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Support Vector Machines
with Applications’

Javier M. Moguerza and Alberto Muinoz

Abstract.  Support vector machines (SVMs) appeared in the early nineties
as optimal margin classifiers in the context of Vapnik’s statistical learning
theory. Since then SVMs have been successfully applied to real-world data
analysis problems, often providing improved results compared with other
techniques. The SVMs operate within the framework of regularization theory
by minimizing an empirical risk in a well-posed and consistent way. A clear
advantage of the support vector approach is that sparse solutions to classifi-
cation and regression problems are usually obtained: only a few samples are
involved in the determination of the classification or regression functions.
This fact facilitates the application of SVMs to problems that involve a large
amount of data, such as text processing and bioinformatics tasks. This paper
is intended as an introduction to SVMs and their applications, emphasizing
their key features. In addition, some algorithmic extensions and illustrative

real-world applications of SVMs are shown.
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1. INTRODUCTION

In the last decade, support vector machines (SVMs)
have increasingly turned into a standard methodology
in the computer science and engineering communities.
As Breiman [12] pointed out, these communities are
often involved in the solution of consulting and indus-
trial data analysis problems. The usual starting point
is a sample data set {(x;,y;) € X x Y} |, and the
goal is to “learn” the relationship between the x and y
variables. The variable X may be, for instance, the
space of 20 x 20 binary matrices that represent alpha-
betic uppercase characters and Y would be the label
set {1,...,27}. Similarly, X may be R'%-000 the space
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corresponding to a document data base with a vocab-
ulary of 10,000 different words. In this case ¥ would
be the set made up of a finite number of predefined
semantic document classes, such as statistics, com-
puter science, sociology and so forth. The main goal in
this context usually is predictive accuracy, and in most
cases it is not possible to assume a parametric form
for the probability distribution p(x, y). Within this set-
ting many practitioners concerned with providing prac-
tical solutions to industrial data analysis problems put
more emphasis on algorithmic modeling than on data
models. However, a solely algorithmic point of view
can lead to procedures with a black box behavior, or
even worse, with a poor response to the bias—variance
dilemma. Neural networks constitute a paradigmatic
example of this approach. The (semiparametric) model
implemented by neural networks is powerful enough to
approximate continuous functions with arbitrary preci-
sion. On the other hand, neural network parameters are
very hard to tune and interpret, and statistical inference
is usually not possible [51].

The SVMs provide a compromise between the para-
metric and the pure nonparametric approaches: As
in linear classifiers, SVMs estimate a linear decision
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function, with the particularity that a previous mapping
of the data into a higher-dimensional feature space may
be needed. This mapping is characterized by the choice
of a class of functions known as kernels. The sup-
port vector method was introduced by Boser, Guyon
and Vapnik [10] at the Computational Learning The-
ory (COLT92) ACM Conference. Their proposal sub-
sumed into an elegant and theoretically well founded
algorithm two seminal ideas, which had already indi-
vidually appeared throughout previous years: the use
of kernels and their geometrical interpretation, as intro-
duced by Aizerman, Braverman and Rozonoer [1], and
the idea of constructing an optimal separating hyper-
plane in a nonparametric context, developed by Vapnik
and Chervonenkis [78] and by Cover [16]. The name
“support vector” was explicitly used for the first time
by Cortes and Vapnik [15]. In recent years, several
books and tutorials on SVMs have appeared. A ref-
erence with many historical annotations is the book
by Cristianini and Shawe-Taylor [20]. For a review of
SVMs from a purely geometrical point of view, the pa-
per by Bennett and Campbell [9] is advisable. An ex-
position of kernel methods with a Bayesian taste can
be read in the book by Herbrich [30]. Concerning the
statistical literature, the book by Hastie, Tibshirani and
Friedman [28] includes a chapter dedicated to SVMs.
We illustrate the basic ideas of SVMs for the two-
group classification problem. This is the typical version
and the one that best summarizes the ideas that under-
lie SVMs. The issue of discriminating more than two
groups can be consulted, for instance, in [37].
Consider a classification problem where the dis-
criminant function is nonlinear, as illustrated in Fig-
ure 1(a). Suppose we have a mapping & into a “feature
space” such that the data under consideration have be-
come linearly separable as illustrated in Figure 1(b).

(a)

From the infinite number of existing separating hy-
perplanes, the support vector machine looks for the
plane that lies furthermost from both classes, known
as the optimal (maximal) margin hyperplane. To be
more specific, denote the available mapped sample by
{(®(x), yi)}i_;, where y; € {—1,+1} indicates the
two possible classes. Denote by w! ®(x) + b = 0 any
separating hyperplane in the space of the mapped data
equidistant to the nearest point in each class. Under the
assumption of separability, we can rescale w and b so
that |w? ®(x) + b| = 1 for those points in each class
nearest to the hyperplane. Therefore, it holds that for
everyi e {l,...,n},

. we) +b{§ E1, E ;J_r}

After the rescaling, the distance from the nearest point
in each class to the hyperplane is 1/|w]|. Hence, the
distance between the two groups is 2/||w||, which is
called the margin. To maximize the margin, the follow-
ing optimization problem has to be solved:

min llw]|?
w,b

(1.2) subject to (s.t.)
yi(wh o) +b) = 1,
i=1,...,n,

where the square in the norm of w has been intro-
duced to make the problem quadratic. Notice that,
given its convexity, this optimization problem has no
local minima. Consider the solution of problem (1.2),
and denote it by w* and b*. This solution deter-
mines the hyperplane in the feature space D*(x) =
(wHTd(x) + b* = 0. Points ®(x;) that satisfy the

(b)

FI1G. 1. (a) Original data in the input space. (b) Mapped data in the feature space.
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equalities y; (W*)T ®(x;) + b*) = 1 are called sup-
port vectors [in Figure 1(b) the support vectors are the
black points]. As we will make clear later, the sup-
port vectors can be automatically determined from the
solution of the optimization problem. Usually the sup-
port vectors represent a small fraction of the sample,
and the solution is said to be sparse. The hyperplane
D*(x) = 0 is completely determined by the subsample
made up of the support vectors. This fact implies that,
for many applications, the evaluation of the decision
function D*(x) is computationally efficient, allowing
the use of SVMs on large data sets in real-time envi-
ronments.

The SVMs are especially useful within ill-posed
contexts. A discussion of ill-posed problems from a
statistical point of view may be seen in [55]. A com-
mon ill-posed situation arises when dealing with data
sets with a low ratio of sample size to dimension. This
kind of difficulty often comes up in problems such
as automatic classification of web pages or microar-
rays. Consider, for instance, the following classifica-
tion problem, where the data set is a text data base
that contains 690 documents. These documents have
been retrieved from the LISA (Library Science Ab-
stracts) and the INSPEC (bibliographic references for
physics, computing and engineering research, from the
IEE Institute) data bases, using, respectively, the search
keywords “library science” (296 records) and “pattern
recognition” (394 records). We have selected as data
points the terms that occur in at least ten documents,
obtaining 982 terms. Hence, the data set is given by a
982 x 690 matrix, say T, where T;; = 1 if term i oc-
curs in document j and 7;; = O otherwise. For each
term, we check the number of library science and pat-
tern recognition documents that contain it. The highest
value determines the class of the term. This procedure
is standard in the field of automatic thesaurus gener-
ation (see [5]). The task is to check the performance
of the SVM classifier in recovering the class labels ob-
tained by the previous procedure. Notice that we are
dealing with about 1000 points in nearly 700 dimen-
sions. We have divided the data set into a training set
(80% of the data points) and a test set (20% of the data
points). Since the sample is relatively small with re-
spect to the space dimension, it should be easy for any
method to find a criterion that separates the training set
into two classes, but this does not necessarily imply the
ability to correctly classify the test data.

The results obtained using Fisher linear discrimi-
nant analysis (FLDA), the k-nearest neighbor classifier

TABLE 1
Classification percentage errors for a two-class text data base

Method Training error Test error
FLDA 0.0% 31.4%
k-NN (k=1) 0.0% 14.0%
Linear SVM 0.0% 3.0%

(k-NN) with £ =1 and the linear SVM [i.e., taking &
as the identity map & (x) = x] are shown in Table 1.

It is apparent that the three methods have been able
to find a criterion that perfectly separates the train-
ing data set into two classes, but only the linear SVM
shows good performance when classifying new data
points. The best result for the k-NN method (shown
in the table) is obtained for k = 1, an unsurprising re-
sult, due to the “curse of dimensionality” phenomenon,
given the high dimension of the data space. Regarding
FLDA, the estimation of the mean vectors and covari-
ance matrices of the groups is problematic given the
high dimension and the small number of data points.
The SVMs also calculate a linear hyperplane, but are
looking for something different—margin maximiza-
tion, which will only depend on the support vectors.
In addition, there is no loss of information caused by
projections of the data points. The successful behavior
of the support vector method is not casual, since, as we
will see below, SVMs are supported by regularization
theory, which is particularly useful for the solution of
ill-posed problems like the present one.

In summary, we have just described the basics of a
classification algorithm which has the following fea-
tures:

e Reduction of the classification problem to the com-
putation of a linear decision function.

e Absence of local minima in the SVM optimization
problem.

e A computationally efficient decision function (spar-
se solution).

In addition, in the next sections we will also discuss
other important features such as the use of kernels as a
primary source of information or the tuning of a very
reduced set of parameters.

The rest of the paper is organized as follows. Sec-
tion 2 shows the role of kernels within the SVM ap-
proach. In Section 3 SVMs are developed from the
regularization theory perspective and some illustrative
examples are given. Section 4 reviews a number of
successful SVM applications to real-world problems.
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In Section 5 algorithmic extensions of SVMs are pre-
sented. Finally, in Section 6 some open questions and
final remarks are presented.

2. THE KERNEL MAPPING

In this section we face one of the key issues of
SVMs: how to use ®(x) to map the data into a
higher-dimensional space. This procedure is justified
by Cover’s theorem [16], which guarantees that any
data set becomes arbitrarily separable as the data di-
mension grows. Of course, finding such nonlinear
transformations is far from trivial. To achieve this task,
a class of functions called kernels is used. Roughly
speaking, a kernel K(x,y) is a real-valued function
K:X x X — R for which there exists a function
®: X — Z, where Z is a real vector space, with the
property K(x,y) = CD(x)TCD(y). This function & is
precisely the mapping in Figure 1. The kernel K (x, y)
acts as a dot product in the space Z. In the SVM liter-
ature X and Z are called, respectively, input space and
feature space (see Figure 1).

As an example of such a K, consider two data points
x; and x,, with x; = (x;1, xl‘g)T € Rz, and K (x1,x2) =
(14x7x2)* = (I +x11201 +x12022)> = P (x1) " D (x2),
where ®(x;) = (1, v/2xi1, v2xi2, x7, x5, v/2xi1X12).
Thus, in this example @ ‘R% — RS, As we will show
later, explicit knowledge of both the mapping ¢ and
the vector w will not be needed: we need only K in its
closed form.

To be more specific, a kernel K is a positive def-
inite function that admits an expansion of the form
K(x,y) = X2, ;P (x)®@;(y), where A; € RT. Suf-
ficient conditions for the existence of such an ex-
pansion are given in Mercer’s theorem [43]. The
function K(x,y), known as a Mercer’s kernel, im-
plicitly defines the mapping & by letting & (x) =
(VA P1(X), VA2 P2(x), .. )T

Examples of Mercer’s kernels are the linear ker-
nel K(x,y) = xTy, polynomial kernels K (x,y) = (¢ +
x”y)? and the Gaussian kernel K. (x,y) = e~ Ix=ylI*/e
In the first case, the mapping is the identity. Poly-
nomial kernels map the data into finite-dimensional
vector spaces. With the Gaussian kernel, the data are
mapped onto an infinite dimensional space Z = R*®
(all the A; A0 in the kernel expansion; see [63] for the
details).

Given a kernel K, we can consider the set of func-
tions spanned by finite linear combinations of the form
f(x) = Zj a;jK(x;,x), where the x; € X. The com-
pletion of this vector space is a Hilbert space known as

a reproducing kernel Hilbert space (RKHS) [3]. Since
K(xj,x) = ®(x;)T ®(x), the functions f(x) that be-
long to a RKHS can be expressed as f(x) = wl d(x),
with w = Zj a;j®(x;), that is, f(x) = 0 describes
a hyperplane in the feature space determined by &
[as the one illustrated in Figure 1(b)]. Thus, reproduc-
ing kernel Hilbert spaces provide a natural context for
the study of hyperplanes in feature spaces through the
use of kernels like those introduced in Section 1. With-
out loss of generality, a constant b can be added to f
(see [64] for a complete discussion), taking the form

2.1) f®) =) a;K(x;,x)+b.

J

Equation (2.1) answers the question of how to use ® (x)
to map the data onto a higher-dimensional space:
Since f(x) can be evaluated using expression (2.1)
[in which only the kernel values K(x;,x) are in-
volved], @ acts implicitly through the closed form
of K. In this way, the kernel function K is employed
to avoid an explicit evaluation of ® (often a high-
dimensional mapping). This is the reason why knowl-
edge of the explicit mapping & is not needed.

