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Chapter 6

| THEORY
AND IMPLEMENTATION
OF HIDDEN

MARKOV MODELS

INTRODUCTION

In Chapters 4 and 3 we presented one major pattern-recognition approach to speech recogni-
tien, namely the template method. One key idea in the template method is to derive typical
sequences of speech frames for & pattern (e.g., @ word) via some gveraging procedure, and
to rely on the use of local spectral distance measares to compare pattemns.  Another key
idea is 1o use some form of dynamic programming te temporally align pattems 1o account
for differences in speaking rates across talkers #s well as across repetitions of the word by
the sarne tafker. The methodology of the template approach is well developed and provides
good recognition performance for a variety of practical applcations.

The template approach, however, is not based on the ideas of statistical signal model-
ing in a sirict sense, Even though statisteal techniques have been widely used in clustering
1o create reference pattens, the template approach is best classified as a simplified, non-
parametric method in which 2 multplicity of reference tokens (sequences) are used fo
characterize the variation among different utterances. As such, statistical signal charac.
terization inherent in the template representation is only implicit and often inadequate.
Consider, for example, the use of a Funcated cepstral distortion measure as the jocal dis-
tance for template matching. The Esclidean distance form of the cepstral distance mezsure
suggests that the reference vecior can be viewed as the mean of some assumed distribution.

an
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~ Obviously, this simple form of the sufficient statistic! (use of anly the mean reference
- vecton) neglects the second-order statistics—i.¢., covariances, which, as will be seen later,

- are of particular significance in statistical modeling. (Note that this distribution is used

" 4D account for variations of the cepstral coefficients at the frame level since time align-

- ment is_performed so as to match appropriate frames of the patterns being compared.)

“There is clearly a need 10 use a more elaborate and analytical statissica_l method for speech

recognition. . . ; . o S :
" In this chapter we will study one well-known and widely used statistical method
. of characterizing the spactral properties of the frames of a pattern, namely the hidden
© Markov model (HMM) approach. {These models are also referred to as Markoy sources or
probabitistic functions of Markov chains in the communications Literature.) The nnderlying
assumption of the HMM (or any other type of statistical model} is that the speech signal
can be well characterized a5 a parametric random process, and that the parameters of the
stochastic process can be determined (estimated) in a precise, well-defined manner. We
will shaw that the HMM method provides a natural and highly reliable way of recognizing
.. speech for a wide range of applications and integrates well into systems incorporating both
.- task'syntax and semantics. - . : '
"" The basic theory of hidden Markov models was published in & seties of classic
papers by Baum and his colleagues ([{1-£5]) in the late 1960s and early 19705 and was
implemented for speech-processing applications by Baker [6} &t CMU, and by Jelinek and
his colleagues at IBM ([7]-[13]) in the 1970s. :

We begin this chapter with s review of the theory of Markov chains and then extend the
ideas to HMMS using several simple examples. Based on the now-classical approach of fack
Ferguson of IDA (Institute for Defense Analyses), as introduced in Jecmrss and in writing
[14], we will focus cur attention on (he three fundamental problems for HMM design,
namely: the evaluation of the probability (or Bkelihood) of a sequence of ohservations

- given a specific HMM; the determination of a best ssquence of mode] states; and the
adjustment of mudel parameters so as & best avconn? for the observed signal, We will
show that once these three fundamental problems are solved, we can readily apply HMMz
to selected problems in speech recognition.

6.2 DISCRETE-TIME MARKOV PROCESSES

Consider a system that may be described at any time as being in one of a set of ¥ distinet
states indexed by {3,2,..., N} as illustrated in Figore 6.1 (where N = 5 for simphicity}.

At regularly spaced, discrete times, the system undergoes a change of state (possibly back

10 the same state) according to a set of probabilities associated with the staie. We denote
the time instants associated with state changes as ¢ = 1,2, and we denote the actusl

*Sufficient statistics are 4 set of measurcments from & process which contain all the relevant
nformation for estimating the parameters of that process. -

Sec. 6.2 Discrete-Time Markov Processes o I -

Flgoee 6.1 A Markov chain with five siatss Pigure'ﬁ._z 'Markov_model of the weather.
{1abeled T 10 53 with selecied siate Iransions, .

state at time ¢ a5 g,. A full probabilistic description of the sbove system would, in general,
require specification of the current state {at tme ), as well as all the predecessor states. For
the special case of a discrete-time, first order, Markov chain, the probabilistic dependence
is truncated 1o fust the preceding state—that is, .

. Plgr=jlgey =i, g2 = k,...} = Plgy = jlgi =i {6.1)

Furtherrnore, we consider only those procésscs in which the right-hand side of (6.1') is
independent of time, thereby leading 10 the set of state-transition probabilities gy of the
form i

| ay=Plg=jlg =8, 1SiiSN 162)
with the following properties -
a2 0 Vi (63a)
N : : o
Noay=1 W ' (6.3b)

since they obey standard stochastic constraings, : : o

The above stochastic precess could be called an observable Markov model because
the output of the process is the set of states at ¢ach instant of time, where each state
corresponds to an cbservable event. To set idess, consider a simple three.state Markov
model of the weather as shown in Figure 6.2. We assurne that once a day (e.g., al noon),

. the weather is observed as being one of the following:

State 1: precipitation (rain or snow)
Btate 2: clowdy
State 3: sunny.
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. We pomlate !hat the weather on day ¢ is chmactmz.ed by a single one of the throe states
; 'above. anct that the matrix 4 of state-transition probabilities is

04 03 0.3}

A“—-—“'{tzg,-}z 02 06 0.2
. 01 00 a8

. Given tiw modei of Figmv. 6.2 we can now ask (and answer} se:vcral :merestmg .

qucsucms about weather patterns over time. For examplc we can posc the foliowmg
simple pmb]em. ) _
Problem

What is the pmbab:]rty tamwﬂmg to the model) that fhe weathaer for slght consecufive days is
“Sun-Sup-Sum-rain-raif-sen-cloudy-sun'™?

Solution :
%deﬁne:lmabmvmansaqueme 0,25

G = (sunny, sunoy, sunny, rmin,  rain,  sumny,  cloudy, sunsy 3
_ 3, 3, A | 3 2 3
© day I 2 3 4 5 [ 7 8

corresponding to the postalated set of weather conditians over the sight-day period and we
want to caleutate P(O[Model), the probability of the observation sequence O, given the maodel
of Figure 6.2, We can directly delcrmmc FOModel) as:
| POModel) = P[3,3,3,1, 1, 3,2, 3Modsl] -
.= PRIPBRIPIN3 2T
PI3|YPL2BIPI3)
= 3 - (@) o @1 413 Gy gy
= (1008 (0.1)0-440.3%(0.130.2) -
_ = 1.536 x 107
. where we use thie notation: .
_ =Plgr=il, 1<i<N - 64
1 deaote the initial state probabilities. o '
Another intéresting question we can ask (and answer using the mude:i) is:
© Given that the system ikina known state, what is the pmhaba!xty that it stays in :ha1 stage for
.exaci!y .

