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Abstract - In this paper, we study the representation of
signals based on a finite Gaussian decomposition basis.
An iterative optimization scheme is developed for the
solution of the optimal Gaussian representation. The
proposed scheme is based on the Marquardt algorithm
for the solution of nonlinear least-squares estimation
problems. The Gaussian decomposition is also utilized
in the representation of image contours. Finally, an
extension of the Gaussian decomposition to the rep-
resentation of images is presented. Consequently, we
demonstrate that the Gaussian decomposition results
in a highly efficient method for the representation of
signals.

I. Introduction

Many signal processing applications require an efficient
signal representation. The efficiency of the representa-
tion is determined by the number of parameters needed
to accurately approximate a signal. Representations re-
sulting in fewer parameters often yield superior signal
processing algorithms. Various signal representations
may be formed by selection of different decomposition
bases. A particularly interesting decomposition basis is
formed by the Gaussian decomposition basis. The sig-
nal representation corresponding to the Gaussian de-
composition basis shall be referred to as the Gaussian
representation. Intuitively, the main advantage of the
Gaussian decomposition basis is in resulting in opti-
mal simultaneous spatial and frequency resolutions [1],

[2]; thus, the Gaussian decomposition basis captures
abrupt spatial and frequency variations in the signal.
However, it is important to notice that, due to the
nonorthogonality of the Gaussian decomposition basis,
deriving the optimal Gaussian representation may be a
very difficult task.
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In this paper, we study the representation of sig-
nals based on a finite Gaussian decomposition basis.
In Section II, an iterative optimization scheme is de-
veloped for the solution of the optimal Gaussian repre-
sentation. The proposed scheme is based on the Mar-
quardt algorithm for the solution of nonlinear least-
squares estimation problems. Initial parameter values
for the Gaussian representation of a signal are esti-
mated from the scale-space analysis of the signal. In
Section III, the Gaussian decomposition is also utilized
in the representation of image contours. In Section IV,
an extension of the Gaussian decomposition to the rep-
resentation of images is presented. Finally, in Section
V, we conclude with a summary and discussion of our
results. Several computer simulation experiments are
used to demonstrate the efficiency of the Gaussian de-
composition in the representation of signals.

I1. Signal Representation

In the following section we propose a scheme for the
representation of signals based on a finite Gaussian de-
composition basis.

A. Gaussian Decomposition

Let us consider a signal z(¢). The finite Gaussian
decomposition basis b;(t), for ¢ = 1,2,...,n, is defined
by

bi(t) = e=(t=" 20k, )
for: =1,2,...,n. Let p denote the Gaussian represen-
tation parameters given by

2

Finally, the Gaussian approximation signal #,(t) is de-
fined by

P= [(z! t; Ui)7i= 1,2,...,71].

Ep(t) =) zibilt). (3)

i=1
Observe tha. wie choice of the finite Gaussian decom-
position basis will be critical in minimizing the approx-
imation error. In the following section we develop a
procedure to determine the optimal choice of the finite
Gaussian decomposition basis.




B. Optimal Gaussian Representation

Let us denote a collection of N samples of the orig-
inal signal z(t) by X = [(z(t&)),k = 1,2,...,N]. The
optimal Gaussian representation is obtained by mini-
mizing the sum of the squared error between samples
of the original signal and the Gaussian approximation
signal with respect to the Gaussian representation pa-
rameters; i.e.,

p = arg mpin E, (4a)
where
N
E=) la(ts) - &p(t))*. (4b)
k=1

The solution of eq. (4) may be derived by solving
the system of nonlinear equations obtained by setting
OE/dp; = 0, for | = 1,2,...,3n, for the 3n unknown
Gaussian representation parameters p. Several
approaches to this problem will be discussed next.

Various methods have been proposed for the so-
lution of least-squares estimation of nonlinear param-
eters. The steepest-descent method (3] is a commonly
used approach to the solution of nonlinear minimization
problems. The method relies on an iterative procedure
and updates the Gaussian representation parameters p
by OF

VE [(Bp()’ 1=1,2,...,3n]. (5)
The steepest-descent method guarantees convergence,
yet it is very slow [4].

An alternative approach is obtained by the mod-
ified Gauss-Newton method [5]. This method relies
on an iterative procedure where a linearization of the
Gaussian approximation signal is obtained from the
Taylor series expansion; i.e.,

Xp+a = Xp + DA, (6a)
where N
Xp =(2p(tx)), k=1,2,...,N], (6b)
and
D= [(%}E—t’ﬁ), k=1,2,...,N, 1=1,2,...,3n].
1
(6c)
The Gaussian representation parameters p are updated
by
A =[(A), 1=1,2,...,3n]. (7

Equation (4) is now a linear least-squares estimation
problem. Setting 0E/8A; =0, for [ = 1,2,...,3n, we
have

AA =D, (8a)
where

A= DTD7 (Sb)
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and

b=D"(X - Xp), (8¢)

where T is the matrix transpose operation. The modi-
fied Gauss-Newton method is a simple and fast proce-
dure; however, it does not always converge [4].
Finally, the Marquardt algorithm relies on the
steepest-descent and modified Gauss-Newton methods
to obtain an iterative optimization procedure which re-
sults in a fast convergence [4]. In the Marquardt al-
gorithm, the Gaussian representation parameters p are
updated by
9)

Thus, the Gaussian representation parameters are up-
dated in the direction determined by the steepest-
descent method, and the size determined by the modi-
fied Gauss-Newton method.