As we will show in the next section, SVMs work
by minimizing a regularization functional that involves
an empirical risk plus some type of penalization term.
The solution to this problem is a function that has the
form (2.1). This optimization process necessarily takes
place within the RKHS associated with the kernel K.
The key point in this computation is the way in which
SVMs select the weights «; in (2.1) (the points x; are
trivially chosen as the sample data points x;). A nice
fact is that the estimation of these weights, which de-
termine the decision function in the RKHS, is reduced
to the solution of a smooth and convex optimization
problem.

3. SUPPORT VECTOR MACHINES:
A REGULARIZATION METHOD

In Section 1 we introduced the formulation of SVMs
for the situation illustrated in Figure 1(b), where the
mapped data have become linearly separable. We con-
sider now the more general case where the mapped
data remain nonseparable. This situation is illustrated
in Figure 2(a). The SVMs address this problem by find-
ing a function f that minimizes an empirical error of
the form >, L(y;, f(x;)), where L is a particular
loss function and (x;, y;)7_, is the available data sam-
ple. There may be an infinite number of solutions, in
which case the problem is ill-posed. Our aim is to show
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FIG. 2. (a) Nonseparable mapped data in the feature space. (b) Normalized hyperplane for the data in (a).

how SVMs make the problem well-posed. As a conse-
quence, the decision function calculated by the SVM
will be unique, and the solution will depend continu-
ously on the data.

The specific loss function L used within the SVM
approach is L(y;, f(x;)) = (I — y; f(xi))4, with
(x)+ = max(x, 0). This loss function is called hinge
loss and is represented in Figure 3. It is zero for well
classified points with | f(x;)| > 1 and is linear other-
wise. Hence, the hinge loss function does not penalize
large values of f(x;) with the same sign as y; (under-
standing large to mean | f(x;)| > 1).

This behavior agrees with the fact that in classifi-
cation problems only an estimate of the classification
boundary is needed. As a consequence, we only take
into account points such that L(y;, f(x;)) > O to deter-
mine the decision function.

To reach well-posedness, SVMs make use of regu-
larization theory, for which several similar approaches

y=-1
Loss

/

-1 f(x)

(2)

have been proposed [33, 60, 73]. The widest used
setting minimizes Tikhonov’s regularization function-
al [73], which consists of solving the optimization
problem

I 2

(3.1 join ;(1 Yif %))+l flig
where 1 > 0, Hg is the RKHS associated with the
kernel K, || f||x denotes the norm of f in the RKHS
and x; are the sample data points. Given that f be-
longs to Hkg, it takes the form f(-) = Zj aiK(x;,-).
As in Section 2, f(x) = 0 is a hyperplane in the fea-
ture space. Using the reproducing property (K (X;, -),
K(x;, )k = K(xj,%) (see [3]), it holds that || f[|% =
(fs Nk =2 X ajouK(Xj,Xp).

In (3.1) the scalar p controls the trade-off between
the fit of the solution f to the data (measured by L) and
the approximation capacity of the function space that f
belongs to (measured by || f||x). It can be shown [11,

AN

Loss

+1 f(x)

(b)

FIG. 3. Hinge loss function L(y;, f(x;)) = (1 — y; f(xi)+: (@) L(=1, f(x;)); (b) L(+1, f(x;)).
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48] that the space where the solution is sought takes the
form {f € Hg : [ fII% < (supycy L(y,0))/u}, a com-
pact ball in the RKHS. Note that the larger w is, the
smaller is the ball and the more restricted is the search
space. This is the way in which regularization the-
ory imposes compactness in the RKHS. Cucker and
Smale [21] showed that imposing compactness on the
space assures well-posedness of the problem and, thus,
uniqueness of the solution (refer to the Appendix for
details).

The solution to problem (3.1) has the form f(x) =
>0 K(x;,X) + b, where x; are the sample data
points, a particular case of (2.1). This result is known
as the representer theorem. For details, proofs and gen-
eralizations, refer to [36, 67] or [18]. It is immediate
to show that ||f||%( = ||w||?, where w = Yo P(x;).
Given this last result, problem (3.1) can be restated as

L
(3.2) 131%2(1 —yi (W d(xi) + D))+ nlwl*.
’ i=1

It is worth mentioning that the second term in (3.2) co-
incides with the term in the objective function of (1.2).
Problems (3.1) and (3.2) review some of the key issues
of SVMs enumerated at the end of Section 1: Through
the use of kernels, the a priori problem of estimating a
nonlinear decision function in the input space is trans-
formed into the a posteriori problem of estimating the
weights of a hyperplane in the feature space.

Because of the hinge loss function, problem (3.2)
is nondifferentiable. This lack of differentiability im-
plies a difficulty for efficient optimization techniques;
see [7] or [47]. Problem (3.2) can be turned smooth by
straightforwardly formulating it as (see [41])

n
. 1 2
S C .
min 5lIwl® + ;&
st yi(w d(x)+b)=1-&,
(3.3) i=1,....n,

%_ZZO, i=19---’na

where &; are slack variables introduced to avoid the
nondifferentiability of the hinge loss function and
C =1/(2un). This is the most widely used SVM for-
mulation.

The slack variables &; allow violations of con-
straints (1.1), extending problem (1.2) to the nonsep-
arable case [problem (1.2) would not be solvable for
nonseparable data]. The slack variables guarantee the

existence of a solution. The situation is shown in Fig-
ure 2(b), which constitutes a generalization of Fig-
ure 1(b). Notice that problem (1.2) is a particular case
of problem (3.3). To be more specific, if the mapped
data become separable, problem (1.2) is equivalent to
problem (3.3) when, at the solution, & = 0. Intuitively,
we want to solve problem (1.2) and, at the same time,
minimize the number of nonseparable samples, that is,
> i #(& > 0). Since the inclusion of this term would
provide a nondifferentiable combinatorial problem, the
smooth term )7, & appears instead.

We have deduced the standard SVM formulation
(3.3) via the use of regularization theory. This frame-
work guarantees that the empirical error for SVMs con-
verges to the expected error as n — oo [21], that is,
the decision functions obtained by SVMs are statisti-
cally consistent. Therefore, the separating hyperplanes
obtained by SVMs are neither arbitrary nor unstable.
This remark is pertinent since Cover’s theorem (which
guarantees that any data set becomes arbitrarily sepa-
rable as the data dimension grows) could induce some
people to think that SVM classifiers are arbitrary.

By standard optimization theory, it can be shown that
problem (3.3) is equivalent to solving

n n n
min 330> AikjyiyiK (i X) = 3 A
i=1

i=1j=1
n

(B4 st > yiki=0,
i=1

o<ns<C, i=1,...,n.

The A; variables are the Lagrange multipliers asso-
ciated with the constraints in (3.3). This problem is
known in optimization theory as the dual problem
of (3.3) [7]. It is convex and quadratic and, therefore,
every local minimum is a global minimum. In practice,
this is the problem to solve, and efficient methods spe-
cific for SVMs have been developed (see [34, 58, 61]).

Let the vector A* denote the solution to prob-
lem (3.4). Points that satisfy A} > O are the support
vectors (shown in black in Figure 2(b) for the non-
separable case). It can be shown that the solution to
problem (3.3) is w* =)' | ATy; ®(x;) and

X M yiK (i xT)
2
i M YK (xi, x7)
2 b
where x* and x™ are, respectively, two support vec-
tors in classes +1 and —1 such that their associ-

b* =

(3.5)
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ated Lagrange multipliers AT and A~ hold so that
O0<At<Cand0 <1~ <C.
The desired decision function, which determines the
hyperplane (w*)7 & (x) + b* = 0, takes the form
D*(x) = (WH @ (x) + b*
(3.6)

n
=Y AyiK(xi,x) +b".

i=1
Equations (3.5) and (3.6) show that D*(x) is com-
pletely determined by the subsample made up by the
support vectors, the only points in the sample for
which A* A0. This definition of support vector is co-
herent with the geometrical one given in Section 1.
The reason is that Lagrange multipliers A} must ful-
fill the strict complementarity conditions (see [7]), that
is, Af(D*(x;) — 1 + &;) =0, where either A} =0 or
D*(x;) =1 — &;. Therefore, if A7 A0, then D*(x;) =
1 — & and x; is one of the points that defines the
decision hyperplane [one of the black points in Fig-
ure 2(b)]. Often the support vectors are a small fraction
of the data sample and, as already mentioned, the solu-
tion is said to be sparse. This property is due to the use
of the hinge loss function.

Note that problem (3.4) and equation (3.6) depend
only on kernel evaluations of the form K (x, y). There-
fore, the explicit mapping & is not needed to solve the
SVM problem (3.4) or to evaluate the decision hyper-
plane (3.6). In particular, even when the kernel corre-
sponds to an infinite-dimensional space (for instance,
the Gaussian kernel), there is no problem with the eval-
uation of w* =31 A¥y; ®(x;), which is not explic-
itly needed. In practice, D*(x) is evaluated using the
right-hand side of equation (3.6).

3.1 SVMs and the Optimal Bayes Rule

The results in the previous section are coherent with
the ones obtained by Lin [40], which state that the sup-
port vector machine classifier approaches the optimal
Bayes rule and its generalization error converges to the
optimal Bayes risk.

Consider a two-group classification problem with
classes +1 and —1 and, to simplify, assume equal costs
of misclassification. Under this assumption, the ex-
pected misclassification rate and the expected cost co-
incide. Let p;(x) = P(Y =+1|X =x), where X and Y
are two random variables whose joint distribution
is p(x,y). The optimal Bayes rule for the minimiza-
tion of the expected misclassification rate is

+1, if p1(x) >
=1, if pi(x) < 5.

’

——

3.7 BR(x) =

On one hand, from the previous section we know
that the minimization of problem (3.1) guarantees
(via regularization theory) that the empirical risk
% i_1(1 — yi f(x;))4+ converges to the expected er-
ror E[(1 — Y f(x))+]. On the other hand, in [40] it is
shown that the solution to the problem miny E[(1 —
Yf(x))+]is f*(x) =sign(p;(x) — 1/2), an equivalent
formulation of (3.7). Therefore, the minimizer sought
by SVMs is exactly the Bayes rule.

In [41] it is pointed out that if the smoothing parame-
ter ;o in (3.1) is chosen appropriately and the approx-
imation capacity of the RKHS is large enough, then
the solution to the SVM problem (3.2) approaches the
Bayes rule as n — oo. For instance, in the two exam-
ples shown in the next subsection, where the linear ker-
nel K(x,y) = XTy is used, the associated RKHS (made
up of linear functions) is rich enough to solve the clas-
sification problems. A richer RKHS should be used
for more complex decision surfaces (see [41]), for in-
stance, the one induced by the Gaussian kernel or those
induced by high degree polynomial kernels. Regarding
the choice of w, methods to determine it in an appro-
priate manner have been proposed by Wahba [79, 80,
82].

3.2 lllustrating the Performance with
Simple Examples

In this first example we consider a two-class separa-
ble classification problem, where each class is made
up of 1000 data points generated from a bivariate
normal distribution N(u;, I), with u; = (0,0) and
w2 = (10, 10). Our aim is to illustrate the performance
of the SVM in a simple example and, in particular,
the behavior of the algorithm for different values of
the regularization parameter C in problem (3.3). The
identity mapping ®(x) = x is used. Figure 4(a) illus-
trates the result for C = 1 (for C > 1, the same result is
obtained). There are exactly three support vectors and
the optimal margin separating hyperplane obtained by
the SVM is 1.05x + 1.00y — 10.4 = 0. For C = 0.01,
seven support vectors are obtained [see Figure 4(b)],
and the discriminant line is 1.02x + 1.00y — 10.4 =0.
For C = 0.00001, 1776 support vectors are obtained
[88.8% of the sample; see Figure 4(c)] and the separat-
ing hyperplane is 1.00x + 1.00y — 13.0 = 0. The three
hyperplanes are very similar to the (normal theory) lin-
ear discriminant function 1.00x 4+ 1.00y — 10.0 = 0.
Notice that the smaller C is, the larger the number of
support vectors. This is due to the fact that, in prob-
lem (3.3), C penalizes the value of the &; variables,
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FIG. 4.
arable data set.

which determine the width of the band that contains
the support vectors.

This second example is quite similar to the pre-
vious one, but the samples that correspond to each
class are not separable. In this case the mean vectors
of the two normal clouds (500 data points in each
group) are u; = (0,0) and ur = (4,0), respectively.
The theoretical Bayes error is 2.27%. The normal
theory (and optimal) separating hyperplane is x =2,
that is, 0.5x + 0y — 1 = 0. The SVM estimated hyper-
plane (taking C = 2) is 0.497x — 0.001y — 1 = 0.
The error on a test data set with 20,000 data points
is 2.3%. Figure 4(d) shows the estimated hyperplane
and the support vectors (the black points), which rep-
resent 6.3% of the sample. To show the behavior of
the method when the parameter C varies, Figure 4(e)
shows the separating hyperplanes for 30 SVMs that
vary C from 0.01 up to 10. All of them look very
similar. Finally, Figure 4(f) shows the same 30 hyper-
planes when two outlying points (enhanced in black)
are added to the left cloud. Since the estimated SVM
discriminant functions depend only on the support vec-
tors, the hyperplanes remain unchanged.