Solution .
. This pmb@bihty can be evaiuamd #5 the pmbabﬂzry of the obhservation sequ:nce

O e=(i §, i o,k j#i)
day 1 2 3 d d4
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grvm the mudcl wlm:h is .
P(OModel, g = = P(O ¢ = :}Modd)f?(qi
= fr,{au)‘ (1~ ag}im
ca..)""{l - o)

Cwmpldy R T

The cpmmty p;(d) is tho pwbah:lrty distribution function of duration d in state i, This
exponentinl distribution is ¢haracteristic of the seate duration in & Markov chaih, Based on
pid), we can readily calculate the nxpeqed mmbe.r of observations {dl.mmm) ina state,

' B cmdlt:mwd on yerting in m&tsta:eas

CasFee e

= Zd{a«}“‘ﬂ —ay = (©8b):

. A=F .
T’bustheex;:ccwd numberofcmwcuuvz days of sunmy wcmhm mmngmﬂwmo&} is
A0 = §; fnrclcudymsZS for rainitis 1.67. )

—a

Prllblem

Drerive the expression for the mean efP{d} Le. Eq. (6.6b),

Sniuli(m

g = Edp:(d)
d:x:'i .
= Z#(ﬂ;-‘.)d-'i_{l' - ass}.
d=E . . - .
—(h«a;;am{z ]
dhl
_ L

3—&.‘;'.

6.3 EXTENSIONS TO HIDDEN MARKOY MODELS

So far we have considered Markov models in which sach state corresponded o a deter
ministically observable event. Thus, the cutput of such sources in any given stats is not
random. This model is t00 restrictive fo be applicable to many problems of interest. In
this section we extend the concept of Markov models 1o include thé case in which the

observation is a probabilistic function of the state-—that is, the resulting mode! (which is
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- called a hiddén Markov mode!) is a doubly embedded stochastic process with an underlymg
stochastic process that is rot direcily obsarvable (i is hidden} but can be ebserved only
* through enother set of stochastic processes that produce the sequence of observations.
‘. To iflustrate the basic concepts of the hidden Markov mode), we will use several
simple examples including simple coin-tossing experiments. We begin with a review of
- some basic ideas of probability in the following exercise.

.-Exsrcise 6.}
Given & single fair coit, i.e,, P(Heads) = P(Ta:ls) = (.5, which you toss once and observe
- Tails,
L, What is ﬂ:ie probability thet the next 1(} tosses will provide the sequence
(HHETHTTHTTHYY
2. What is the probability that the next 19 tosses will produce the sequence
(HHEHHERHNH?

3. What is the probability that § of the next 10 tosses will be tails? What is the expected
m:mhe,r of tails over the next 10 1osses?

Salulim 6l
1. Fora fair coin, with independent.eoin tosses, the probability of any specific observation
sequence of length 10 (10 tnsses) is {1/2)' since there are 2°C such sequences and all

are equally probable. Thus:

[F]
PHHTHTTHTTH) = (%) .

i3
PHHHHEBHHHH) = (;) .

Thusa specified run of length 10 is as likely as & specified fun of interlaced # and T.

" 3. The probability of 5 tails in the next 10 tosses is just the mumber of ohservation sequences
with 3 tails and 5 heads {in any order) and this is

16
rosn = () (1) - B 0

. 10 .
since there are ( 5 ) ways of getting 5H and 57 in 18 wwsscs, and each sequence has
probability of (2}". Tie expocted nurber of tails in 10 sses is

E(T in 10 105585} = ia‘ ( 20) (%)m =5,

Thus, or aversge, there will be 5H and 5T in 10 wosses, but the pmbabﬂny of cxacz!y
~5H and 5¥ is only 0.25.

6.3.1 Coin-Toss Models

Assume the following scenario, You are in & room with a barrier {e.g., a curtain) throngh
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whzch you cannot see what i happemng On the other mdc of the barrier is another person
whe is performing a coin-tossing experiment {using one or more coins). The person will not
tell you which coin he selects at any time; he will only tell vou the result of each coin fip.
Thus a sequence of Aidden coin-tossing experitnents is performed, with the observation
sequence consisting of & series of heads and tails. A typical observarion sequence would
be ' :
0= (n0303...07)
=(HHATTTHTTH ...H

where H stands for heads and T stands for tails.

Given the sbove scenario, the question is, How do we build an HMM 10 explain
{mode}) the abserved sequence of heads and tails? The first problem we face is deciding
what the states in the model correspond to, and then deciding how many states should be
in the model. One possible choice would be to assume that only 2 single based coin was
being tossed. In this case, we could mode] the situation with a two-state model in which
each state corresponds to the oulcome of the previous toss (i.e., heads o tails). This model
is depicted in Figure 6.3a. In this case, the Markov model is observable, and the only issue
for complete specification of the model would be to decide on the best value for the single
parameter of the model (ie., the probability of, say, heads). Interestingly, an equivatent
HMM to that of Figure 6.3a would be a degenerate one-state model in which the stafe
corresponds (o the single biased coin, and the unknown parameter js the bias of the coin,

A second HMM for explaining the observed sequence of coin toss outcomes is given
in Figure 6.3b. In thig cast there are two states in the model, and each state corresponds to a
different, bigsed coin being tossed. Hach siate is characterized by a probability distribution
of heads and tails, and transitions between states are characterized by a state-transition
matrix. The physical mechanism that accounts for how stafe transitions are selected conld
itself be a set of independent coin tosses or some other probabiilistic event.

A third form of HMM for explaining the observed sequence of coin toss {miwmes
is given in Figure 6.3c. This model corresponds 1o nsing three bissed mms, and choosing
from amang the three, based on some probabilistic event, '

Given the choice among the three models shown in Figure 6.3 for explaining the
observed sequence of heads and tails, 1 natural question would be which model bestmatches
the actual observations. It shoutd be clear that the sitaple one-coin mode] of Figure 6.3a
has only one unknown parameter; the two-voin model of Figure 6.3b has four unknown
prrameters; and the three-coin model of Figure 6.3c has nine unknown paramerers. Thus,

- with the greater degrees of freedom, the larger HMMs would seem to be inherently mare

capghle of modeling a series of coin-tossing experiments than would equivalently smatler
models. Although this is theoretically true, we will see later in this chapter that practical
considerations impose some strong liritations on the size of models that we can consider.
A fundamental question here is whether the observed head-tail sequence is long and rich
encuph to be able 1o specify a complex model. Also, it might just be the case that only
2 single coin is being tossed. Then using the threc-coin model of Figere 6.3¢ would be
inappropriate because we would be using an underqpecrﬁed system,
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PRESY = by(1)
PIBLUE} = by(2)
PIGREEN) = by(3)

S

o ¥

L ———
URN 2

PLRED)  « bal1)
PIBLUE)  » byl2}
PIGREEN) = bal3}

FIREDY = byt
P{BLUE} * Dyt2)
PIGREEN) = byl®)
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@ PiH 1= PN 1.COIN MODEL
1-piH) (OBSERVABLE MARKOV MODEL)}
Tt 5 O=HNHTTHTRHTTH..
_ L $=11221285221 ..
HEADS ' TAILS '
m gy g 2400INS MODEL
=04 {HIDDEN MARKOV MODEL)
; X O=HHEHTTHTHHTITH ..
1~9g7 §=21122212212 ..
EUH) =P, P(H) = P
PIT) = 1=P| P(Ty=1-PF,
(© 3.COINS MODEL
{HIDDEN MARKOV MODEL)

O=HHITTHTIHHETTH .
§=312338112313 ..

