its peak curvature points shown by the
asterisks.




the object moves away from the viewer, it will cover a
smaller area of the image and will lose some of its
details. At some point, the object could completely
change its shape and break into two or more parts.
This shows that the boundary contour of a shape
depends on the shape as a whole and we shouldn’t
treat it as an independent entity.

We expect that representation at a lower scale
brings about the real shape of the object as if the
object was perceived at a farther distance. In the
past, lower scale representation has been achieved by
specifying a smaller number of sides or a larger value
for the error bound in the approximation of the
polygons.®~1? This will not fulfill any of the require-
ments for lower scale representation. First, the
representation will still be sensitive to noisy details on
the contour because the measurements are made on
the original contour, and second, the obtained
representation is not similar to the shape of the object
when perceived at a farther distance. This is because
the internal geometry of the shape is not considered in
the scale reduction.

To obtain a representation at a lower scale, we
first change the scale of the original shape and then
determine a representation for it. To reduce the scale
of a shape by a factor t, we transform the original
shape to a new one by the following mapping function:

X=tz
Y=ty

where (X,Y) and (z,y) are coordinates of correspond-
ing shape points in the original and new coordinate
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systems, respectively. To determine whether a point
(z1,9,) in the new coordinate system belongs to the
shape or not, we determine its corresponding point in
the original coordinate system: X=tz; and Y=ty,.
Now, since a pixel in the new shape corresponds to a
tXt block in the original shape, we examine the con-
tent of the tXt block centered at (tz,ty,) in the origi-
nal shape. If more than half of the pixels in the block
belong to the shape, we let point (z,,y;) in the new
coordinate system belong to the shape. Otherwise, we
set the point as not belonging to the shape. This pro-
cess, in effect, is smoothing the original shape and is
reducing its scale. Fig. 4 shows reduction of the scale
of a shape by factors of 3 and 5.

Once a shape has been reduced in scale, we can
apply the segmentation procedure of Section IL.A to it
to segment it. Fig. 5 shows segmentation of boundary
contours of shapes of Fig. 4. Note that by reducing the
scale of a shape we have smoothed the shape and
therefore have removed small and noisy details in the
shape. Note also that we can do smoothing and scale
reduction in this manner only when the underlying
shapes are solid and bounded. Reducing the scale of a
shape is like viewing the shape at a farther distance
or in a lower resolution image.

Segmentation at a lower scale in this manner does
not require specification of parameters such as the
error bound or the number of required contour seg-
ments and the only parameter that the user has to
specify is the reduction scaling factor.
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Fig. 4. Reducing the scale of a shape. (a) The original shape. (b) and (c) Shapes
reduced in scale by factors of 3 and 5, respectively.
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Fig. 5. Segmentation of boundary contours of shapes of Fig. 4.




Detection of the peak curvature points of a con-
tour at different scales has been considered
before.’®2! These techniques, however, use informa-
tion from the original contour to determine the curva-
ture values at lower scales without smoothing the ori-
ginal contour and this makes the obtained curvature
values still dependent on noisy details on the contour.

3. Representation

Once a contour has been segmented, the next step
is to approximate each segment by a line or curve
segment. In the past, mostly line segments have been
used to approximate contour segments.>™!? Line seg-
ments, however, give the reconstructed contour a bro-
ken and unnatural appearance, especially when the
original contour is smooth and curved. Circular
ares'>!? and conic sections!®™!7 have also been used to
represent contour segments. These curves, however,
being of degree two cannot represent contour segments
with inflections. In this paper, parametric cubic
curves will be used to represent contour segments
because, these curves are able to represent contour
segments with inflections.

A parametric cubic curve is defined by
P(sc2=(x(s),y(s) where z(s) and y(s) are polynomials
of degree three.?> There are many ways to express a
polynomial of degree three. Most often it is exg)ressed
as a scaled sum of basis functions 1, s, s%, s°, how-
ever, for our purposes we use the Hermite interpolant
basis functions defined by,

hy(s)=25%~3s2+1
ho(s)=—253+352
hy(s)=5—25%+5
hy(s)=53—s".

Using these basis functions, a parametric cubic curve
that represents a contour segment with end points at
P; and P;,,, can be written as,

P(s)=h,(s)P;+hy(s )Piym+ha(s)Di+h(s)Dipm (1)

where s is a parameter that changes between 0 and 1.
Note that properties of the Hermite basis functions
imply that when s=0 the curve is at point P; and
when s=1 the curve is at point P;,,,, and D; and
D,,m are tangent vectors at points P; and P,,,,
respectively. The tangent vector at a point P; is cal-
culated by,

D;=%(P;,—P;_)= %P1 —P;)+P;—P;_,)]

which is the average of chords P;,—P;_; and P, ,—P;
and can be obtained easily from points P; and its two
neighbors P;_; and P;,; on the contour. A tangent
vector has direction and magnitude and if we let wu;
and u,,,, be the unit tangent vectors and k; and &k,
be the tangent vector magnitudes at P; and P,
respectively, then we can replace D; by k;u; and
D;im by kou;,,, in (1) to obtain,

P(s)=hy(s)P;+ho(s)Pipm+ha(s)kiu;i+hy(s)koun(2)

The significance of the tangent vector magnitudes
k, and k, is that by increasing or decreasing k, and &,
appropriately we can change the shape and length of
the curve without changing the direction of their
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tangents at the end points. Fig. 6 depicts this fact.

This shows that we can keep the tangent vector
directions of two curves that join at a point the same
to ensure a smooth gradient at the joint but at the
same time vary the magnitudes of the tangents at the
two sides of the point separately, to change the shape
and length of the curve. We will be determining k,
and k, in such a way that the obtained curve lies as
close as possible to the contour segment using the
least-squares error criterion.