(e)

(a)—(c) SVM hyperplanes for a separable data set. The support vectors are the black points. (d)—(f) SVM hyperplanes for a nonsep-

3.3 The Waveform Data Set

We next illustrate the performance of SVMs on a
well-known three-class classification example consid-
ered to be a difficult pattern recognition problem [28],
the waveform data set introduced in [13]. For the sake
of clarity, we reproduce the data description. Each class
is generated from a random convex combination of
two of three triangular waveforms, namely, /(i) =
max(6 — |[i — 11],0), ha(i) = h1(i —4) and h3(i) =
h1(i 4+ 4), sampled at the integers i € {1, ..., 21}, plus
a standard Gaussian noise term. Thus, each data point
is represented by x = (x1, ..., x21), where each com-
ponent is defined by

xi =uh1(i)+ (1 —u)hy(i)+¢;, forClassl,
xi=uh1(i)+ (1 —u)h3(i)+¢;, forClass?2,
x;i =uho(i)+ (1 —u)h3(i) +¢;, forClass3,

with u ~ U (0, 1) and ¢; ~ N(0, 1). A nice picture of
sampled waveforms can be found on page 404 of [28].
The waveform data base [available from the UCI repos-
itory (data sets available from the University of Cali-
fornia, Irvine, at http://kdd.ics.uci.edu/)] contains 5000
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F1G. 5. A PCA projection of the waveform data. The black points
represent the misclassified data points using an SVM with the
Gaussian kernel.

instances generated using equal prior probabilities. In
this experiment we have used 400 data values for train-
ing and 4600 for test. Breiman, Friedman, Olshen and
Stone [13] reported a Bayes error rate of 14% for this
data set. Since we are handling three groups, we use
the “one-against-one” approach, in which (3) binary
SVM classifiers are trained and the predicted class is
found by a voting scheme: each classifier assigns to
each datum a class, being the data point assigned to its
most voted class [37]. A first run over ten simulations
of the experiment using C =1 in problem (3.3) and
the Gaussian kernel K (x, y) = ¢~ Ix=yI/200 gave an
error rate of 14.6%. To confirm the validity of the re-
sult, we have run 1000 replications of the experiment.
The average error rate over the 1000 simulations on the
training data was 10.87% and the average error rate on
the test data was 14.67%. The standard errors of the
averages were 0.004 and 0.005, respectively. This re-
sult improves any other described in the literature to
our knowledge. For instance, the best results described
in [28] are provided by FLDA and Fisher FDA (flex-
ible discriminant analysis) with MARS (multivariate
adaptive regression splines) as the regression proce-
dure (degree = 1), both achieving a test error rate of
19.1%. Figure 5 shows a principal component analysis
(PCA) projection of the waveform data into two dimen-
sions with the misclassified test data points (marked in
black) for one of the SVM simulations.

4. FURTHER EXAMPLES

In this section we will review some well-known ap-
plications of SVMs to real-world problems. In particu-

lar, we will focus on text categorization, bioinformatics
and image recognition.

Text categorization consists of the classification of
documents into a predefined number of given cate-
gories. As an example, consider the document col-
lection made up of Usenet News messages. They are
organized in predefined classes such as computation,
religion, statistics and so forth. Given a new document,
the task is to conduct the category assignment in an au-
tomatic way. Text categorization is used by many In-
ternet search engines to select Web pages related to
user queries. Documents are represented in a vector
space of dimension equal to the number of different
words in the vocabulary. Therefore, text categoriza-
tion problems involve high-dimensional inputs and the
data set consists of a sparse document by term matrix.
A detailed treatment of SVMs for text categorization
can be found in [34]. The performance of SVMs in
this task will be illustrated on the Reuters data base.
This is a text collection composed of 21,578 docu-
ments and 118 categories. The data space in this exam-
ple has dimension 9947, the number of different words
that describe the documents. The results obtained us-
ing a SVM with a linear kernel are consistently bet-
ter along the categories than those obtained with four
widely used classification methods: naive Bayes [24],
Bayesian networks [29], classification trees [13] and
k-nearest neighbors [17]. The average rate of success
for SVMs is 87% while for the mentioned methods the
rates are 72%, 80%, 79% and 82%, respectively (see
[34] and [25] for further details). However, the most
impressive feature of SVM text classifiers is their train-
ing time: SVMs are four times faster than the naive
Bayes classifier (the fastest of the other methods) and
35 times faster than classification trees. This perfor-
mance is due to the fact that SVM algorithms take
advantage of sparsity in the document by term ma-
trix. Note that methods that involve the diagonalization
of large and dense matrices (like the criterion matrix
in FLDA) are out of consideration for text classifica-
tion because of their expensive computational require-
ments.

We next outline some SVM applications in bioin-
formatics. There is an increasing interest in analyzing
microarray data, that is, analyzing biological samples
using their genetic expression profiles. The SVMs
have been applied recently to tissue classification [26],
gene function prediction [59], protein subcellular lo-
cation prediction [31], protein secondary structure pre-
diction [32] and protein fold prediction [23], among
other tasks. In almost all cases, SVMs outperformed
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other classification methods and in their worst case,
SVM performance is at least similar to the best non-
SVM method. For instance, in protein subcellular
location prediction [31], we have to predict pro-
tein subcellular positions from prokaryotic sequences.
There are three possible location categories: cyto-
plasmic, periplasmic and extracellular. From a pure
classification point of view, the problem reduces to
classifying 20-dimensional vectors into three (highly
unbalanced) classes. Prediction accuracy for SVMs
(with a Gaussian kernel) amounts to 91.4%, while
neural networks and a first-order Markov chain [75]
have accuracy of 81% and 89.1%, respectively. The re-
sults obtained are similar for the other problems. It is
important to note that there is still room for improve-
ment.

Regarding image processing, we will overview two
well-known problems: handwritten digit identification
and face recognition. With respect to the first problem,
the U.S. Postal Service data base contains 9298 sam-
ples of digits obtained from real-life zip codes (divided
into 7291 training samples and 2007 samples for test-
ing). Each digit is represented by a 16 x 16 gray level
matrix; therefore each data point is represented by a
vector in R*°. The human classification error for this
problem is known to be 2.5% [22]. The error rate for
a standard SVM with a third degree polynomial kernel
is 4% (see [22] and references therein), while the best
known alternative method, the specialized neural net-
work LeNetl [39], achieves an error rate of 5%. For
this problem, using a specialized SVM with a third
degree polynomial kernel [22] lowers the error rate
to 3.2%——close to the human performance. The key to
this specialization lies in the construction of the deci-
sion function in three phases: in the first phase, a SVM
is trained and the support vectors are obtained; in the
second phase, new data points are generated by trans-
forming these support vectors under some groups of
transformations, rotations and translations. In the third
phase, the final decision hyperplane is built by training
a SVM with the new points.

Concerning face recognition, gender detection has
been analyzed by Moghaddam and Yang [45]. The data
contain 1755 face images (1044 males and 711 fe-
males), and the overall error rate for a SVM with a
Gaussian kernel is 3.2% (2.1% for males and 4.8%
for females). The results for a radial basis neural net-
work [63], a quadratic classifier and FLDA are, respec-
tively, 7.6%, 10.4% and 12.9%.

Another outstanding application of SVMs is the de-
tection of human faces in gray-level images [56]. The

problem is to determine in an image the location of
human faces and, if there are any, return an encoding
of their position. The detection rate for a SVM using
a second degree polynomial kernel is 97.1%, while for
the best competing system the rate is 94.6%. A number
of impressive photographs that show the effectiveness
of this application for face location can be consulted
in [57].

5. EXTENSIONS OF SVMS: SUPPORT
VECTOR REGRESSION

It is natural to contemplate how to extend the kernel
mapping explained in Section 2 to well-known tech-
niques for data analysis such as principal component
analysis, Fisher linear discriminant analysis and clus-
ter analysis. In this section we will describe support
vector regression, one of the most popular extensions
of support vector methods, and give some references
regarding other extensions.

The ideas underlying support vector regression are
similar to those within the classification scheme. From
an intuitive viewpoint, the data are mapped into a fea-
ture space and then a hyperplane is fitted to the mapped
data. From a mathematical perspective, the support
vector regression function is also derived within the
RKHS context. In this case, the loss function involved
is known as the e-insensitive loss function (see [76]),
which is defined as L(y;, f(xi)) = (| f (%) — yil — &)+,
€ > 0. This loss function ignores errors of size less
than ¢ (see Figure 6). A discussion of the relation-
ship of the e-insensitive loss function and the ones
used in robust statistics can be found in [28]. Using
this loss function, the following optimization problem,
similar to (3.1) (also consisting of the minimization of

Loss

If(x) — yl

FIG. 6. The ¢e-insensitive loss function L(y;, f(X;)) =
(f&x) —yil—8&)+,e>0.
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a Tikhonov regularization functional), arises:

N 2
G.1)  min - ;ﬂf(x» yil =)+l flig,
where u > 0, Hg is the RKHS associated with the ker-
nel K, || f||x denotes the norm of f in the RKHS and
(x;, y;) are the sample data points.

Once more, by the representer theorem, the solution
to problem (5.1) has the form f(x) = >/, o; K(x;,
X) + b, where x; are the sample data points. It is
immediate to show that ||f||%< = ||w||?, where w =
Y7o P(x;) and @ is the mapping that defines the ker-
nel function. Thus, problem (5.1) can be restated as

1y
(52) min 3 (IW' @) +b = yil =)+l wl*
’ i=I

Since the e-insensitive loss function is nondifferen-
tiable, this problem has to be formulated so that it
can be solved by appropriate optimization methods.
Straightforwardly, the equivalent (convex) problem to
solve is

n
: 1 2 ’
SIWIP+CD (& +&
oin, 3 1wl G +&)

i=l

st. (W ox)+b)—yi<e+é&,

i=1,...,n,
(5.3) ,
yi— (W @(x;) +b) <e+§,
i=1,...,n,
fi»‘;‘/ZO, i=1,...,n,

where C = 1/(2un). Notice that ¢ appears only in the
constraints, forcing the solution to be calculated by tak-
ing into account a confidence band around the regres-
sion equation. The & and &/ are slack variables that
allow for some data points to stay outside the confi-
dence band determined by ¢. This is the standard sup-
port vector regression formulation. Again, the dual of
problem (5.3) is a convex quadratic optimization prob-
lem, and the regression function takes the same form
as equation (2.1). For a detailed exposition of support
vector regression, refer to [71] or [69].

One of the most popular applications of support
vector regression concerns load forecasting, an im-
portant issue in the power industry. In 2001 a pro-
posal based on SVMs for regression was the winner
of the European Network of Excellence on Intelligent
Technologies competition. The task was to supply the
prediction of maximum daily values of electrical loads

for January 1999 (31 data values altogether). To this
aim each challenger was given half an hour loads, av-
erage daily temperatures and the holidays for the pe-
riod 1997-1998. The mean absolute percentage error
for daily data using the SVM regression model was
about 2%, significantly improving the results of most
competition proposals. It is important to point out that
the SVM procedure used in the contest was standard,
in the sense that no special modifications were made
for the particular problem at hand. See [14] for further
details.

Many other kernel methods have been proposed in
the literature. To name a few, there are extensions to
PCA [70], Fisher discriminant analysis [6, 44], cluster
analysis [8, 46], partial least squares [66], time series
analysis [50], multivariate density estimation [49, 68,
54], classification with asymmetric proximities [52],
combination with neural network models [53] and
Bayesian kernel methods [74].

6. OPEN ISSUES AND FINAL REMARKS

The underlying model implemented in SVMs is de-
termined by the choice of the kernel. Deciding which
kernel is the most suitable for a given application is
obviously an important (and open) issue. A possible
approach is to impose some restrictions directly on the
structure of the classification (or regression) function f
implemented by the SVM. A way to proceed is to con-
sider a linear differential operator D, and choose K
as the Green’s function for the operator D*D, where
D* is the adjoint operator of D [4]. It is easy to show
that the penalty term || f ||%< equals || Df ||%2. Thus, the
choice of the differential operator D imposes smooth-
ing conditions on the solution f. This is also the ap-
proach used in functional data analysis [65]. For in-
stance, if D*D is the Laplacian operator, the kernels
obtained are harmonic functions. The simplest case
corresponds to (see, e.g., [35]) K(x,y) = XTy + ¢,
where ¢ is a constant. Another interesting example is
the Gaussian kernel. This kernel arises from a differen-
tial operator which penalizes an infinite sum of deriva-
tives. The details for its derivation can be found in [63].

A different approach is to build a specific kernel
directly for the data at hand. For instance, Wu and
Amari [83] proposed the use of differential geometry
methods [2] to derive kernels that improve class sepa-
ration in classification problems.

An alternative research line arises when a battery of
different kernels is available. For instance, when deal-
ing with handwriting recognition, there are a number of
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different (nonequivalent) metrics that provide comple-
mentary information. The task here is to derive a single
kernel which combines the most relevant features of
each metric to improve the classification performance
(see, e.g., [38] or [42]).