STATE

: D S S
PLHY Py Ps P,

PTY  B=P) I-P3 1Py

Fignl? 6.3 Three possibbe Markov models that can for thy its of hidder coin-$
experimznts. {a) one-coin model, ) 1wo-coins modet, (¢) three-coins model,

6.2.2 The Urn-and-Bal} Model

To ¢xtend the ideas of the HMM to a somewhat more complicated situation, consider the
um-a‘nd»baﬁ system of Figure 6.4, We assume that there are N {large) glass ums in 2 room.
Within each urn is 2 large quantity of colored balls. We assume there are M distinct colors
of the balls. The physicaf process for obtaining observations is as follows, A genie is in
the room, and, according to some random procedure, it chooses an initial um. From this
urty, % ball is chosen at pandom, and its color is recorded as the observation. The ball is

PIYELLOW) = by (4} PIYELLOW) = byté) PUYELLOW) = Dyl4)
PIORANGE) = DyiM) PLORANGE) » balM} PIORANGE )= by}
o« JGREEN, GREEN, BLUE, RED, YELLOW, RED, ....... . BLUE}

Figure 6.4 An N-siste um-and-ball mode! ilfusteating the genersl cose of a discrete
symbol HMM. )

then replaced in the uen from which it was selecied. A 'new urn is then selected according
10 the random selection procedure associated with the current urn, and the ball selection
process is repeated. This entire process generates 3 finite observation sequence of colors,
which we would like 1o model as the observable output of an HMM.

It shonld be obvious that the simplest HMM that corresponds to the urn-and-ball
process is one in which each state corresponds to a specific um, and for which a (ball) color
probability is defined for each state. The choice of urns is dictated by the state-transition
matrix of the HMM, '

It should be noted that the hall colors in each urn may be the same, and the distinction
among various ums is in the way the collection of colored balls is composed. Therefore,
an isolated observation of a particular color ball does not immediately tell which um it is

drawn from.

6.3.3 Elementsof an I-_IMM

The above examples give us some idea of what an HMM is and how it can be applied
some simple scenarios. We now formally define the elements of an HMM.
An HMM for discrete symbol observations such as the above arn-and-hall mode is

characterized by the following:

L, N, the number of states in the model. Although the states are hidden, for many
practical applications there is often some physical significance attached 10 the states
or to sets of states of the model. Thas, in the coin-tossing experiments, each. state
corresponded o a distinct biased coin. In the um-and-ball model, the states cos-
responded to the ums. Generally the states are interconnected in such a way that
any state can be reached from any other staw (i.¢., an ergodic moded}; however, we
will see later in this chapter that other possible interconnections of states are often
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of interest and may betier suit speech appl:cmom We label the: md:wdual statf:s as
C{1,2,...,N}, and denote the state at time 7 as g;,
_ 2. ‘M, the number of distinct observation symbols per state—i.e., the discrete alphabet

size. The observation symbols comaspand 10 the physical output of the system being -

. modeled. For the coin-toss experiments the observation symbols were simply heads
or tails; for the ball-and-ura model they were the colors of the balls selected from the
urns. We denote the individual symbols as V = {w;,va,...,vw}.

3. The state-transition probability distribution A = {a,} where
& = Flaee mija‘ =i, 148N - . 6.7
For the special case in which any state can reach any other state in a single step, we
have ay > 0 for all i, /. For other types of HMMs, we wouid have ay = 0 for one or
more (i, f} pairs.
4. 'l‘he observ&tmn 5ymboi probability distribution, B= {bJ{k)} in which
Bk} == Plo, = vefgr = jl, 1255 M, {6.8)
_ deﬁms&msymboldlsmbunmmsm;.jml 2., N
K. 'The inirial state dismibution 7 = {m} in which

w; = Plgy = i, I<igN (6.9)

It can be seen From the abave discussion that a compicte specification of an HMM
requires specification of two model parameters, ¥ and M, specification of observation
symbols, and the specification of the three sets of probability measures A, B, and w. For
convenience, we nie the compact notation

(A B, 11') - (6.1

to indicate the complete parameter set of the model. This parameter set, of course, defines
a probability measuse for G, Le. PO}, which we discuss in the next section, 'Wea use the
terminclogy HMM to indicate the parameter set A md the associated probability measute
interchangeshly without ambiguity,

6.3.4 HMM Generator of Observations

Given appropriate values of N, M, A, B, and , the MM can be used as a generator to give
an ohservation sequence
' ' Q= (00;...0r) (6.1%)

{in which each observation 0, is one of the symbols from ¥, and 7 is the number of
observations in the sequence) as Follows: -

_ l. Choosg an initia} state gy = [ acom-ding to the initial state distribution .
2 Bty 1. o .
3. Choose o, = v, according to the symbot probability distribution in state /, i.e., b(£)
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4, Transitio anew state q,.a_; = jaccording to the state-transition prchab:h:y d1sm'buu0n

for state /, i.e., ag.
S. Setse=f-+ 1iretumtostep 3if 1 < T otherwnse. serminate the procedm

The fol!owmg table shows the szqucnce of smcs and ohservat:ons gcnemd by the gbove

proceduse:
Tipre, ¢ i z 3 5 ¥
state TR ] LI q5 K
ohservation [ B2 o Y oy [ 3

- The above proccdme can be used as both 2 gencrazor of observations and as  model t0

sirnulate how 3 given observation sequence was generated by an appropnate HMM.

 Exercise £.2
" Congider an HMM rcpmsemmzon {pmmemzcd by X} of a coin-tossing experiment. Asmmw
a three-state model (comspmdmg tor three different coins) with probabilities

State | Sote2  Swmied
Py} 05 . 015 0
(T 0.3 pas - 078

ardl wrth aii state-fransition pmbab:i:tws squal to 1/3. (Assume inifial state pzpbabiiities of

13) :
1. You observe the sequence -

= (HHHH fHTTTT)

What state sequence is must likely? What is the probability of the obsavmon SEGUENCE
and this most likely state sequence?
2. What is the prohshility that the observation seqw:nce came emmly from state |7

3, Censider the ochiservation wqmmce
' = (HTTHTHHTTHY

How would your answers 1o parts # and b change?
4. If the state-transition probabilitics were
ap =09 , ap =045 , an =045

an =005 , au=01 aiz = 0.45
.ataﬁ-ﬂf}s s anx(llﬁ , an=01

that is, 4 new model X', how would your answers to pans 1-3 change? Whax does this
suggest about the type of sequences generated by the models? ]

Sohition 6.2
1. Given O = (HHHHT H? TTT) arsd that all state transitions axe eqmpmbable. the most -
likely state x;equencc i the one for which the probabz!:ty of each mdiwduat ohservation
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is maximum. Thus for exch H, the most likely state is 2 and for sach 7" the most Fiely 6.4 THE THREE BASIC PROBLEMS FOR HMMS

atate i 3. Thus the most likely state sequence is
) _ =(2222323333)
“The probability of O end g (given the model) is
. " 1 H
PO,a = 079" (3)
2. ‘The probability of O given that § is

FaITEI1ILD

P©,§1% = oo (1)
o il» = 050" (3)
The ratio of PO, q|A) to P, §| X3 is:

&= EOGN (§
PO~ \Z

2]
. ) = 57.67
which shows, as expected, that 4 is more fikely than q.