Considering the fact that there are m—1 points
between P; and P;,, and if (z(s),y(s)) denotes points
on the curve then,

z(s)=h(s)zitho(s)Tism+ha(s)k vy, +ha(s)kotism,

y(s)=hy(8)vi+ho(s)¥ism+ha(s)k1t; +hy(s)koti pm,
with «; and u;, showing the z- and y-components of
the unit tangent vector u; and v;yp, and ., show-
ing the z- and y-components of w,,,, respectively,
and if (z,y) denotes points on the contour segment,

then the sum of squared errors between the curve and
the contour segment is defined by,

E2=i§]m{[$j —z(s; )]2'*'[%'—1/(5:')]2}

J=i

®3)

where s;=(j—i)/m. We determine parameters k; and
ko by minimizing this error quantity. To minimize E,
with respect to k; and k,, we determine the partial
derivatives of E, with respect to k; and k, and set
them equal to zero. Doing so, we obtain a system of
two linear equations in k; and k, as follows:

Ak +Bky+C=0
Dky+Eky+F=0 )

where,

A =—(u,~‘2+u;’2)‘$;;h3(sj)

B =—(“i+m,".’,+“i+m,“.',)2j)h4(sj) '

C=u; z];xj_ui,%:yj_(“i-fm, T+ tipm, yi)Zj]h 1(s5)
—(ui, 2y mtu, ?Ii+m)§j)h o(85)
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Fig. 6. Hermite parametric cubic curves having the
same tangent vector directions but different
magnitudes at the end points.
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From the system of equations of (4) we find

4 _BF=CE
1™ AE-BD
CD—AF
kp=——
AE—BD

conditioned that AE—BD# 0.

Tangent vector magnitudes &k, and k, determined
in this manner make the Hermite cubic curve of (2) fit
the contour segment P;P,,, in such a way that the
sum of squared errors defined by (3) is minimum. Fig.
7 shows least-squares fitting of Hermite cubics to con-
tour segments of Fig. 5.

The above technique reconstructs the outer boun-
dary of a shape. If a shape has inner boundaries too,
we should reconstruct them in the same manner, to
recover the whole solid shape.

Multiple-scale representation of contours has been
studied by Mokhtarian and Mackworth®® also. In their
approach, a contour was convolved with different sized
1D Gaussian filters to obtain representation at multi-
ple scales. It is worth mentioning that their represen-
tation is valid as long as the underlying contour can
be considered as a one-dimensional structure. If the
contour is reduced from a two-dimensional structure,
for example from the boundary of an object in an
image, then the multiple-scale representation of
Mokhtarian and Mackworth would not truly simulate
perception of a shape at multiple resolutions (or per-
ception of an object at different distances to the
viewer). The multiple-scale representation which was
described in this paper, on the other hand, considers a
contour as a boundary of a 2D shape, reduces the
scale of the shape as a whole, and then takes the
boundary of the reduced shape and represents it by
Hermite cubics.

(a)

4. Performance Measure

To evaluate the performance of the proposed
shape representation technique, we need to measure
the speed, the accuracy, and the storage requirements
of the technique.

Computation time for representation of a contour
involves: 1) determination of the peak curvature
points and 2) fitting of contour segments between con-
secutive peak curvature points by parametric cubic
curves. Computational complexity of either of these
steps is n, the number of points in the given contour.
Therefore, the computational complexity of the tech-
nique is n.

Fitting parametric cubic curves to a digital con-
tour involves error that can be measured by (3). For
example, the root-mean-square error measured in
representation of curves of Fig. 7 was 0.31, 0.32, and
0.45 units, where by a unit it is meant the length of a
side of a pixel. Error is also obtained when reducing
the scale of a shape. Each tXt block on the boundary
of an original shape is mapped to a pixel on the boun-
dary of the new shape. A block could have t2+1
different values depending on whether all pixels in the
block are 0, all are 1, or something in between. All
these values are mapped to only two values of 0 and 1
in the new shape, causing loss of shape information.
We shouldn’t, however, count this kind of error as the
representation error because a shape in a lower scale
poslsesses less information than it did when in a higher
scale.

The amount of memory required to store a
representation for a contour depends on the number of
peak curvature points in the contour. Assuming there
are N peak curvature points in a contour, for each
peak curvature point we need to store: 1) the unit
tangent vector at that point, 2) the incoming and
outgoing tangent vector magnitudes at the point, and
3) the peak curvature point itself. This would require
six memory locations, and in total 6N memory loca-
tions would be needed to store information about the
whole contour. We needed 90, 30, and 12 memory
locations to store information about contours of Fig. 7.
This is reduction in data by factors of 1.8, 5.3, and
13.3 compared to memory needed to store pixel loca-
tions in the original contour.

@
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Fig.7. Representation of boundary contours of Fig. 5 by Hermite cubic curves.
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5. Conclusion

A technique for segmentation and representation
of solid plane shapes was given. The technique is capa-
ble of representing a shape at multiple-scales as if the
shape was viewed at different distances to the viewer.
At the highest scale the representation is sensitive to
small details in the shape while at lower scales the
representation is insensitive to small details and rather
it represents the general properties of the shape.

A solid shape is modeled by its (inner and outer)
boundary contours. Previous studies' have shown that
information in a contour is mostly concentrated at the
peak curvature points of the contour. To preserve
these points, a contour was segmented at the peak
curvature points. Segmentation in this manner also
has the advantage of providing a unique segmentation
independent of the starting point and without user
interface. After segmenting a contour, each contour
segment was approximated by a Hermite parametric
cubic curve. Parameters of the curve were determined
by constraining the neighboring curves join smoothly
and the obtained curve fit the contour segment by an
error metric based on least-squares. Simple examples
were given to exhibit different stages of the technique.
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