Regarding more theoretical questions, Cucker and
Smale [21], as already mentioned, provided sufficient
conditions for the statistical consistency of SVMs
from a functional analysis point of view (refer to
the Appendix for the details). On the other hand, the
statistical learning theory developed by Vapnik and
Chervonenkis (summarized in [77]) provides neces-
sary and sufficient conditions in terms of the Vapnik—
Chervonenkis (VC) dimension (a capacity measure for
functions). However, the estimation of the VC dimen-
sion for SVMs is often not possible and the relationship
between both approaches is still an open issue.

From a statistical point of view an important subject
remains open: the interpretability of the SVM outputs.
Some (practical) proposals can be consulted in [62, 76]
and [72] about the transformation of the SVM classifi-
cation outputs into a posteriori class probabilities.

Regarding the finite sample performance of SVMs,
a good starting point can be found in [55], where bias
and variability computations for linear inversion algo-
rithms (a particular case of regularization methods) are
studied. The way to extend these ideas to the SVM non-
linear case is an interesting open problem.

Concerning software for SVMs, a variety of imple-
mentations are freely available from the Web, most
reachable at http://www.kernel-machines.org/. In par-
ticular, Matlab toolboxes and R/Splus libraries can be
downloaded from this site. Additional information on
implementation details concerning SVMs can be found
in [20] and [69].

As a final proposal, a novice reader could find
it interesting to review a number of other regular-
ization methods, such as penalized likelihood meth-
ods [27], classification and regression with Gaussian
processes [72, 82], smoothing splines [81], functional
data analysis [65] and kriging [19].

APPENDIX: STATISTICAL CONSISTENCY OF
THE EMPIRICAL RISK

When it is not possible to assume a parametric model
for the data, ill-posed problems arise. The number of
data points which can be recorded is finite, while the
unknown variables are functions which require an infi-
nite number of observations for their exact description.
Therefore, finding a solution implies a choice from an

infinite collection of alternative models. A problem is
well-posed in the sense of Hadamard if (1) a solution
exists; (2) the solution is unique; (3) the solution de-
pends continuously on the observed data. A problem is
ill-posed if it is not well-posed.

Inverse problems constitute a broad class of ill-posed
problems [73]. Classification, regression and density
estimation can be regarded as inverse problems. In the

general setting, we consider a mapping H A, H,
where H; represents a metric function space and H»
represents a metric space in which the observed data
(which could be functions) live. For instance, in a lin-
ear regression problem, Hj corresponds to the finite-
dimensional vector space R¥*!, where k is the number
of regressors; Hp is R”, where n is the number of
data points; and A is the linear operator induced by
the data matrix of dimension n x (k 4+ 1). Let y =
(»1, - - -, yn) be the vector of response variables and de-
note by f the regression equation we are looking for.
Then the regression problem consists of solving the in-
verse problem Af =y. A similar argument applies to
the classification setting. In this case, the y values live
in a compact subset of the H, space [77].

An example of an inverse problem in which H»
is a function space is the density estimation one. In
this problem H; and H; are both function spaces
and A is a linear integral operator given by (Af)(x) =
[ K(x,y)f(y)dy, where K is a predetermined kernel
function and f is the density function we are seeking.
The problem to solve is Af = F, where F is the dis-
tribution function. If F' is unknown, the empirical dis-
tribution function F;, is used instead, and the inverse
problem to solve is Af =y, withy = F,.

We will focus on classification and regression tasks.
Therefore, we assume there exist a function f: X —
Y and a probability measure p defined in X x Y so
that E[y|x] = f(x). For an observed sample {(x;, y;) €
X x Y}!_,, the goal is to obtain the “best” possible
solution to Af =y, where, as mentioned above, y is
the n-dimensional vector of y;’s and A is an operator
that depends on the x; values. To evaluate the quality of
a particular solution, a “loss function” L(f; X, y) has
to be introduced, which we will denote L(y, f(x)) in
what follows. A common example of a loss function
for regression is the quadratic loss L(y, f(x)) = (y —
fFx)2

Consider the Banach space C(X) of continuous
functions on X with the norm || f||oo = supycy | f (X)].
The solution to the inverse problem in each case is the
minimizer f* of the risk functional R(f):C(X) —
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R defined by (see [21])

(A1) R(f)= /X LU FR)px, ) dxdy.

Of course, the solution depends on the function space
in which f lives. Following [21], the hypothesis space,
denoted by # in the sequel, is chosen to be a compact
subset of C(X). In particular, only bounded functions
f:X —> Y are considered.

In these conditions, and assuming a continuous loss
function L, Cucker and Smale [21] proved that the
functional R(f) is continuous. The existence of f* =
argmin sy R(f) follows from the compactness of #
and the continuity of R(f). In addition, if J# is con-
vex, f* will be unique and the problem becomes well-
posed.

In practice, it is not possible to calculate R(f) and
the empirical risk R, (f) = %Z:‘l:l L(y;, f(x;)) must
be used. This is not a serious complication since as-
ymptotic uniform convergence of R, (f) to the risk
functional R(f) is a proven fact (see [21]).

In summary, imposing compactness on the hypothe-
sis space assures well-posedness of the problem to be
solved and uniform convergence of the empirical error
to the risk functional for a broad class of loss functions,
including the square loss and loss functions used in the
SVM setting.

The question of how to impose compactness on
the hypothesis space is fixed by regularization the-
ory. A possibility (followed by SVMs) is to minimize
Tikhonov’s regularization functional

1
(A.2) fIréllr_};i:ZlL(yi,f(Xi))+)¥Q(f),

where A > 0, H is an appropriate function space, and
Q(f) is a convex positive functional. By standard op-
timization theory arguments, it can be shown that, for
fixed A, the inequality Q(f) < C holds for a con-
stant C > 0. Therefore, the space where the solution
is searched takes the form # = {f € H:Q(f) < C},
that is, a convex compact subset of H.
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Comment

Olivier Bousquet and Bernhard Schoélkopf

Our contribution will be short, but we will try to
compensate by being particularly opinionated. The
field of support vector machines (SVMs) and related
kernel methods has produced an impressive range of
theoretical results, algorithms and success stories in
real-world applications. While it originated in machine
learning, it is also concerned with core problems of
statistics and it is thus timely to publish a comprehen-
sive article that discusses these methods from a statis-
tician’s point of view. We shall use this opportunity to
make a few general comments, largely about the field
rather than about the present paper.

Many papers about SVMs start off saying something
like “SVMs are great because they are based on sta-
tistical learning theory” (this probably includes some
of our own writings). Moguerza and Muifioz are more
careful and only say that SVMs appeared in the context
of statistical learning theory. What actually is the con-
nection between SVMs and statistical learning theory?

Historically, SVMs and their precursors were (co-)
developed by Vladimir Vapnik, one of the fathers of
statistical learning theory. Statistical learning theory
includes an analysis of machine learning which is in-
dependent of the distribution underlying the data. How-
ever, this analysis cannot provide any a priori guarantee
that SVMs (or any other algorithm) will work well on
a real-world problem. So what is special about SVMs,
if anything?

In our view, what is special about SVMs is the com-
bination of the following ingredients: first and fore-
most, the use of positive definite kernels; then regu-
larization via the norm in the associated reproducing
kernel Hilbert space; finally, the use of a convex loss
function which is minimized by a classifier and not a
regressor.

The magic of kernels. Positive definite kernels and
their feature space interpretation do provide a very nice
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way to look at a whole class of algorithms; however, it
is important to stress that they do not bring any statisti-
cal guarantee by themselves. The statistical guarantees
available stem from the regularization (or learning the-
ory) point of view. We shall return to this point below.

The main advantages of positive definite kernels are
the following:

1. They allow easy construction of a nonlinear algo-
rithm from a linear one, often without incurring ad-
ditional computational cost.

They provide generality via the fact that they can be
defined on nonvectorial data and do not, in general,
require an explicit mapping to a reproducing kernel
Hilbert space.

Historically, the first point was initially considered one
of the major advantages of kernels and it triggered
a significant number of kernel algorithms other than
SVMs, starting with kernel principal component analy-
sis (PCA). More recently, the second point has ar-
guably taken over the role of the key selling point for
kernel methods. The application of learning algorithms
to nonvectorial data has become the field where nowa-
days a lot of the action is happening in the machine
learning world, in particular concerning applications
on structured data (e.g., in biology or natural language
processing). We are curious to see whether the field of
statistics will also embrace these possibilities.

A sober look at the geometric interpretation. The
geometric point of view is an original way to look at
SVMs and quite possibly the right way to come up
with an algorithm like the SVM in the first place. How-
ever, it does not yield comprehensive statistical un-
derstanding. More precisely, there is no way to prove
that large margin separating hyperplanes perform bet-
ter than other types of hyperplanes independently of
the distribution of the data.

Sure enough, the geometric point of view does pro-
vide intuition and motivates a large number of related
algorithms, but one should not be fooled by geometric
intution or two-dimensional illustrations. The fact that
data that are not linearly separable in input space sud-
denly becomes linearly separable in the so-called fea-
ture space (as depicted on Figure 1 of the main paper)
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has led to misconceptions. Indeed, the picture seems
to suggest that the kernel has magically placed the two
clouds of points in two separate regions of the space,
and hence uncovered the right decision boundary.

The feature space often has a nonintuitive geome-
try. Let us take the example of the Gaussian Radial
Basis Function (RBF) kernel. The corresponding fea-
ture space is of infinite dimension and the points are all
mapped to the positive orthant of the unit sphere. Any
two disjoint point sets in input space can be separated
by a hyperplane in this feature space.

There is thus something mysterious happening in
this space, but this space is but one way to look at
things. We might instead directly look at the SVM
algorithm and see that it loosely speaking tries to
combine functions of the form k(x;,-) using coeffi-
cients chosen to maximize the real-valued predictions
vi f (x;) on the training set. This brings us to the con-
cept of margin. People usually say that maximizing the
margin is good for generalization. There are two con-
cepts of margin to be distinguished:

e Geometric margin (distance to the hyperplane). This
is related to the norm of the weight vector, so that
maximizing the margin corresponds to minimizing
the norm (i.e., to regularization). Regularization can
indeed lead to good generalization, provided the
kind of smoothness enforced by the regularizer re-
flects the specifics of the problem.

e Numerical margin [i.e., the quantity y; f(x;) which
appears in the hinge loss used by the standard SVM].
The main reason why it makes sense to maximize
this margin is because the hinge loss is a convex non-
increasing upper bound of the classification loss, so
that making y; f (x;) large will ensure that the hinge
loss is small and thus that we minimize the number
of misclassification errors. However, this only means
that minimizing the empirical hinge loss might lead
to minimizing the empirical misclassification error,
but does not guarantee that the expected misclassifi-
cation error will be minimized as well.

These two notions are quite distinct, yet they are some-
times confused because they are entangled in the al-
gorithms. For instance, if one minimizes the hinge loss
over linear combinations of kernels and if there exists a
combination such that the total hinge loss on the train-
ing set is zero, then this combination is not unique: we
can multiply it by an arbitrary positive scale factor. In-
troducing a constraint on the norm of the weight vector
is a natural way to remove this gauge freedom. This

constraint is not innocent. It introduces a coupling be-
tween the numerical and the geometric margins: max-
imizing the geometric margin (in the context of an
appropriate nonlinear kernel) leads to regularization
which prevents overfitting by penalizing complex func-
tions, while maximizing the numerical margin leads
to minimization of the empirical error. Searching for
a function with small empirical error while penalizing
the complexity is the key to most reasonable learning
algorithms.

Convexity and loss functions. Another attractive fea-
ture of positive definite kernels is that they allow non-
linearization of learning algorithm while preserving
the convexity of the associated optimization problem.
This is also one reason for the success of SVMs: the
optimization problem is easier to handle than that of
other algorithms such as artificial neural networks. The
introduction of SVMs with kernels in the machine
learning community suddenly moved the focus from
optimization algorithms (e.g., multiple variants of gra-
dient descent) to optimization criteria. This has created
significant interest in convex functionals (for all kinds
of problems such as model selection, semisupervised
or unsupervised learning) and methods of convexify-
ing existing functionals.

In the context of supervised learning, this search for
convexity has led to the introduction of many differ-
ent convex loss functions. However, something that
has often been overlooked is the set of properties the
loss function has to satisfy so that it leads to a consis-
tent algorithm. For example, in the classification set-
ting, a minimum requirement is that with sufficient
data, minimizing the loss should lead to minimiza-
tion of the misclassification error. For standard SVMs,
the fact that the hinge loss satisfies this property was
noticed relatively late (see reference [40] of the main
paper) and, more surprisingly, in the context of multi-
class classification this has been addressed only very
recently. It has been proved in [1] that several variants
of multiclass SVM do not have the required property.
Of course, this is not to say that they perform poorly on
a finite sample, but it is important to understand what
an algorithm is aiming at and how it should behave as
the sample size increases.