3. Given O which has the same number of Hx and Ts, the answers to parts | and 2 would .

remain the same, as the most likely states occur the same number of times inboth cases.
4, The new probability of £ and g becomes

PO, qIA) = (0.75) %) (0.1°(0.457.
The new probability of € and q becomes

PO = 050" %) ©.97.

() (@) e

11: :;r::: worts, because of the nonuniform transition probabilities, § s more Hkely than g. {The
ead msi _en_couraged to findt the most Hiely state sequence in this case.) Now, the probability
and q is not the same as the probability of O and q. We have

The ratio is

= . 1
PO, q¥) = 310.1)°(0.45)" ©.25)* 0.75)°

PO EA) = (0.50)' (%) 9’

O Q) e

Ciegﬁy. becanse gy = 0.9, § i§ more likely.

with ratio

Given the form of HMM of the previous section, three basic problems of interest st
be solved for the model to be useful in real-world applications, These problerns are the
folowing: : .

thlem 1

Given the observation sequence € == (0r0... 0r), and & modet A = (A, B, ™), how do we
efficiently compute F{Q|A), the probability of the abservation sequence, given the modet?

Problem 2 .
(iven the cbservation ssquencs O = {o:r0... 07), and the model A, how do we choose’
a comresponding state sequence g = {g1q2 . . . gr) that is optimal in some sente (i.e., best’
“explains” the observations)? C .

. Problem 3 : .

How do we adjust the model parameters A == (4, B, =) to maximize PO[A)?

Problem 1 is the evaluation problem; namely, given a model and a sequence of .
observations, how do we compute the probabiliey that the obgerved sequence was produced
by the model? We can also view the problem as one of scoting how well a given model
snatches & given observation sequence. The latier viewpoint is extremely useful. For
example, i we consider the case in which we are irying 1o choose among severatl competing
tnodels, the solution o Problem 1 allows us to choose the model that best manches the
observations. . : : :

Problem 2 is the one in which we attempt to uncover the hidden part of the motel-
that is, to find the “correct” state sequence. It should be clear that for all but the case of
degenerate models, there is no “carrect” state seguence to be found, Hence for practical” -
situations, we usually use an optimality critarion 1o solve this problem as best as possible.

- As we will see, several reagonuble optimality criteria can be imposed, and hence the choice

of criterion is a strong function of the intended use for the uncovered state sequence. Typical
uses might be to learn about the gtructire of the model, 1o find optimal state sequences for
continnous speech recognition, oF 1 get average statistics of individoal states, elc.

Problem 3 is the one in which we atiempt to optimize the model paramneters 1o best
describe how 2 given observation sequence COmes about. The observation sequence used
to adjust the model parametess is called a training sequence because it is used to “train” the
HMM. The training problem is the erucial ane for most applications of HMMs, because
it allows us to aptimally adapt model parameters to observed training data—i.e., (o create
best models for real phenomena. . : .

To fix ideas, consider the following simple isolated-word speech recognizer. Foreach
word of a W word vocabulary, we want to design a separate N-state HMM. We represent the
speech signal of a given word as a time sequence of coded spectral vectors, We assume that
the coding is done using a spectral codebook with M anigue spacirat vectors; hence each
ohservation s the index of the spectral vector closest ¢in some spectral distortion sense) to
the original speech signal. Thus, for each vocabulary word, we have a training sequence
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consisting of & number of repetitions of sequences of codebook indices of the Word {by
~one o more zalkefs}. The first task is 10 build individual word models. This task is done
by using the solution to Probliem 3 to oprimally estimate medel parameters for each word

‘model. To develop an understanding of the physical meaning of the mode] states, we use.

the solution to ]%nb}ez?} 2 1o segment each of the word training sequences into states, and
- then study the properties of the speciral vectors that lead 10 the observations occurring in

gach state. ‘The poal here is 10 make refinements of the model (s.g., more states, different -

codebook size) to imprave its capability of modeling the spoken word saguences. Fi
. Finally,
orHE the set of W HMMs has been designed and optimized, rxzc;egm‘tisc?ncE of an unknowi
word' is performad usi?tg the solution to Problem I fo score each word mode] based upon
the given test abservation sequence, and select the word whase modet score is highest G.e
the highest likelihood). ) -
In the next sections we present formal mathematical solutions to each ﬁmd

> amental
problern: for HMMs. We shail see that the three problems are tightly Hnked
she probabilistic framework. P Eniy finked together under

~ 641 Solution to Problem 1—Probability Evaluation

We wish to calclate the probability of the observation se iven

rlcul: h quence, O = {0; 9. ..07), given
thf: madel A, e, P(O]X). The most straightforward way of doing this is through enumer.
sting ¢very possible state sequence of lengeh T (fhe number of observations). There ane &7
such state sequences. Consider one such fixed-state sequence

_ a= Q.90 61D
where ¢, is the initial state. The probability of the observatio uence. i ;
" sequence-of Eg. (6,12} is o _ " : O given the statg

?” .
POIg, N =[]P0le {6.13a)

Fe=l

whg:e we have assumned statistical independence of observations. Thus we get
PO, X) = by, (01) - b (02). .. byylar). BRNCRED!
The probabitity of such a state sequence g can be written as
P@E:’Q = ol fng - Carogre ' RECRL

The joint probability of (¥ and q, i.e., the probabikit i i
. Li.e., y that O and ¢ oceer simulta ly, is
simply the product of the above two terms, fe., g ReoUE

PLO, a}\) = P(OJq, WP(gl). @13

- The probability of © (given the model) iz obtained b ing this joi it
_ : E y sumrning th
al possible state sequences g, giving ' & fhis Joim: probabiliy over

PO = 3 P(OJg, 2P| ' _ {6.16)
sl g
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= 30 by (000800 b (02) - 2y grba (0T 6.17)
1 Qe T

The interpretation of the computation in the above equation is the following. Initially (at
time ¢ = 1) we are in stare g, with probability 7y, and generate the symbol ¢, {in this state)
with probability b, {0;). The clock changes from ime ttot+ 1 {sime = 2) and we make
a transition o state gy from state gy with probability 4,.,, and generate symbol.e; with
probability b, (02). This process continues in this manner until we make the last ransiiion
(at time T} from state gr_; to state gr with probability g, _,4, and generate syribol o with
A Tittle thought should convince the reader that the calcalation of £{0| ), according
t its direct definition {Eq. (6.17)) involves on the order of 27 - N7 calculations, since
at every + = 1,2,...,7, there are N possible states that can be reached (i.e., there are
NT possible state sequences), and for each such state sequence about 2T calculations are
required for each term in the sum of Eq. (6.17). (To be precise, we need (2T ~ NY
multiplications, and N7 — 1 additions.} This calculation is computationally infeasible, even
for small values of N and T; e.g., for N — 5 (states), T = 100 (observations), there are
on the order of 2 - 100 - 5'% » 1077 computations! Clearly a more sfficient provedure is
reguired 1o solve problern 1. Fortunately such # procedure {called the forward procedure)