Ay =| A | VE.

The performance of the optimization procedures
described is strongly dependent on the choice of the ini-
tial Gaussian representation parameters. Additionally,
the number n of Gaussian decomposition basis func-
tions employed in the representation will critically af-
fect the approximation error. In the following, we use
the scale-space image of the signal in order to estimate
these parameters.

C. Scale-Space I'mage

The scale-space image of a signal is a very valuable
tool in the analysis of the signal at varying resolutions
[6]. The scale-space image exploits the fact that a Gaus-
sian function has two inflection points causing its sec-
ond derivative to produce a pair of zero-crossings. An
example of a Gaussian function and its second deriva-
tive are depicted in Figs. 1(a) and 1(b), respectively.
The arrows indicate the location of the zero-crossings.
When a signal is filtered by a Gaussian filter a smoother
signal is obtained. The scale-space image of a signal is
formed by plotting the zero-crossings associated with
the filtered signal versus the scale of the Gaussian filter
[6]. We shall now investigate the relationship between
the scale-space image and the Gaussian representation
of a signal.

The second derivative of a signal that is formed
by the summation of n Gaussian functions will have
at most 2n zero-crossings. Figure 2 illustrates two ex-
amples where the second derivative of the summation
of two Gaussian functions will have only a single pair
of zero-crossings. Two spatially overlapping Gaussian
functions are depicted in Fig. 2(a), and two Gaussian
functions where one Gaussian function is strongly dom-
inated by the other Gaussian function are depicted in
Fig. 2(b). The second derivatives of the sum of the
Gaussian functions shown in Figs. 2(a) and 2(b) are
depicted in Figs. 2(c) and 2(d), respectively. The ar-
rows indicate the location of the zero-crossings.




(b)

Fig. 1. (a) A Gaussian function; and, (b) its second
derivative. The arrows indicate the location of the zero-
crossings.

The scale-space image of a signal traces the zero-
crossings of the signal at varying resolutions. As the
scale of the Gaussian filter increases, the zero-crossings
corresponding to a given Gaussian function will slowly
move closer, merge at a particular scale, and vanish at
higher scales. The scale of the Gaussian filter at which
the zero-crossings corresponding to a given Gaussian
function will vanish indicates the dominance of that
particular Gaussian function in the original signal. The
scale of the Gaussian filter may be increased up to
a point where only two zero-crossings remain. These
zero-crossings represent the most dominant Gaussian
function in the original signal. Thus, the scale-space
image contains an arch corresponding to each Gaus-

sian function in the original signal. Figure 3 illustrates
the relationship between the Gaussian functions in the
original signal and its scale-space image. A collection
of nine Gaussian functions are depicted in Fig. 3(a).
Figure 3(b) depicts the signal formed by the summa-
tion of the Gaussian functions in Fig. 3(a). Finally,
the scale-space image of the signal is depicted in Fig.
3(c). The arches in the scale-space image are ordered
according to the dominance of the associated Gaussian
functions.

Given an arbitrary signal we shall form the cor-
responding scale-space image. The sequence of pairs
(tiy, tiy), for ©=1,2,...,n, represents the zero-
crossings associated with n arches at the highest reso-
lution (smallest scale) of the scale-space image of the
signal. The parameters associated with these Gaussian

615

Fig. 2. (a) Two spatially overlapping Gaussian func-
tions; and, (b) two Gaussian functions where one Gaus-
sian function is strongly dominated by the other Gaus-
sian function. (c)-(d) The second derivative of the sum
of the Gaussian functions depicted in (a) and (b), re-
spectively. The arrows indicate the location of the zero-
crossings.
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Fig. 3. (a) A collection of n Gaussian functions
(n = 9); (b) the signal formed by the summation of
the Gaussian functions in (a); and, (c) the scale-space
image of the signal in (b).




functions may be estimated by .

ti = (i, +1t,)/2, (10)

and
—t,1/2. (11)

Thus, the Gaussian decomposition basis has been esti-
mated directly from the scale-space image. The Gaus-
sian decomposition coefficients z;, for i = 1,2,...,n,
associated with the estimated Gaussian decomposition
basis may be obtained by the solution of a linear least-
squares estimation problem. Hence, the scale-space
image of the original signal allows us to estimate the
initial Gaussian representation parameters. These ini-
tial Gaussian representation parameters may now be
employed in the algorithms developed in the previous
section for the determination of the optimal Gaussian
representation. Also, notice that the number n of Gaus-
sian decomposition basis functions required to obtain
an efficient representation may be estimated from the
relative dominance of the different arches in the scale-
space image.