Moguerza and Muiioz are indeed aware of the fact
that the minimizer of the hinge loss is the Bayes clas-
sifier (or rather is a function which has the same sign
as that of the Bayes classifier), but they later say that
there is still work to be done to provide a probabilistic
interpretation of the output values produced by SVM
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classifiers. This is somewhat problematic because, at
least asymptotically, there is no possible relationship
between probabilities and output values. [This follows
from the consistency property: With an appropriate
kernel, the values of the function produced by the SVM
algorithm will converge to exactly +1 or —1 on all the
points where P(Y|X) €]0, 1/2[U]1/2, 1] so that the
value of f(X) will have no relationship to P(Y|X).]
Hence, on a finite sample, if a relationship occurs, it
will likely be by pure chance (or because the kernel
happens to regularize exactly in the way needed for the
preferred functions to look like the conditional proba-
bility density function).

To conclude this section with a more philosoph-
ical viewpoint, let us mention that the SVM algo-
rithm also reinforces the belief that one should be
concerned about the objective rather than about the
model: what is important is not whether one can iden-
tify the “true” target function; rather, one should try to
find some function, from a large class, which will per-
form well. This belief is shared by many researchers
in the machine learning community, and it probably
distinguishes them from “classical” statisticians, as ar-
gued, for example, in [3].

Theoretical considerations. Regarding the statisti-
cal analysis of the SVM algorithm, besides the works
cited in the paper, there are a few additional references
that are worth mentioning; for example, [6] first proved
universal consistency of L-SVM with a Gaussian ker-
nel, while Steinwart and Scovel [8] and Steinwart [7]
obtained rates of convergence under various condi-
tions. Also, more recently, the consistency of SVM has
been proved by Vert and Vert [9] in the case where the
regularization parameter is held fixed, but the kernel
width goes to zero. This suggests that there is a cou-
pling between both types of regularization (provided
by a small norm of the function and a large kernel
width).

It is now clear that the VC dimension is not the right
parameter to capture the rates of convergence, espe-
cially when studying real-valued functions classes. Al-
ternative possibilities (based on Rademacher averages)
along with finite-sample performance bounds can be
found, for example, in [2].

Progress has also been made in understanding the
role of sparsity in SVMs. First of all, the number of
support vectors is asymptotically linear in the sample
size if the Bayes error is nonzero. Second, on large data
bases the number of support vectors is usually too large
for fast testing (hence the development of reduced set
methods which can be applied to nonsparse models [4,

5.

Why do SVM work so well in practice? There is
probably no theoretical answer to this question. The
fact that they are universally consistent is surely in-
teresting, but does not explain anything about finite
sample performance on real-world data sets (e.g., the
k-nearest neighbor algorithm is also universally con-
sistent). The sparsity also does not explain it. Regular-
ization (by the kernel width and by the function norm)
surely plays a role (by preventing overfitting) but this
cannot be quantified. Indeed, in statistical terms, one
can only tell the effect of regularization on the variance
but not on the bias, at least if one does not make spe-
cific assumptions on the smoothness of the target func-
tion. The only possible answer to this question might
thus be that on those problems where SVMs excel, the
kernel that is used induces a regularizer that incorpo-
rates appropriate prior knowledge about the problems
or, equivalently, it captures the right notion of similar-
ity. In a large majority of applications, the Gaussian
RBF kernel is used and its success simply means
that the Euclidean distance in input space is locally
meaningful for those problems. [Indeed, the Gaussian
kernel incorporates a notion of similarity which is a
monotonic function of the Euclidean distance. In this
case, the SVM produces a “local rule”: The prediction
at a given point is a weighted combination of the labels
of nearby points (where the weight mainly depends on
the distance and is adapted by the coefficients A; which
appear in equation (3.4) of the main paper).]

Future directions for research. Although, as ex-
plained by Moguerza and Muiioz, the SVM algorithm
in itself has several interesting merits, we think that
what is most important about it is its impact on the field
of machine learning and statistics. It has introduced
new concepts and ideas that have considerably influ-
enced their progress, and we expect that the acquired
momentum will lead to further advances, in domains
such as structured learning, joint kernels (mixing in-
puts and outputs), links to graphical models, and semi-
supervised learning, to name but a few. In a different
direction, one could try to extend the notion of kernel
so as to handle higher level similarities, such as analo-
gies (which can be considered as similarities between
pairs of examples).

There are also several important questions that need
to be addressed so as to bridge the gap between ba-
sic research and applications. For instance, there is no
satisfactory method for choosing the parameters other
than using cross-validation, which can be an obstacle in
applications. Moreover, there are still significant com-
putational issues arising from the implementation of
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SVM-like algorithms using nonlinear kernels for large-
scale problems.
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INTRODUCTION

The support vector machine (SVM) has played an
important role in bringing certain themes to the fore
in computationally oriented statistics. However, it is
important to place the SVM in context as but one mem-
ber of a class of closely related algorithms for nonlin-
ear classification. As we discuss, several of the “open
problems” identified by the authors have in fact been
the subject of a significant literature, a literature that
may have been missed because it has been aimed not
only at the SVM but at a broader family of algorithms.
Keeping the broader class of algorithms in mind also
helps to make clear that the SVM involves certain
specific algorithmic choices, some of which have fa-
vorable consequences and others of which have unfa-
vorable consequences—both in theory and in practice.
The broader context helps to clarify the ties of the SVM
to the surrounding statistical literature.

We have at least two broader contexts in mind for the
SVM. The first is the family of “large-margin” clas-
sification algorithms—a class that includes boosting
and logistic regression. All of these algorithms involve
the minimization of a convex contrast or loss function
that upper bounds the 0-1 loss function. The SVM
makes a specific choice of convex loss function—the
so-called hinge loss. Hinge loss has some potentially
desirable properties (e.g., sparseness) and some poten-
tially undesirable properties (e.g., lack of calibration
to posterior probabilities). As we discuss, much of the
theoretical analysis of the SVM is best carried out by
focusing on convexity and abstracting away from the
details of specific loss functions.

Second, as the authors note, the SVM is an instance
of the broader family of statistical procedures based on
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reproducing kernel Hilbert spaces (RKHSs). The au-
thors’ emphasis is on the use of RKHS methods to pro-
vide basis expansions for discriminant functions and
regression functions. RKHS ideas have, however, been
carried significantly further in recent years, enliven-
ing areas of computationally oriented statistics beyond
classification and regression. We wish to convey some
of the reasons for this broader interest in RKHS-based
approaches.

There are both computational and statistical motiva-
tions for focusing on methods based on convexity and
reproducing kernel Hilbert spaces. In the remainder of
this discussion we attempt to disentangle some of these
motivations, but we wish to emphasize at the outset that
it is precisely because these methods bring computa-
tional and statistical considerations together that they
are so interesting.

CONVEXITY

The SVM is one example of a general strategy for
solving the binary classification problem via a “con-
vex surrogate loss function.” To develop this perspec-
tive, let us define binary classification as the problem of
choosing a discriminant function f: X — R that min-
imizes misclassification risk,

R(f)=P(Y Asgn(f (X)) =EL(Yf (X)),

where X € X is the covariate, Y € {1} is the binary
response, and £(«) = 1 for @ <0 and = 0 otherwise.
The family of large-margin classification algorithms at-
tacks this problem indirectly by minimizing a quantity
known as the ¢-risk,

Ry (f) =E¢ (Y (X)),

where ¢ : R — R is a surrogate for the loss function ¢,
and Y f(X) is called the margin of f on the observa-
tion (X, Y). The margin indicates not only whether the
observation is correctly classified by f, but how close
f comes to choosing the opposite label. The surrogate
loss function ¢ is chosen so that large margins corre-
spond to small losses.

Given a data set (X1, Y1), ..., (X,, Y,), we can form
the empirical ¢-risk

~ 1
Ry(f) == oYif(X)
n

i=1
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and attempt to minimize this quantity with respect to
the discriminant function f. When ¢ is chosen as a
convex function and f is constrained to lie in a convex
family of prediction rules, the minimization becomes a
convex optimization problem. Contrast this with mini-
mization of empirical 0—1 (misclassification) risk,

.o 1
Jr(l’éljll R(f) = - ;z(y,-f(xi)),

a problem whose exact or even approximate solution
is known to be intractable for most nontrivial func-
tion classes ¥ (e.g., Arora, Babai, Stern and Sweedyk,
1997).

In the case of SVMs, the convex surrogate is the
hinge loss

ifa<l,
otherwise,

1 —a,

b(a) = {O’

and the function f is chosen from the RKHS # de-
fined by the kernel. However, the hinge loss is not the
only convex surrogate worth considering. Using the bi-
nomial deviance function as a convex surrogate and
optimizing over linear functions on R? yields logis-
tic regression. Just as with the SVM, a nonlinear ver-
sion of logistic regression can be defined by making
use of reproducing kernels (Zhu and Hastie, 2005).
AdaBoost (Schapire and Singer, 1999) can also be in-
terpreted as a large-margin method, with ¢ (@) = e™%;
similar greedy ensemble methods correspond to other
choices of ¢.

The benefits of empirical convex risk minimization
are not just computational. Searching for a prediction
rule which achieves a large margin on many training
examples, rather than just correctly classifying them,
is an implicit form of regularization. For example, cer-
tain function classes of infinite Vapnik—Chervonenkis
(VC) dimension, where empirical 0—1 risk minimiza-
tion does not yield good classifiers, can be used effec-
tively in the large-margin framework (Bartlett, 1998;
Schapire, Freund, Bartlett and Lee, 1998).

Taking the margin-based viewpoint highlights the
important role convexity plays in the success of SVMs.
On the other hand, the authors’ emphasis on the need to
find a differentiable or smooth formulation seems mis-
placed. In the differentiable case, the key property of a
convex objective function f is that, for any two points
x, y in the domain,

9 T
TN

() f(y)zf<x>+( "

Thus, local behavior of f (its gradient at x) deter-
mines a global lower bound on f. The existence of
this bound makes possible efficient algorithms for con-
vex optimization. However, property (1) holds in a
slightly generalized form even for nondifferentiable
convex functions. A subgradient of a convex f at x
is a vector g such that

fO=f+g (y—x) Vy.

The subdifferential of (x) of f at x is the set of f’s
subgradients at x. The subdifferential is the natural
analog of the gradient for nonsmooth objectives: any
point in df (x) provides the equivalent of property (1);
0 € 0f(x) if and only if x is a global minimizer
of f; and the subdifferential contains only the gradi-
ent at points of differentiability. Moreover, every con-
vex function has nonempty subdifferentials throughout
the interior of its domain. There has been a great deal
of successful research on efficient algorithms for non-
smooth convex optimization using “bundle methods”
based on subdifferentials. See, for example, Hiriart-
Urruty and Lemaréchal (1993), Borwein and Lewis
(2000) and Boyd and Vandenberghe (2004).

Statistical Analysis

To address issues such as statistical consistency and
finite sample behavior in the large-margin framework,
we need to decompose the risk R(f;) into three com-
ponents. Two of the components are the approximation
error and the estimation error that are familiar from
other areas of nonparametric statistics. The third com-
ponent arises from the use of the convex surrogate ¢ in
place of the 01 loss.

We can quantify the effect of this third component
through an inequality of the form

¥(R(f) — R*) < Ry(f) — R},

where 1 is a convex, nonnegative function and f
is an arbitrary measurable function (Bartlett, Jordan
and McAuliffe, 2006). Notice that such an inequal-
ity relates the excess risk, R(f) — R*, to the excess
¢-risk, Ry (f) — Ry. Here, the Bayes risk, R, is de-
fined by R* =inf, R(g), where the infimum is over all
measurable functions, and R’ is the minimal ¢-risk,
R;’; = infy Ry(g). An optimal inequality of this form
has been obtained for any nonnegative surrogate loss
function ¢, where ¥ can be written explicitly in terms
of ¢ (Bartlett, Jordan and McAuliffe, 2006). In the case
of SVMs, where ¢ is the hinge loss, ¢ turns out to
be the identity (Zhang 2004; Blanchard, Bousquet and
Massart, 2006).
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Thus, for SVMs we can write an optimal upper
bound on the excess risk as

R(fn) — R*
=< R¢(fn) - R;;

- (R¢<fn) - it R¢(f)> + ( inf Ry(f) R;;,).

This decomposition into the estimation error and the
approximation error reflects the bias—variance trade-
off, ubiquitous in nonparametric estimation. On the
one hand, the function f;, must come from a suit-
ably simple class to ensure that the performance of
fn on the finite training sample is representative of its
true performance and so the estimation error Ry ( f;) —
infre Ry(f) is not too large. On the other hand,
fn» must be suitably complex, so that its ¢-risk is not
too much larger than the optimal R;;. One common ap-
proach to this model selection problem is the method
of sieves, where the function f;, is chosen as the mini-
mizer of the empirical ¢-risk over classes F;, that grow
progressively richer as the sample size n increases. The
other common approach is to add a regularization term,
so that f, is chosen as the minimizer of

Ry (f) + 2 Q(f)

for some regularization functional €2 that penalizes
complex functions and for some regularization coeffi-
cients A,. In the case of SVMs, the regularization func-
tional is the squared norm in the reproducing kernel
Hilbert space #f. The regularization approach and the
method of sieves are closely related. In particular, since
0 € # and 134, (0) =1 for the hinge loss, we know that

1 -
1 fal3e < 5= (Ry (i) Aall ful%)

< 1(1% (0) + 2 [10]1%) = !
=, nlEla) =5

n

Thus, the SVM chooses a function from the sieve ¥, =
(f€H:Nf15 < 1/hn).