EXists, :
6.4.1.1 The Forward Procedure
Consider the forward variable (/) defined as
al) = Ployoa...ona =iy (6.18)
that is, the probability of the partial chservation sequence, 01 02... 0y, (until time ) and

" state § at fime £, given the model A, We can salve for (/) inductively, as follows:

1. Initialization S .
: i) = wbi{or), 1 ZiEN (6.19)

. 2, Induction
N . . .
1<t T—1
QH.I(J‘) = [Z a,(f}au} bf{ﬂr-%—]): 1 zj z N ) (6‘20)

HE|

3 Terminaﬁon v
PODY = ar(i). o621

qe=1

Step | initializes the forward probabilities as the joint probability of state 7 and initial
observation ;. The induction step, which is the heart of the forward calculation, is
ilkustrated in Figare 6.5(). This figure shows how staje / can be reached at time £ 4 1
from the N possible states, §, 1 S § € N, at time 1. Since o) is the probability of the
joint event that 6 03 . .. 0 are observed, and the stawe at time 7 is /. the product ax(Day ¥
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i t+1
_a!ln . “rq.‘”‘

7 .
} th
_} .
=

1 2 3.
OBSERVATION,

- Figure 65 () liustration of the sequence of operations required for
the compustation of the forward variahie (e {b) Implementsation

. of the computation of ouf#) in terms of a lattice of observations rand
staies i, ’ ’

thu? the pmbal?i]izy of the joint event that 0y 6z... 0, are obsserved, ;m& sta.ie Jis reached
at tln:be: i+ via stage i at time ¢, Summing this product over 2l the N possible states, £,
PS 7€ N artime ¢ resalts in the probability of j at time 7 + 1 with all the accompanying

previous partial observations. Once this is done and Jigknown, it is easy to see that @ 1)

is ob@irb&d by accounting for observation oy..; in state j, ie., by mubtiplying the summed
quantity by the probability by{o.,;). The computation of Bqg. (6,20} is performed for ai}
stas j, | < j < N, for a given #; the computation is then iterated for 7 = L2,.... -1
Finaliy, step 3 gives the desired calculation of P(0}A) as the sum of the terminal forward
variables orp(9). This is the case since, by definition, :

ar(iy = Plo105 ... 0p, qr = i|3) ' (6.22)

and hence P(OE)_\} is just the sum of the ar{i)'s. .

_‘If we examing the computation irvolved in the calculation of w{ 1<t 5T,
V27 SN, we see that it requires on the order of N2T calculations, rather than 27W7 as
required by the direct calculation, {Again, o be precise, we need N(N 4+ IYT — D+ N

~ & savings of about 69 arders of magnitude.
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multiplications and N(V'— 1)(T ~ 1) additions.) For N = 5, T = 100, we need gbout 3000
compuiations for the forward method, versus 1072 computations for the direct caleulation,

The forward probability caleulation is, in effect, based upon the latice {or trelis)
structure shown in Figure 6.5(b). The key is that, because there are only N states (nodes
a1 each time slot in the lattice), all the possible state sequences will remerge into these N
nodes, no matter how Jong the observation sequence. At time ¢ = 1 (the first time slot in
the lattice), we need to celeulate vadues of & (D, I SIS N, Attimesr = 2,3,...,7. we
need only cafculate values of ad ), 1 < § £ ¥, where each calcalation involves only the N
previous values of o (7) because each of the N grid points can be reached from only the
N grid points at the previous time slot. :

6.4.1.2 The Backward Procedure _
In 2 similar manmer, we can consider a backward variable 5,(7) defined as
| 8D = POz orlg =X - 623)

that is, the probability of the partial chservation sequence from 1+ 1 to the end, given state
{at time £ and the model A, Again we can solve for 5{7) inductively, as foliows:

1. Iitialization ) ) ’ .
B =1, 1<igN. (6.24)

2. Induction w .
G(D =3 a0 )3l

=t :
t=T—1,T~2....1, 1&iSN ~ (6.25)

The initiahization step 1 arbitrarily defines Fréi) to be 1 forall i, Step 2, which is flustraed
in Figure %.6, shows that in order to have been in state § at time 7, and to account for the
ebservation sequence from time t + I on, you have to consider all possible states j at time
i+1, acw:miing for the transition from { to j (the 4y term), as well as the observation
Oy 10 state § (the Bylo,,1) term), and then gcconnt for the remaining partial observation
sequence from state j {the J..1 (/¥ erm). We wili see later how the backward as well as the
forward calculations are used (o help sotve fundamental Problems 2 and 3 of HMMs,
Again, the computation of 5(i), 1 € ¢ $ T, 1 <7 < N, requires on the order of N*T
caleulations, and can be computed in a kattice structure similar & that of Figure 6.5(b).

6.4.2 Solution to Problem 2—-"Optimal™ State Sequence .

Unlike Probiem 1, for which an exact solution can be given, there are several possible |
wuys of sobving Problem 2--namely, Anding the “optimal” state sequence assoctated with
the given observation sequence. The difficulty lies with the definition of the optimal state
sequence-—that is, there are several possible optimality criteria. For example, one possible



L 338 _ _ Chap. 6  Thecry and implemeniation of Hidden Markov Modsis

5

! | oty
B"“ : ﬂt@;(i}
Figure &4 Sequmnfowammmquimdfnrthccmm
tion of the backward variabie ﬁum

optlmahty criterion is to choose the staies g, that are mdjv:dmf!y most likely af each time 1.
This optimality crilerion maximizes the expected number of correct individuat states. To
implement this solution to Problem 2, we can define the a posteriori probability variable

Wiy = Plg = {0, Ay - (626)

] that | is, the pmbabﬂ:ty of being in state  at time ¢, given the observation sequence O, and
the model A. We can express 4,{i} in several forms, including

W =Plg=1|G,A)
- P{Q:% =Ii)\)
PO A

- P(Gq,——zjz\} o 527

Z PO,q = 1] %)

[E=1
Since PO, g, = i | A) is equal 10 a ()50, we can write v,(7) as

o= B0 o em

Z DB
. whsre we sée that a,{f} seeounts for the partial observation sequence 0; 62 ... 4, and state

iatt, while 3(i) accounts for the remainder of the observation SEGUERCE Dy4 10047 . . 87,
swtn state g = i at 1. : N
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' Using i), we can solve for the indiﬁdualfy_fnost Hkely state ¢; at fime ?, as
¥ = i : “r s
9 = e Jpin @), 10T 629

Alhongh Eq. (6.29) maximizes the expected number of correct states (by choosing the most
fikely state for each 1), there could be some problems with the resulting state sequence.
For exsmple, when the HMM has state transitions which have zero probability (a; = 0 for
some # and /3, the “optimal” staie sequence may, in fact, not gven be 4 valid state sequence.
“This is bezause the solution of Eq. (6.29) simply determines the mast likely state at every
instany, without regard to the probability of occurrence of sequences of states.