Figure 4 illustrates the Gaussian representation of
a signal. The original signal is depicted in Fig. 4(a),
whereas its corresponding scale-space image is depicted
in Fig. 4(b). The Gaussian approximation of the orig-
inal signal is depicted in Fig. 4(c) (n=9), whereas
its corresponding scale-space image is depicted in Fig.
4(d). The initial Gaussian representation parameters
used in the optimal Gaussian representation were ob-
tained from the scale-space image depicted in Fig. 4(b).

oi = |t

ITI. Image Contour Representation

In the following section we use the Gaussian decompo-
sition of signals to represent image contours. An image
contour (curve) is given by

c(t) = [=(t), y(t)],

where z(t) and y(t) are two one-dimensional signals in-
dicating the position of the z and y coordinates, respec-
tively, as the image contour is traced. Thus, parameter
t is used to indicate the distance along the image con-
tour. In practice, t may have to be estimated from the
image contour [7], [8]. Figure 5 illustrates the represen-
tation of an image contour by two one-dimensional sig-
nals. The image contour is depicted in Fig. 5(a). The
spatial coordinates, corresponding to z(¢) and y(t), are
depicted in Figs. 5(b) and 5(c), respectively. The start
point for the parametrization along the image contour
has been marked by “s”.

Let us consider an image contour c(¢). The finite
Gaussian decomposition bases b,,(t), for i=1,2,...,
ng, and by, (t), for t = 1,2,...,n,, are defined by

(12)
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Fig. 4. (a) The original signal; and, (b) its scale-space
image. (c) The Gaussian approximation of the original
signal (n = 9); and, (d) its scale-space image.

bey(t) = e (=295 212 n,, (13a)
and
by (t) = e~ (=920 =12 n, (13b)

Let p denote the Gaussian representation parameters
given by

P = [P: Py}, (14a)
where
Pz = [(2i tz; 02:),t=1,2,...,n,], (14b)
and
Py = [(yi ty o)y =1,2,.. MR (14¢)

Finally, the Gaussian approximation image contour
€p(t) is defined by

&p(t) = [2p. (8): Ip, (D)), (15a)

where n
Bp, (1) = Y mie™ 1) 202, (15b)

=1
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Fig. 5. (a) The image contour; and, (b)-(c) the spatial coordinates corresponding to z(t) and

y(t), respectively.
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Fig. 6. (a) An image contour; and, (b) its Gaussian
approximation (n; = 12 and n, = 10). (c) A second
image contour; and, (d) its Gaussian approximation
(n; =4 and ny, = 8).

and

Ty
Ip, (t) = Zyie—('-"")z/z”:i . (15¢)

i=1
The Gaussian representation of image contours is given
in terms of p = [p. P,], where p, and p, correspond
to the optimal Gaussian representation parameters of
the spatial coordinates z(¢) and y(t), respectively.

Figure 6 illustrates the Gaussian approximations

of two image contours. The first image contour is de-
picted in Fig. 6(a), whereas, its Gaussian approxima-
tion (n; = 12 and n, = 10) is depicted in Fig. 6(b). A
second image contour is depicted in Fig. 6(c), whereas,
its Gaussian approximation (n, = 4 and ny, = 8) is
depicted in Fig. 6(d).
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IV. Image Representation

In the following section we extend the Gaussian de-
composition of signals to the representation of images.
Let us consider an image z(t;,%y). The finite Gaus-

sian decomposition basis b;(t.,t,), for i = 1,2,...,n,
is defined by
bi(tzyty) = e—[(‘t*‘:;)z“'(‘v_tv.-)2]/2‘7?’ (]_6)
forz =1,2,...,n. Let p denote the Gaussian represen-
tation parameters given by
p = [(zi tz, ty; 0i)i=1,2,...,n]. (17)

Finally, the Gaussian approximation image (., 1,) is
defined by

Ep(ts,ty) = zn:x,'b,-(t,,ty). (18)
=1

The optimal Gaussian representation parameters p are
obtained by an extension of the iterative optimization
procedure presented in Section II.

Figure 7 illustrates a Gaussian approximation of an
image. The original image (128x128) is depicted in Fig.
7(a), whereas, its Gaussian approximation (n = 55) is
depicted in Fig. 7(b). Allowing four-byte quantization
for the Gaussian representation parameters, a bit rate
of 0.43 bits/pixel and a SNR (peak-to-peak) of 25.5dB
were obtained.




(2)

(b)

Fig. 7. (a) The original image; and, (b) its Gaussian
approximation (n = 55) at 0.43 bits/pixel and SNR
(peak-to-peak) of 25.5dB.

V. Summary

In this paper, we studied the representation of signals
based on a finite Gaussian decomposition basis. An it-
erative optimization scheme has been developed for the
solution of the optimal Gaussian representation. The
proposed scheme is based on the Marquardt algorithm
for the solution of nonlinear least-squares estimation
problems. The Gaussian decomposition has also been
utilized in the representation of image contours. Fi-
nally, an extension of the Gaussian decomposition to
the representation of images has been presented. Sev-
eral computer simulation experiments have been used
to demonstrate that the Gaussian decomposition re-
sults in a highly efficient method for the representation
of signals. The approach presented in this paper may
be utilized in the representation of signals based on
nonorthogonal decomposition bases.
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