It is important to note that the regularization coeffi-
cient A, must decrease with the sample size, so as to
ensure universal consistency. Indeed, the approxima-
tion error, infrcg, Ry(f) — R:;, must go to zero. On
the other hand, it should decrease sufficiently slowly
that the estimation error, Ry ( f,) —infrc 7, Ry(f), also
decreases to zero. (Consistency does not follow from
uniform convergence of the empirical to expected er-
ror in a ball of fixed radius, as the appendix of the paper
suggests.)

One of the most important consequences of the
choice of a kernel is the way it affects this trade-off be-
tween the estimation and approximation errors. We can
view the kernel, and hence the norm in the RKHS, as
defining a complexity hierarchy. A good kernel is one
for which a good approximation to R; can be obtained
with a function that is low in the complexity hierarchy,
in the sense that it has a small norm.

The paper lists several statistical issues as important
open problems, notably the finite-sample performance
of SVMs and the estimation of a posteriori class
probabilities. In fact, bounds on the estimation er-
ror, Ry(fy) — infrcg, Ry(f), for finite sample size
have been known for years. These bounds are ex-
pressed in terms of properties of the eigenvalues
of the Gram matrix, the matrix whose entries are
k(x;, x;) (see, e.g., Shawe-Taylor, Bartlett, Williamson
and Anthony, 1998; Bartlett and Shawe-Taylor, 1999;
Williamson, Smola and Schoélkopf, 1999; Mendelson,
2002; Bartlett, Bousquet and Mendelson, 2005;
Blanchard, Bousquet and Massart, 2006). Moreover,
these results provide an essential foundation for proofs
of consistency (Steinwart, 2002, 2005; Zhang, 2004).
In contrast, while the VC dimension is central to the
analysis of methods that minimize the empirical 0-1
risk, it is not relevant to SVMs. Indeed, for any kernel
that is sufficiently rich to allow a universal consistency
result, the RKHS necessarily has infinite VC dimen-
sion. See Bartlett and Shawe-Taylor (1999) for an ex-
planation of the role of the VC dimension and other
complexity measures that are more appropriate to the
analysis of the finite-sample behavior of SVMs.

Moreover, the problem of estimation of a posteriori
class probabilities using SVM classification outputs is
not open, in the following sense. It is an easy calcula-
tion to see that, for any x, the minimizer of the con-
ditional expectation E[¢p (Y f(x))|X = x] is f*(x) =
sign(2n(x) — 1), where n(x) = Pr[Y = 1| X = x]. Fur-
thermore, results of Steinwart (2003) establish that, un-
der reasonable conditions on the kernel function and
the rate at which the regularization coefficients go to
zero, the function f,, chosen by the SVM converges
to f*. Thus, asymptotically there is no information
about the a posteriori class probabilities in the SVM
classification outputs. Thus the SVM framework does
not appear to provide an appropriate starting point for
the estimation of a posteriori probabilities. This is a
distinguishing feature of the hinge loss ¢: its minimiza-
tion cannot correspond to fitting a probability model,
since it is indifferent to distinct values of the class prob-
ability.
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To elaborate on this point, note that one of the
attractive features of SVM classifiers is their sparse-
ness: The proportion of nonzero dual variables (“sup-
port vectors”) is typically small. Steinwart (2004) has
presented a beautiful relationship between the number
of support vectors in an SVM and the Bayes risk. As-
suming that the kernel is appropriately chosen and the
regularization is reduced sufficiently slowly as the sam-
ple size increases, the asymptotic proportion of support
vectors is equal to twice the Bayes risk. On the other
hand, it is known that if we replace the hinge loss ¢
with the differentiable quadratic loss, sparseness dis-
appears, but then the a posteriori class probabilities
can be estimated asymptotically. Indeed, sparseness
and the ability to estimate conditional probabilities
seem to be incompatible. If the hinge loss is replaced
by any of a large family of loss functions, it can be
shown (Bartlett and Tewari, 2004) that the proportion
of support vectors approaches the expectation of a cer-
tain function of the conditional probability n(X), and
this function is maximal for those values of 1n(X) for
which estimation of the conditional probability is pos-
sible asymptotically.

KERNEL METHODS

While the SVM has helped to bring RKHS ideas to
new prominence, focusing on the SVM runs the risk
of limiting the appreciation of the scope and potential
impact of RKHS methods. In this section we augment
the presentation by Moguerza and Muiioz to provide
a broader context for the understanding of the RKHS
aspect of the SVM approach.

The main point that we wish to make in this sec-
tion is this: A RKHS provides computationally effi-
cient machinery for evaluating and optimizing a variety
of statistical functionals of interest. The empirical loss
functions of nonparametric classification and regres-
sion are a special case—one in which the focus is on
the basis function expansions provided by a RKHS—
but there are other roles for a RKHS.

A key idea in RKHS methodology is that an inner
product can be computed by evaluating a reproduc-
ing kernel k(x, x")—a function of two arguments that
obeys symmetry and positive definiteness conditions.
A reproducing kernel may take the form of an ana-
lytic function (e.g., the Gaussian kernel) or may take
the form of a computational procedure (e.g., the string
kernel, which involves a dynamic program).

Given a set of n data points {x1,x3,...,x,} and
given a reproducing kernel k(x, x"), one can form the

Gram matrix. The SVM and the other kernel methods
mentioned in Section 5 of Moguerza and Mufioz are
all based on various operations (computation of eigen-
vectors, determinants, inverses, etc.) on Gram matrices.
This reduction of the data to a Gram matrix is signifi-
cant computationally; indeed, while the naive compu-
tational complexity of many kernel methods is O (1),
the exploitation of more sophisticated numerical linear
back ends can drive this cost down to O (nk?), where
k is a measure of the effective rank of a Gram matrix.
The effective rank is typically small.

Let us now consider a problem that at first glance
seems to have little to do with kernel methods—the
problem of assessing whether random variables X and
X, are independent. Independence can be reduced to
correlation by considering transformations of the ran-
dom variables. In particular, X| and X, are indepen-
dent if and only if

p= max Corr(h;(X1),h2(X2))=0

hy,haedt
for a suitably rich function space #. Indeed, if F# is
L, and thus contains the Fourier basis, this statement
reduces to a classical fact about characteristic func-
tions. More interestingly, the result also holds for cer-
tain RKHSs. Moreover, the reproducing property of
the kernel implies that function evaluation in a RKHS
reduces to an inner product, h1(X1) = (k(-, X1), h1),
where k(-, -) is the reproducing kernel for # and (-, -)
is the corresponding inner product. Thus correlations
can be computed as

Corr(h1(X1), h2(X2))
= COIT((k(, X1)7 h1>’ <k(’ XZ)? h2))

Maximizing over /1 and /> thus amounts to maximiz-
ing the correlation between projections of vectors in a
pair of Hilbert spaces; this is nothing but canonical cor-
relation analysis (CCA) in # (cf. Leurgans, Moyeed
and Silverman, 1993). Moreover, using the reproduc-
ing property it is easy to show that this functional CCA
computation can be reduced to a generalized eigenvec-
tor problem on a pair of Gram matrices (one Gram
matrix for the observations of X; and another Gram
matrix for the observations of X;). Thus we can assess
independence by carrying out a kernelized version of
CCA.

This line of argument is due to Bach and Jordan
(2002), who showed how it could be used to fit a semi-
parametric model known as independent component
analysis. The general approach has been carried further
by Gretton et al. (2005), who established relationships
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between RKHS-based measures of independence and
mutual information.

Further work in this vein has shown how RKHS
ideas can be used to develop computationally efficient
methods for fitting a wide range of other nonparamet-
ric and semiparametric models. Consider, for example,
the problem of sufficient dimension reduction (SDR)
for regression (Cook, 1998). This problem can be for-
mulated as the problem of finding a matrix By whose
column space spans a subspace 4 of the covariate space
and which satisfies

Pyix(V1%) = py,pr x (V1 B§ 2).

That is, the regression of ¥ on X depends only on the
projection of X on 4. Note that no additional assump-
tions are made about the regression function. We see
that SDR can be viewed in terms of an assertion of
conditional independence. Fukumizu, Bach and Jordan
(2006) have shown how such assertions can be evalu-
ated in terms of covariance operators on RKHSs. In
particular, they showed that By can be alternatively
characterized as

Bp = argmin E,lf},lx,
B

where X EY‘ x 18 a conditional covariance operator on

a RKHS, based on the kernel function kZ(x,x’) =
k(BTx, BTx’). This operator can be estimated and
minimized (in the sense of the partial order of self-
adjoint operators) using Gram matrices. Under weak
conditions, this yields a consistent procedure for esti-
mating By.

CONCLUSIONS

A statistician who encounters SVMs for the first
time might have difficulty understanding the source
of the excitement. After all, the SVM is a modest
variation on some standard statistical methodology—
it involves RKHS expansions of discriminant or re-
gression functions combined with a simple piecewise-
linear loss function. Nonetheless, this combination has
noteworthy practical consequences. In particular, by
paying careful attention to the optimization problem
that arises in the SVM and by paying careful attention
to the resulting numerical linear algebra, the SVM can
be applied to very large classification and regression
problems. Moreover, these lessons extend beyond the
specific setting of the SVM. As we have emphasized,
the key ideas of convex relaxation and reproducing ker-
nels have applications well beyond the SVM. They per-
mit an approach to nonparametric statistics that blends

tools from nearby areas of applied mathematics such as
optimization theory, functional analysis, numerical lin-
ear algebra and combinatorics, undeniably expanding
the scope of activities in nonparametric statistics and
expanding the scale of problems that can be addressed.
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1. INTRODUCTION

The authors are to be commended for jumping in
to describe support vector machines (SVMs), not an
easy thing to do since the the literature for SVMs
has grown at least exponentially in the last few years.
A Google search for “support vector machines” gave
“about 1,180,000 hits as of this writing. The authors
have nevertheless made a nice selection of important
points to emphasize. As noted, SVMs were proposed
for classification in the early 1990s by arguments like
those behind Figure 1 in their paper. The use of SVMs
grew rapidly among computer scientists, as it was
found that they worked very well in all kinds of prac-
tical applications. The theoretical underpinnings that
went with the original proposals were different than
those in the classical statistical literature, for example,
those related to Bayes risk, and so had less impact in
the statistical literature. The convergence of SVMs and
regularization methods (or, rather the convergence of
the “SVM community” and the “regularization com-
munity”’) was a major impetus in the study of the (clas-
sical) statistical properties of the SVM. One point at
which this convergence took place was at an Amer-
ican Mathematical Society meeting at Mt. Holyoke
in 1996. The speaker was describing the SVM with the
so-called kernel trick when an anonymous person at the
back of the room remarked that the SVM with the ker-
nel trick was the solution to an optimization problem
in a reproducing kernel Hilbert space (RKHS). Once it
was clear to statisticians that the SVM can be obtained
as the result of an optimization/regularization problem
in a RKHS, tools known to statisticians in this context
were rapidly employed to show how the SVM could be
modified to take into account nonrepresentative sam-
ple sizes, unequal misclassification costs and more than
two classes, and to show in each case that it directly tar-
gets the Bayes risk under very general circumstances
(see also [5, 8]). Thus, a “classical” explanation of why
they work so well was provided.

Grace Wahba is the 1J Schoenberg-Hilldale Professor of
Statistics, Department of Statistics, University of Wisconsin,
1300 University Avenue, Madison, Wisconsin 53706, USA
(e-mail: wahba@stat.wisc.edu), and is also a member of
the Computer Sciences Department and the Biostatistics
and Medical Informatics Department.
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2. MERCER’S KERNELS AND POSITIVE
DEFINITE FUNCTIONS

Let 7 be a.d.o. (any dirty old) domain and let
K(s,t),s,t € T, be a symmetric, positive definite
function of two variables; K is said to be positive def-
inite if for any n, and any #1,...,t, € 7, the n X n
matrix with ijth element K (7, t;) is nonnegative def-
inite. In the early SVM literature, as well as in the
present paper, the kernel is described as having a rep-
resentation K (s,7) = Y 52 A, ®,(s)P,(r). Here the
(nonnegative) A, and the @, are the eigenvalues and
eigenvectors of K. A representation as in this sum is
sufficient for K to be positive definite (see [13] on the
Mercer Hilbert—Schmidt theorem), but the so-called
radial basis functions (RBF) popular in machine learn-
ing, of the form K (s,t) = k(|ls — t]|), s,t in Euclid-
ean d-space E?, do not have a countable sequence of
eigenvalues and eigenvectors—complex exponentials
play the role of eigenvectors (see [3]). The Gaussian
kernel K. (x,y) = e=1¥=Y1%/e ig such an example. Al-
though the notion of a countable expansion was used in
uncoupling the linear SVM from its linearity restriction
(and seems to be repeated over and over), the lack of a
countable set of eigenvectors and eigenvalues does not
affect the use of the Gaussian kernel or any other pos-
itive definite function in an SVM; as the authors note,
only values of K are needed. The RBF probably just do
not want to be called “Mercer’s kernels” (!). Positive
definite functions are sometimes called reproducing
kernels, relating to their association with RKHS [1].