- One possible solution 1o the above problem is to modify the optimality criterion.
For exampls, one could solve for the siate sequence that maximizes the expected number .
of cotrect pairs of states (¢r, ¢+ ), or wiples of states {q,, ¢4, @41, €tc. Although these -
criteria might be reasonable for some appications, the most widely used criterion is to find
the single best state sequence {path}that is, to maximize P(q)0, ), which is equivalent to
maximizing P{g, O}A), A formal techaique for finding this single best stare sequence exists,
based on dynamic programming methods, and is called the Viterbi algorithm [13, 16].

5.4.2.1 The Viterbi Algorithm

To find the single best state sequence, = {¢ gz ...qrh forthe givén chservation ssquence
Q = (0 02 . . . 07), we need to define the quantity, '

b= e Plage. g g=ih o oAl (630)

that is, §,(7 is the best score (highest probability) along & single path, at time ¢, which
accounts for the frst 7 observations and ends in state /. By induction we have

) "Sr»{»l(ﬂ [m‘“ ‘Sr(i}a;}‘] * b'(0:+1)- (6.31)
Tb actually retrieve the state sequence, we need 1o keep track of the argument thatmaximized

Eq. {6.31), for each 1 and j. We do this via the amay ¥u(/). The mmplcze procedure for
finding the best state sequm can now be stated as follows: ,

. Initialization

Sl = mbio, 1SIEN (6.322)
il = 0. _ _ S (632
2. Recuarsion o '
e - 21T
by = ]g%[&-lfr'}aqib_;(o:}, <N {6.33a)
. ' L, 251eT _ "
¥lH —ér.g fg“,?nw’“‘{’)"-‘f_}‘ P<j<N. - (633b)
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| 3 ".Ibrmin#ﬁou o .
S P = e 16:0) 63
4r = arg mmax [6r(7). {6.34b)

4. Path state sequence) backtracking

g =dualen,), t=T-1,T-2,,..,1. {6.35)

1t should be noted that the Viterbi algorithm is similar (except for the backtracking step} in
implementation 1o the forward calculation of Eqs. (6.193(6.21), The major difference is
the maximization in Eq. (6.3%a) over previous states, which is used in place of the summing

procedure in Eqy. (6.20). It also should be clear that 2 Jatice ¢or trellis} structare efficiently

: _implements the computation of the Viterbi procedure.
6422 Alternative Viterbi Implermentation
o .By taking logarithms of the model parameters, the Viterbi algorithm of the preceding

" - section can be implemented without the need for any multiplications. Thus:

0 Préproming )
i = log (my), 1<ignN
bilo) = log [bifn,)}, 1 <i<N, 1<r<T
dy = log (ay), F<ij<N
1. Initialization
' Bulf) = log (BN} = 7 + Blor), 1<igN.
W{f) = 8, o IZigN

2. Recursion
A =log = max A+ &) +blo)

Wl ) = arg max D+,  2<iKT1<j<N

3. Termination

PY o lrggsxﬁfrﬁr(ﬁ]

_ _ Gr = arg @g‘,_&%@]_
. 4. Backtracking _
' & E g =T=1,T=2,...,1 "

The cak:uiatim required for this allernative implementation is on the order of N27 additans
{plus the calculation for preprocessing). Because the preprocessing needs 1o be performed

. once and saved, its cost is negligible for most systems,
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State :

Exercise 6.3 _ : :

Given the mode! of the coin-toss experiment used in Exercise 6.2 (Le., three different coins)
with probabilities ) - .
Suue 1 State 2 Sate 3

P - D5 0.75 0.25
CPTY 08 025 0.75

nd with all state transition probabilities equal to 1/3, and with nitial probabilities equal 1o

~1/3, for the observation sequence

O = (HHHATHTTTT)

find the most likely path with the Viterbi algorithm.
Solution 6.3 ) _ L . :
Since all gy ferms are aqual to 1/3, we can omil these terms (as well a5 the initial state
probability lerm), giving ’
G =05, 52 =075, 5i3)=0.25,

The recursion for 5 gives (2 2 ¢ < HON

| &)= (0.7550.25)

51} = (025005, & = (0I55,

5:(1) = 0.75°(0.5), 52 = 0.75F, 83 = (D.75(0.25}
1y = 7505, &2 = (0.757, 5d(3) = (0.757%0.2%)
S0y = (0.75%0.3),  6s(2) = (075025, &(3) = (0.75)

8s(1) = 0.75¥0.3),  &6(2) = (0750, &3 = (0,755 (0.25
&) = 079%0.8), 5D = (0.7550.25),  &(3) = (075

“Ex1) = (0.75)770.5,

5s{1) = {0.75%(0.5),
éin(1) = (0.75°(0.5),

2 3 3 _
-Observation Time .

52 = (0.75)(0.2%),
&(2) = (0.75)°(0.25),
bio(2) = (0.75(0.25),

This Jeads to 2 iagram (trellis) of the form:

5 & 7

H(3) = (0.75)°
£(3) = (0.75)"
$15(3} = (0750

Hence, the most likely state sequence is {2,2,7,2,3,2,3,3,3,3}.
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' Figure 6.7  Eiustration of the sequence of opecations required for the comp
f the joint event thal the system is in stare £ at time ¢ and seate [/ attime £ + 1

'6.4.3 - Solution to Problem 3—Parameter Estimation

'The third, and hy far the most difficult, problem of HMMs is to defermine a methed to
adjust the model parameters {4, 8, 7} to satisfy a certain optimization criterion. There is no
known way 1o analytically solve for the model parameter set that maximizes the probabiliry
of the observation sequence in a closed form. We can, however, choose A = (A, B, ) such
that its liketihood, P(G|A), is Tocally maximized uging an iterative procedure such as the
Baum-Welch method (afso known as the EM (expectation-maximization} methoed [17]), or
using gradient techniques [18]. In this section we discuss ong iterative procedure, based
‘primarily on the classic work of Baum and his colleagues, for choosing the maximum
likeiihood (V.) mode] parameters. _

To describe the procedure for reestimation (iterative update and improvernent) of
HMM parameters, we first define £(7, j), the probability of being in staw { at time ¢, and

_ gtate fat time 74 1, given the model and the observation sequence, i.e.

&Uijy = Plgr =i, g = /{0, A). (6.36)

The paths that satisfy the conditions required by Eq. (6.36) are illusrated in Figure 6.7.
From the definitions of the forward and backward variables, we can write £,{F, ) ins the form

Plg =i g1 Ol A

CaGp=

. PIOTY
- adiiapbilo )8 ()
PO
" oD agh 0184 ( ) . 63T

N N -
E z e () aphio4 I8 (D

i=1 j=i

We have previously defined (7} as the probability of being in state § 4t time ¢, given
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the entire obscfvaiion seguence and the model; hence, we can relate ~E0 1o £, by
Summing Over §, giving : '
. - N
Wiy = Y &h. - (6.38)
j=1 . .

1f we suin -y, {7} over the time index £, we get a quantity that can be interpreted as the expected
(over me) number of times that state 7 is visited, or equivalently, the expecied nmpber
bf transitions made from state § (if we exclude the time slot £ = T from the ssmmation).
Simitarly, summation of £,(i, j} over 7 (from 1t = 1101 =T — 1) can be interpreted as the
expecied mumber of transitions from state i to state /. That is,

T-1
Z ~{f) = expected rumber of transitions from state i in O (6.3%a)

e}
71 . ) S
Z{,(:‘ s expecied_number of transitions. from state { 1o state j in {3,  (6.3%1)

=1

1lsing the above formulas (and the concept of counting event OCCUITERes), We
can give & method for reestimation of the parameters of an HMM. A set of reasonable

reestimation formulas for 7, A, and 8 is _
iy = expected frequency {number of times) in st § ' {6.400)
at fime {£ = 1) = 7{) - . o
.. expected number of transitions from state i fo state §
A T expected number of transitions from state §

™1
L Y_EGD
_ i=1

T—1
SO
=1

expected rumber of times in state f and vhserving symbol vy -
expected number of times in state / '

(5400)

Bitk)
) T

3w

exz|

[Ty . ’ ’ . (540(:)
T . R L
3w
=} : )
If we define the current model as A = (4, 8, 7} apd use that 10 compute the Iig‘ht—hand
sides of Eqs. (6.402)(6.40c), and we define the reestimated model as N (A BT, s

determined from the Jeft-hand sides of Bqs. (6.402){6.40c), then it hag bean p‘m}'en by
Baum and his colleagues that either {1} the initial model A defines a critical point of the
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) Likelihood function, in which case A = X; or (2) model X is more likely than model A in

. the sonse that P(Q[X) > P(O]X); that is, we have found a new model A from which the
o ob@crvat:on sequence is more likely to have been produced.

o Based on the above procedure, if we Heratively use A in place of A and rapeat the

= .tﬁcsunmm calctlation, we then can improeve the probahility of O being observed fromthe

o model until some liriting point is reached. The final result of this reestimarion procedure is

o \a:u ML estimate of the HMM. It should be pointed out that the forward-backward. algorithm
leads to local maxima only, and that in most problems of interest, the likelihood function

B vzry complex and has many local maxima,
The reestisnation formulas of Bys. (6.408)-(6.40c) can be derived d:mc:ly by maxi-
) rmzmg (using standard mnsmmed optimization techniques) Baum's auxzimry ﬁmcmm

o0, %) = ZP(O g[X')log POaX (641)

] s
over . Because ' ' . S
QU Ay 2 QX ATy = PIOIA) = PIOIN) T (642

. ‘we can maximize the function (X', A} over A to improve X’ ifi the sense of increasing the
" likelihood PCOYA). Eventually the likelihood fanction converges to a cnucal pom: if we

- iterate the procedure.
. 5.43.1 Derivation of Reastimation Formulas from the @ Function
- The auxiliary function Q(M, X) was defisied in Hag. (6.41) 2

oW, 1) = 370, 41X o P(O.q])
G .

i which we can express P and log P (in terms of the HMM parameters) as

P(O q|A) =, H"m,.mbﬁn("{}

T =

log P{O,q|3) = log 1, + Zlog o+ Z tog by, (6;)

=g =1

(There is & slight difference between the above equations and the expression 0{' Eq. (6 17
in which the first observation is associated with the initial state before any state transition -
is made, This difference is inconsequentizl and should not 1mpe.dc our understandmg of
the metht}d 3 Thus we can write O¢A7, A} as .

O, ) = D40, ) + }:Qmﬁt’, a)+ z On (X, b7} -
. [ Cokmio L

) 'whem_

"= [‘;'I'h‘ﬂ'},.,.,‘ﬂ'”],

consiraints
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=.[a;; ,'a,-;, . ,_am]; b; is. the parameter vector that defines b{:)

and

Qx (¥, W) = ZP(o, go =1l )log %
. fas] .
' N T

0 (X, 27) = ZEP{O G-t = L. uﬂx Jlog ag

_r"“l =1

Qb,{x b) = zj PO, = i\ log Bifo)

I-I

Becanse of the separahility of Q{)x’ A) Ento three mdnpcndcnt ferns, we can mammze
OGN, A} aver A by maximizing the individnal ferms sep&ratcly‘ sub_]wt 1o the s%achasﬁc

. N .
. ’ Z'ﬂ'jxl .
R . .
N o
Eaij = ]‘1 VJ o
. A=l

and (for discrete densities where b,(0; = ¥5) = b (6)

£.. :
Shw=1, W
t=1

Because the individual auxiliary functions all have the form

N L
Z_“"flﬂg ¥

wh;ch, asa func:.wn of { ¥; ;.,n subject to the constraints E;’_, y=hLy2 > 0 attams &
globa! maximers at the single point

" o . .
¥ = Nj N j=52,...,N

3w

1-—]

then the maxnmzancn leads 10 the model reestimate X = W,K B where

_PO,ge =N
S TR O A



.
Y POg =g =)
[ T . o

e A ;
SUPOg = i)
=1 .
R T . ’
Yo POG =4 Bo, v
Bty = =
3RO, g = siA)
] S . =1
- where we have defined _ :
Slovid= 1 ifoy=w
AU - =0 otherwlsc _
' Usmg the deﬁmtsms of the forward variable, a (i} = P(’o;, @, ., 0, = i|A) and the
- backwand variable, 8,(} = P(0,44,...,07lg; = 1, A), the msamanon trensformations can
be casﬂy cadcuiawd as : :

PO, g, = am = DD
PO = E B = Z arli)

[ ) s
P{Oa Frop = fa gr “}‘I}‘) = oy (1} atjb){of}gl{j)
i gi-ving ' _ . '
B0

. E ar(f)

L
Z -1 Da0)B(p 3 fathy

=1 =]

= . bl
Zm-;(f)_ﬁ;wl(f) Z'%_‘m '
=1 _ - _ _
¥
Za;{i)ﬁ;(f}é(ohv,,) PR
B{k) w = T - M-ﬁ;ﬂl

DICICLICRES $EVC
- =T ’

=]

‘which are the formulas given in Eqs. (6.40a)(6.40c).
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6.4 4 Notes on the Reesamatlon Procedure

The recstimation formulas can be mdlfy mmpmsci as an implementation of the EM
algorithm of statistics [ 17} in which the E ¢expectation) step is the calculation of the auxitiary
function Q(A', X), (which is the expectation of log P(O . G13)), and the M {maximization)
step is the maximization of (), ) over A to obrain A. Thus the Banm-Welch reestimation
© equations are essentially identical to the EM steps for this particular problem, :
.~ . Animporant property of the reestamanon pmedum fs that the stochasnc mns:mms L
of the HMM parameiers, name!y

Zﬁ-im]- . E ' (6.43a)
B o C : :

Stay=1, 1<igN S - (643B)

st L : '
Ez‘;}-mm,  1SiEN L (643

are agtomatically mcomomted at each iteration. By Jooking at the parmnetcr estimation
problem as a constrained optimization of P(O}) (subject to the constraints of Eq. (6.43),
we can formulate the solution procedare by use of the techniques of variational calculus
1o waximize P (we use the notation P == P(O])) 25 shorthand in this section). Based on a
standard Lagrange optimization setup using Lagrange multiphiers, it can readily be shown
Lhat Pis mannuzed when the foilowmg conditions are met:

' - ap

T ?71'5"'-' ) L -
w0 L 6
: 8P e

R iy . i .
- Om S (644

oF
PAC ' -
b= (G

z bf{n ab {e)