Given a collection of objects (which could be vec-
tors, images, sounds, graphs, texts, trees, ...) in a.d.o.
domain 7, a positive definite matrix with ij entry
K (i, j) defines a (squared) distance d;; between the ith
and jth object as

dij=K@,i)+ K(j,j)—2K(, )

(and, in addition, this distance comes with an inner
product). It can be argued that using distance between
objects, defined in some way, is truly fundamental to
classification and, therefore, positive definite kernels,
since they provide a distance, play a fundamental role.
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3. LARGE MARGIN CLASSIFIERS AND
REGULARIZATION

Referring to equation (3.1) in the main paper, note
that the elementary cost function (1 — y; f(x;))+ de-
pends only on 7; = y; f(x;). If y; and f(x;) have the
same sign, then f will classify y; correctly, and if they
have different signs, then f will classify y; incorrectly.
The term 1; is frequently called the margin, and classi-
fiers that depend on the data only through t are called
large margin classifiers. The cost function c(t) = (7)+
is called the misclassification counter, and it would be
considered the ideal cost function if it were not for
the fact that it leads to a nonconvex, nontractable op-
timization problem. Considering Bernoulli data coded
as y; = 1 or y; =0, the penalized likelihood estimate,
where the cost function is the negative log likelihood,
goes back at least to [12]. In that paper, members of the
exponential family were considered as cost functions
and it was natural to put the log likelihood in the canon-
ical form for distributions in the exponential family.
Thus the log likelihood for Bernoulli data is parame-
terized by the logit f(x) =log p(x)/(1 — p(x)). How-
ever, if Bernoulli data are recoded as y; = =£1, then
the log likelihood (cost function) becomes L(y, f) =
(1 4+ e/). Since thresholding p(x) at p = 1/2 is
equivalent to thresholding at f = 0, the penalized log
likelihood estimate is also a large margin classifier.

It turns out that there are lots of large margin classi-
fiers with the property that the sign of the estimate that

G. WAHBA

minimizes
n

1
;;c(yif(xi)) +ull flI%

tends to the sign of the log odds ratio, assuming that
the problem is tuned adequately and that the RKHS
associated with K is rich enough for the problem at
hand. The following rather amazing result is from [6]:
Let ¢(z) < c(—z), every z > 0, and let ¢/(0) A0 exist.
If Ec(Yf((X)|X =x)) has a global minimizer f(x)
and f(x) A0, then sign(f(x)) = (sign f(x)). A bunch
of examples are given in [6]. Note the result that the
lowly squared difference £(y, f) = (y — f)? leadsto a
large margin classifier since if |y| = 1, then (y — f)? =
(1 — yf)2. This large margin classifier (!) is sometimes
called the least squares support vector machine, but it
is nothing more than ordinary ridge regression on data
that have been coded as +1. Many large margin classi-
fiers have been proposed, both convex and nonconvex,
that claim various properties; four of the many are de-
scribed in [11, 14, 17, 19]. These classifiers are said to
have some special advantages, either theoretical, com-
putational or practical, and it is interesting to under-
stand more generally the circumstances under which
one cost function can be better than another. Consid-
ering accuracy as well as computational tractability, it
is unlikely that there will be just one best cost func-
tion for all classification problems (see the comparison
in Figure 1). The hinge function occupies a niche as a
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T

Comparison of the cost functions c(t) = (=t)4, ¢(t) = (1 — 1)+ and c(r) =logy(1 + e~ 7), which are the misclassification

function, the hinge function and the negative log-likelihood function, respectively. Any strictly convex function that goes through 1 at t =0
will be an upper bound on the misclassification function (—t4) and will be a looser bound than some hinge function (1 —07)4.
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general purpose large margin classifier that is the clos-
est convex upper bound, in some sense, to the misclas-
sification function.

4. PROBABILITY ESTIMATES AND THE SVM

I respectfully disagree with the authors’ remark that
“from a statistical point of view, an important subject
remains open: the interpretability of the SVM outputs.”
I think the appropriate interpretation is that the SVM
targets the sign of the log odds ratio directly; see [7].
Since the target function sign f (x) is discontinuous at
f(x), and the SVM is found as an optimization prob-
lem in a RKHS which is typically a space of continu-
ous functions, it cannot jump at the boundary, but there
may be a Gibbs effect there. Since the SVM is gener-
ally a smooth approximation which tends not to stray
too far outside of the interval [—1, 1], there is a ten-
dency to believe that 2p — 1 can be inferred from the
SVM. This is not, however the case. A toy problem
which is easy to drive toward asymptopia illustrates
this point.

In Figure 2, the solid line gives 2p(x) — 1, where
p(x) is the true conditional probability of the + class.
Data y; have been generated as y; = 1 with probabil-
ity p(x;) and —1 with probability 1 — p(x;) for 300

1.5

A-r-—-——==-=-- N — truth
- logistic regression
- - SVM
-1.5 : : :
-2 -1 0 1 2
X
F1G. 2. Solid line: true  conditional  probability

2p(x) — 1 = probY = 1; dashed line: fitted SVM; dotted
line: fitted penalized likelihood estimate. Data y; have been
generated according to p(x) for 300 equally spaced values of x.

equally spaced points x (i) in the interval [—2, 2]. The
logit f(x) has been estimated as f(x) via penalized
likelihood, and 2 ﬁ(x)A— 1 is plotted as the dotted line,

where p = e/ /(14 e/). The dashed line gives the sup-
port vector machine estimate from the same data. It can
be seen that the SVM is trying to estimate —1 for x <0
and +1 for x > 0, which is the Bayes optimal classi-
fier here. A small Gibbs effect near the class bound-
ary x = 0 is evident, although the penalized likelihood
and SVM will essentially pick out the same classifica-
tion boundary. Further examples of this phenomenon in
the context of the multicategory SVM of Lee, Lin and
Wahba can be found in [5]. A comparative discussion
of the multicategory SVM and a multicategory penal-
ized likelihood estimate can be found in [16].

5. SUPPORT VECTOR REGRESSION

A precursor of the ¢ insensitive loss function can be
found in [15], where the loss function is L(y, f(x;)) =
0if |y — f| < e and oo otherwise. In 1969 only highly
quantized data were available from satellites, but com-
putation of such estimates was iffy.

6. SPARSITY, VARIABLE SELECTION

In many classification problems, it is desirable to
learn which components of the proposed attribute
vector are actually contributing substantially to the
actual classification. Two recent contributions are
[4] and [18]. The trick is to add £; (absolute value)
penalties on coefficients of variables or terms in the
penalty functional, which induces sparsity, as is well
known. An early proponent of adding £ penalties in
classification algorithms to promote sparsity is [2];
there are many other recent related contributions. In
practice the major challenge in many problems in-
volves which attributes, or clusters of attributes, to put
into the model to begin with. This challenge appears
in images, sounds, handwriting, text, genomic data,
meteorological data, astronomical data and elsewhere.
Many open questions remain in particular contexts.

7. REGULARIZED KERNELS FROM
DISSIMILARITY DATA

Some recent work [9] focused on fitting kernels from
noisy, scattered, incomplete dissimilarity data, which
can then be used as a dimension reduction tool or in
a SVM or multicategory SVM. Given a set of objects
(protein sequences in [9]) and dissimilarity information
d;j between the ith and jth object, for a sufficiently
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rich subset €2 of the (3) pairs, one finds an n x n kernel
(nonnegative definite matrix) K, over “object space”
to yield

(D) glégij%;zmu d;j| + ptrace K,

where 4§ is the class of nonnegative definite n x n ma-
trices and c?ij =K, @G,))+K,(j,j)—2K,(@, j). Itis
necessary to choose w and it is useful to truncate the
eigenvalues of K, after the first p, where p can be
chosen so as to retain some specified percentage of the
trace. Suppressing u and the truncation level p, a sup-
port vector machine f(i),i =1,...,n, can be defined
in object space as

f@) =) ceK(, 0
(=1

by minimizing
n
D (L=yif®); +uc'k'e
i=1
or its multicategory analog from [5].

To classify a new object (i =n + 1), the “newbie”
algorithm is used. It goes as follows: Given d; ,11 for
sufficiently many 7, find » € E" and constant ¢ to min-
imize

> dins1 — i1l
i

over b € range(K) and ¢ — b’ K™ > 0. The b and ¢
are used to give a new (n + 1) x (n + 1) nonnega-
tive definite matrix with K in the upper left block, and
Knh+1l,n+1)=c, Ki,n+1)=b;,i=1,...,n,
and djj = K(n+ 1,n + 1) + K(@i,i) — 2K(@i,n + 1).
Then the classifier evaluated at the (n + 1)st object is

fn+1) =) cK(n+1,0).
=1

Pseudo-attribute vectors may be defined as x(i) =
(VA11(0), ..., /App(i)), where the {%,, ¢,} are the
eigenvalues and eigenvectors of K. The newbie can be
placed in this pseudo-attribute coordinate system by
using its fitted distance from a sufficiently large sub-
set of the fitted training set distances. Since K (i, j) =
(x(i),x(j)), the resulting SVM is linear in the pseudo-
attribute vectors. However, other SVMs can be built on
the labeled pseudo-attribute vectors.

The so-called semisupervised version of this prob-
lem occurs when only some of the original training

objects are labeled. Thus, there are three kinds of ob-
jects: (1) those that are in the training set and labeled;
(2) those that are in the training set and not labeled,
but are used to determine the geometry of the object
space; and (3) unlabeled newbies. Both kinds of unla-
beled data can then be classified by the SVM.

The tuning parameter u in equation (1) can be tuned
by leaving out pairs of objects (CV2) and compar-
ing their observed distances with their fitted (pseudo-
attribute) distances for a range of .

8. ROBUST MANIFOLD UNROLLING

A related problem occurs when the objects of inter-
est are believed to lie in a low-dimensional (nonlinear)
manifold in some higher-dimensional space. Here then
it is desired to “flatten out” the manifold and reduce
the dimension before carrying out a classification or
regression operation. Recent references can be found
in [10], where we proposed an approach related to that
in equation (1) with two modifications: (a) only dis-
tances between k nearest neighbors will be used and
(b) utrace K is replaced by —u trace K. The effect on
the resulting pseudo-attribute vectors is that they tend
to “flatten out” or “unroll” due to the fact that only
nearest neighbor distances are used, as well as the fact
that the minus sign propels distant objects to become
more distant. A longer discussion of the rationale be-
hind this algorithm and demonstrations of its behavior
are found in [10]. The semisupervised version of this
problem can be defined similarly, with many potential
applications. Both of these optimization problems can
be solved numerically using convex cone optimization
code.

9. WHERE ARE WE GOING?

The theory, computation and application of clas-
sification problems that relate to support vector ma-
chines and other regularization based classifiers is by
no means finished work, although the extent of work
so far is breathtaking. Many problems remain. Using
subject matter knowledge to build kernels that embody
subject matter information efficiently in various fields
remains an interesting challenge. For example, text and
language processing have interesting problems that in-
volve complex relationships between components of
text. Huge attribute vectors and small training sets as
occur in genetic data of various kinds present their own
challenges, as does the merging of heterogenous kinds
of information. Multiple correlated inputs and out-
puts provide challenges. Improved systematic ways to
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choose important attributes or groups of attributes re-
main to be found. As the authors note, the relationships
between statistical learning theory based on Vapnik—
Chervonenkis dimension and SVM theory based on
regularization remain to be understood better, as do
regularization based approaches and other approaches
to classification. Collaboration between statisticians,
computer scientists, mathematicians and subject mat-
ter experts will no doubt be needed for many of the
practical challenges.
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Comment

Trevor Hastie and Ji Zhu

We congratulate the authors for a well written and
thoughtful survey of some of the literature in this area.
They are mainly concerned with the geometry and the
computational learning aspects of the support vector
machine (SVM). We will therefore complement their
review by discussing from the statistical function esti-
mation perspective. In particular, we will elaborate on
the following points:

e Kernel regularization is essentially a generalized
ridge penalty in a certain feature space.

e In practice, the effective dimension of the data ker-
nel matrix is not always equal to n, even when the
implicit dimension of the feature space is infinite;
hence, the training data are not always perfectly sep-
arable.

e Appropriate regularization plays an important role in
the success of the SVM.

e The SVM is not fundamentally different from many
statistical tools that our statisticians are familiar
with, for example, penalized logistic regression.

We acknowledge that many of the comments are based
on our earlier paper Hastie, Rosset, Tibshirani and
Zhu (2004).

KERNEL REGULARIZATION AND THE
GENERALIZED RIDGE PENALTY

Given a positive definite kernel K (x, x), where x, X/
belong to a certain domain X, we consider the general
function estimation problem

n A
(1) min Y £(yi. o+ F X)) + S LF )1, -
Bo.f i 2

Here £(-, ) is a convex loss function that describes the
“closeness” between the observed data and the fitted
model, and f is an element in the span of {K(-,x'),
x' € X}. More precisely, f € Hg is a function in the
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Professor, Department of Statistics, University of Michigan,
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reproducing kernel Hilbert space #x (RKHS) gener-
ated by K (-, -) (see Burges, 1998; Evgeniou, Pontil and
Poggio, 2000; and Wahba, 1999, for details).