By appropriate ma.mpulmon of Eq {6.44), the right-hand sides of each equancm can be

 readily shown 10 be identical 10 the right-hand sides of each part of Eqgs. (6.40436.40c),

© thereby showing that the reestimation formulas are indeed exacily correct at critical points
of P. In fact, the form of Eq. (6.44) is essentiaily that of a reestimation formula in which
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. the left-hand side is the reestimate and the right-hand side is computed nsing he current
" values of the variabies. o '

" Finatly, we note that since the entire problem can be set up as an optimization

" .problem, standard gradient techniques can be used 1o solve for “optimal® values of the

. '_ - model parameters, Such procedures have been tried and have been shown o yield solutions
" comparable to those of the standard reestimation procedures [ 18], One critical shortcoming

- of standard gradient technique, as applied to the maximization of P(Q) ), is that the descent
algorithms, which are critically dependent on taking a small step in the dizection of the
gradient, often do not produce monatonic improvement in the likelihood as the Baum-Welch
resstimation is guarenteed by Bg. (6.42} 1o do. . ’

6.5 TYPES OF HMMS

O wey 1o classify types of HMMs is by the soucture of the transition matrix, A, of the
~ Markov chain. Until now, we have only considered the special case of ergodic or fully

‘connected HMMs in which every seate of the model conld be reached (in a single step)
“from every other state of the model. (Smicily speaking, an ergodic model has the property

that every stase can be reached from every other state in a finite but aperiodic number of

steps.} As shown in Figure 6.8(a), for an N = 4 state model, this type of model has the
propesty that every ay coefficient is positive. Hence for the example of Figure 6.8(a) we
have

an &z 2z A4

ay  ayp dn Ay

Gy g3z dy3 Ay

dyy &4z de G4

for some applications, particolarly those to be discussed later in this chapier, other
types of HMMs have been found 1o account for observed properties of the signal being
madeled beter than the standard ergedic model. One such model is shown in Figure 6.8(b}.
This modef is called a left-right model or & Bakis model ([113, [10]) because the underlying
state sequence associated with the model has the property thal, as time increases, the state
index increases (or stays the same)--that is, the systern states proceed from left to right.
Clearly the left-right type of HMM has the desirable property thar it can readily model
signals whose properties change over time it a successive manner—e.g., speech. The
fundamental property of all lefi-right HMMs is thas the state-transition coefficients have

the property

A=

ay = 1, i< f {6.45)

that is, no transitions are allowed 1o states whose indices are Jower than that of the current
state, Farthermore, the initial smte probabilities have the propery

= {9‘ f?ﬁ ! ) (6.46)

_ 1, i=1
because the state sequence must bepin in state § (and end in state N}, Often, with left-right

Sec. 6.5
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{h)

Figure 6.8 Hinstration of theee distinet types of HMMs. A
" 4-state ergodic modet. €5) A £.state Iefl-right model, €0) A &-state
parafiel path left-right model. .

models, additional constraints are placed on the state-transition coefficients to make sarg
that farge changes in state indices do niol coCur; hence a constraint of the formn

ay=0, j>i+ai 64Ty
is often used. Fn particular, for the example of Figure &.8(p), the value of Al is 2; :gzat is, no
jurnps of more than two states wre allowed. The form of the state-transition matrix for the
example of Figure 6.8(b) is thus
. ' Tan an an ©
0D an en o

0 O a:. an
0 6 0 am

A=
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Te shoubd be clear that, for the last state in a left-right model, the state-transition ﬁeefﬁciems

are specified as )
' Cawy = 1 '  (6.48a)
) ay; = 0, [ < N, {6430}
Besides the above fully connected and left-right models, there are many other possible

" - variations and combinations. By way of example, Figure 6.8(c) shows 2 cross-coupled

conmestion of twe paralle] lefl-right EMMSs, Strictly speaking, this model i 2 lefi-right
el (it obeys all the gy consiraints); however, it has certain flexibility not present in a
" strict eft-righe model (Le., one without paraliel paths). '

It should be claar that the imposition of the constraints of the lefi-right model, or those

of the constrainad jump model, essentially have no effect on the reestimation procedurs,
This is the case because any HMM parameter set to zero initially will remain ar zero
throughoust the reestimation procedurs {see Hq, {6.44}), )

66 C@l_\l_ﬂHUOUS OBSERVATION DENSITIES IN HMMS

All of our discussion to this point has considerad only when the observations were char-
. acterized as discrete symbels chosen from a finite ziphabet, and therefore we could use a
discrete probability density within each state of this model {({19)-[21]). The problem with
this approach, at least For some applications, is that the observations are ofien continuous
signals (or vectors). Alihough i is possible to conver such continuous signal represen-
tations into a sequence of discrete symbols via vector quantization codebooks and other
methads, there might be serious degradation associated with such discretization of the con-
finuous signal, Henee it would be advantageous 1o be able to use HMMs with continuous
observation densities (o model continuous signal representations direcily.

To use & continuous observation density, some restrictions mast be placed on the

form of the mode] probabitity density function () to ensure that the parametets of the
pdf can be reestimated in a consistent way., The most general representation of the pdf, for

which a reestimation procedore has been formularted, is a finite mixture of the form

M :
boy =1 cuNio e, Up), 157N (6.49)
k=) ’

where o is the observation vestor being modeled, ¢ is the mixtre coefficient for the &
mixture in state f and A is any log-concave or elliptically symmeétric density [18] (..,
(lausstan}, Without loss of generality, we assume that A7 is Gaussian in Eq. (6.49) with
Inean Vector gy and covariance matrix Up for the &th mixture component in state j. The
mHXEure gains oy satisfy the stochastic constraint )

A
Ylpm1,  1SjEN : (6.508)
o T

20, IS/SN, 1SASM  (6.500)
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Figure 6.8 eqli@m opf & stae with o mixture density to 2
multizstate single-density distribution (after Juang et al. [21]),

s0 that the pdf is f}ruperly normalized; ie.,
. - : _
_ f bordo=1, 1SjsN . (6.51)

The pdf of Eq. (6.49) can be used to approximate, arbitrarily closely, any finite, continuous-
density function. Hence it can be applied to a wide range of problems.. o

It has been shown that an HMM state with a mixmure density is equivalent to & -
multistate single-mixture density model in the following way [21]. Consider 2 stae  with
an M-mixture Gaussian deasity. Because the mixture gain coefficients sum upto 1, they
define a set of transition coefficients to substates i (with transition probability c), & (with
transition probability o) through iy (with transition probubility o). Within gach subsyaze,
#y, there is a single mixture with mean g4 and variznce Uy (see Figure 6.9 for.a_ graphical
interpretation). Each substate makes 2 iransition %o 2 wait statg ip with probability 1: The
distribution of the compasite set of substates (each with a single density) is mathematically
exquivalent to the composite mixmure density within a single sate, . :

It can be shown that the resstimation Tormulas for the coefficients of the mixiure

" density, i.e., ci, s, and Ug, are of the form

T
Sk :
121 {6.32)

T = o
Ez'ﬁ(jsk)
gl k|
ro .
Yowhbo o
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