Suppose the positive definite kernel K(-,-) has a
(possibly finite) eigenexpansion,

o0
K(x,x) =) 8;¢;(x)¢;(x),
j=1
where 81 > §» >--- > 0 are the eigenvalues and
¢;(x)’s are the corresponding eigenfunctions. Ele-
ments of Fx have an expansion in terms of these
eigenfunctions

fx) =) B¢,

Jj=l1

2)

with the constraint that

def

o
1 156, = D B7 /8 < o0,
j=1

where || f|| 3¢, 1s the norm induced by K (-, -).
Then we can rewrite (1) as

3) %igzﬁ(ﬁ, Bo + Zﬁj%’(&'))
P

j=1

00 132
+ay L
=19

j=1

and we can see that the regularization term || f ||§€K in
(1) can be interpreted as a generalized ridge penalty,
where eigenfunctions with small eigenvalues in the ex-
pansion (2) get penalized more and vice versa.

Formulation (3) seems to be an infinite dimensional
optimization problem, but according to the representer
theorem (Kimeldorf and Wahba, 1971; Wahba 1990),
the solution is finite dimensional and has the form

f® =) oKX, x).
i=1

Using the reproducing property of Jfg, that is,
(K(-,xi), K(-,x;7)) = K(x;,X;), (3) also reduces to a
finite-dimensional criterion,

4) glin L(y, Bo + Ka) + 1o Ka.
0,

Here we use vector notation, K is the n x n data ker-
nel matrix with elements equal to K(x;,X;/),i,i’ =
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L....nand L(y. fo+Ka) = Y0 €0y, fo+ f (%)),
We reparametrize (4) using the eigendecomposition of
K = UDUT, where D is diagonal and U is orthogonal.
Let Ko = UB, where 8 = DUT«. Then (4) becomes

(5) min L(y, fo+UP) + A™DB.
0,

Now the columns of U are unit-norm basis functions
that span the column space of K; and again, we see
that those members that correspond to small eigenval-
ues (the elements of the diagonal matrix D) get heavily
penalized and vice versa.

In the machine learning community, people tend to
view the kernel as providing an implicit map of x
from X to a certain high-dimensional feature space,
and K (-,-) computes inner products in this (possibly
infinite-dimensional) feature space. Specifically, the
features are

hjx) = \/8;6; or h® = (h®, h®)....)",
and we have
K (x,x) = (h(x), h(x))).

Furthermore, let 6; = B;/,/5; and H = UD'/2. Then
(3) and (5) become

(6) minZ(Z(yi, Zejh,-(x)) +1) 67
j=1 j=1

Bo.0 -l
and
(7) rgligL(y, Bo+HO) +2070,
0>

respectively. This shows kernel regularization as an ex-
act ridge penalty in the feature space, but unlike (3)
and (5), it hides the fact that eigenfunctions are dif-
ferentially penalized according to their corresponding
eigenvalues.

To illustrate the point, we consider a simple example.
The data x;’s are one-dimensional and were generated
from the standard Gaussian distribution (n = 50). The
radial kernel function K (x,x’) = exp(—y|x — x’||%)
was used, with y = 1. Figure 1 shows the eigenval-
ues of the kernel matrix K. The left panel of Figure 2
shows the first 16 eigenvectors of K (columns of U)
and the right panel shows the corresponding features
(columns of H). As we can see from the left panel of
Figure 2, eigenvectors with large eigenvalues (hence
get penalized less) tend to be smooth, while eigenvec-
tors with small eigenvalues (hence get penalized more)
tend to be wiggly; therefore, | f ||§€K is also always in-
terpreted as a roughness measure of the function f. We
can also see from the right panel of Figure 2 that many
of the features are “norm challenged,” that is, they are
squashed down dramatically by their eigenvalues.
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FIG. 1. FEigenvalues (on the log scale) of the data kernel ma-
trix K.

EFFECTIVE DIMENSION OF THE DATA
KERNEL MATRIX

As we have seen in the previous section, the kernel
K (-,-) maps x from its original input space to some
high-dimensional feature space h(x). In the case of
classification, it is sometimes argued that the implicit
feature space can be infinite-dimensional (e.g., via the
radial basis kernel), which suggests that perfect sepa-
ration of the training data is always possible. However,
this is not always true in practice.

To illustrate the point, we consider a two-class classi-
fication example. The data were generated from a pair
of mixture Gaussian densities, described in detail by
Hastie, Tibshirani and Friedman (2001). The radial ker-
nel function K (x,x’) = exp(—y||x — X'[|?) was used.
Four different values of y (0.1, 0.5, 1 and 5) were tried.
For each of the values of y, the SVM was fitted for a
sequence of values of A, ranging from the most regu-
larized model to the least regularized model.

We were at first surprised to discover that not all
these sequences achieved zero training errors on the
200 training data points, at their least regularized fit.
The minimal training errors and the corresponding val-
ues for y are summarized in Table 1. The second row
of the table shows the effective rank of the data kernel
matrix K (which we defined to be the number of eigen-
values greater than 10~!%). This 200 x 200 matrix has
elements K (x;,X;/),i,i’ =1,...,200. In this example,
a full rank K is required to achieve perfect separation.
Similar observations have also appeared in Williams
and Seeger (2000) and Bach and Jordan (2002).
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scaled by the corresponding eigenvalues).

TABLE 1
Results for the mixture simulation example

y 5 1 0.5 0.1
Training errors 0 12 21 33
Effectiverank 200 177 143 76

This emphasizes again the fact that not all features in
the feature map implied by K (-, -) are of equal stature
(see the right panel in Figure 2); many of them are

shrunken way down to zero. The regularization in (3)
and (5) penalizes unit-norm eigenvectors by the in-
verse of their eigenvalues, which effectively annihi-
lates some, depending on y. Small y implies wide,
flat kernels and a suppression of wiggly, rough func-
tions. Figure 3 shows the eigenvalues of K for the four
values of y. The larger eigenvalues correspond in this
case to smoother eigenfunctions, the smaller ones to
rougher. The rougher eigenfunctions get penalized ex-
ponentially more than the smoother ones. Hence, for
smaller values of y, the effective dimension of the fea-
ture space is truncated.

1e+01
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1e-03

1e-07

1e-11

1e-15

FIG. 3.
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The left panel shows the eigenvectors of the data kernel matrix K and the right panel shows the corresponding features (eigenvectors

The eigenvalues (on the log scale) for the data kernel matrices K that correspond to the four values of y .
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THE NEED FOR CAREFUL REGULARIZATION

The SVM has been very successful for the classifi-
cation problem and gained a lot of attention in the ma-
chine learning community in the past ten years. Many
papers have been published to explain why it performs
so well. Most of this literature concentrates on the con-
cept of margin. Various misclassification error bounds
have been derived based on the margin (Vapnik, 1995;
Bartlett and Shawe-Taylor, 1999; Shawe-Taylor and
Cristianini, 1999).

However, our view is a little different from that based
on the concept of margin. Several researchers have
noted the relationship between the SVM and regular-
ized function estimation in RKHS (Evgeniou, Pon-
til and Poggio, 2000; Wahba, 1999). The regularized
function estimation problem contains two parts: a loss
function and a penalty term [e.g., (1)]. The SVM uses
the so-called hinge loss function (see Figure 5). The
margin maximizing property of the SVM derives from
the hinge loss function. Hence margin maximization
is by nature a nonregularized objective, and solving
it in high-dimensional space is likely to lead to over-
fitting and bad prediction performance. This has been
observed in practice by many researchers, in particular
Breiman (1999) and Marron and Todd (2002).

The loss + penalty formulation emphasizes the role
of regularization. In many situations we have sufficient
features (e.g., gene expression arrays) to guarantee sep-
aration. We may nevertheless avoid the maximum mar-
gin separator (X |, 0) in favor of a more regularized so-
lution.

Figure 4 shows the test error as a function of A for the
mixture data example. Here we see a dramatic range in
the correct choice of A. When y =5, the most regu-
larized model is called for. On the other hand, when
y = 0.1, we would want to choose among the least
regularized models. Depending on the value of y, the
optimal A can occur at either end of the spectrum or
anywhere in between, emphasizing the need for care-
ful selection.

CONNECTION WITH OTHER STATISTICAL TOOLS

Last, we would like to comment on the connection
between the SVM and some statistical tools that statis-
ticians are familiar with.

As we have seen in previous sections, what is spe-
cial with the SVM is not the regularization term, but
is rather the loss function, that is, the hinge loss. Lin
(2002) pointed out that the hinge loss is Bayes con-
sistent, that is, the population minimizer of the loss
function agrees with the Bayes rule in terms of clas-
sification. This is important in explaining the success
of the SVM, because it implies that the SVM is trying
to implement the Bayes rule.

On the other hand, notice that the hinge loss and the
binomial deviance have very similar shapes (see Fig-
ure 5): both increase linearly as yf gets very small
(negative), and both encourage y and f to have the
same sign. Hence it is reasonable to conjecture that by
replacing the hinge loss of the SVM with the binomial

Test Error Curves — SVM with Radial Kernel
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FIG. 4. Test error curves for the mixture example, using four different values for the radial kernel parameter y . Large values of ). correspond
to heavy regularization, small values of ) to light regularization. Depending on the value of y, the optimal A can occur at either end of the
spectrum or anywhere in between, emphasizing the need for careful selection.
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F1G. 5. Comparing the hinge loss and the binomial deviance, y € {—1, 1}.

deviance, which is also Bayes consistent, we should
be able to get a fitted model that performs similarly to
the SVM. In fact, in Zhu and Hastie (2005), we show
that under certain conditions, the classification bound-
ary of the resulting penalized logistic regression (using
the binomial deviance) and that of the SVM coincide.
Penalized logistic regression has been studied by many
statisticians (see Green and Silverman, 1994; Wahba,
Gu, Wang and Chappell, 1995; and Lin et al., 2000,
for details). We understand why it can work well. The
same reasoning could be applied to the SVM.

Penalized logistic regression is not the only model
that performs similarly to the SVM; replacing the hinge
loss with any sensible loss function will give a sim-
ilar result, for example, the exponential loss func-
tion of boosting (Freund and Schapire, 1997) and the
squared error loss (Zhang and Oles, 2001; Biihlmann
and Yu, 2003). These loss functions are all Bayes con-
sistent. The binomial deviance and the exponential loss
are margin-maximizing loss functions, but the squared
error loss is not. The distance weighted discrimination
(Marron and Todd, 2002) is designed specifically for
not maximizing the margin and works well with high-
dimensional data, which in a way also justifies that
margin maximization is not the key to the success of
the SVM.
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1. INTRODUCTION

We are very grateful to the Executive Editors George
Casella and Edward George for their active interest in
our paper and for organizing this challenging discus-
sion. We also thank all the discussants for their insight-
ful and stimulating comments.

When we submitted the original manuscript in 2003,
we were tempted to go for a more general paper on
kernel methods. We decided to focus on support vector
machines (SVMs), waiting for a mature development
of the new and exciting ideas related to kernel methods,
such as manifold learning and other related topics. We
will refer to some of these methods below. Let us begin,
first, with some general considerations.

Regarding the question of the dimensionality in-
duced by the feature space, Hastie and Zhu remark in
their comment that usual kernels do not automatically
lead to infinite-dimensional feature spaces. They give
a nice example that involves the radial (Gaussian) ker-
nel function. This agrees with results in Keerthi and
Lin [8], where an explanation of the performance of
the Gaussian kernel is given when, according to the
notation in the comment by Hastie and Zhu, y — 0
and A is chosen in the appropriate way. In this case,
the SVM classifier converges to a linear SVM classi-
fier, and the effective dimension of the kernel is finite,
agreeing with the empirical conclusion provided by the
discussants.

We also agree with the assertions of some of the
discussants regarding the probabilistic interpretability
of the SVM output (the sign of some estimated func-
tion). Our comment was rather along the line of Sollich
[18], who proposed to make Bayesian methods avail-
able for the support vector methodology, while leaving
as much as possible of the standard SVM framework
intact. This is not an easy task. In fact, as Bartlett, Jor-
dan and McAuliffe remark, sparseness and the precise
estimation of conditional probabilities are hard to rec-
oncile.

Regarding the role of differentiability in SVMs
(misplaced in the opinion of Bartlett, Jordan and
McAuliffe), it is convenient to recall that the differ-
entiable formulation of the SVM problem allows its
solution by the use of standard Newton-type methods

358

for convex optimization. Under the availability of sec-
ond order derivatives (and this is the case for SVMs),
these methods are known to be the most efficient ones
for the solution of smooth problems.

We thank some of the discussants for turning the
attention of the reader to general kernel methods.
In particular, we appreciate the Bartlett, Jordan and
McAuliffe effort to make clearer the potential impact
of reproducing kernel Hilbert space (RKHS) methods.
Regarding the origins of RKHS in statistics, for the
sake of completeness, we strongly recommend reading
the conversation with Emanuel Parzen in [14].

Given the history of SVMs, perfectly outlined by
Wahba in the introduction of her comment, we do
not like to think of SVMs as a “modest” variant of
some standard statistical methodology (as suggested by
Bartlett, Jordan and McAuliffe). Using a similar (a pos-
teriori) reasoning, some strict mathematicians might
think that RKHS methods in statistics are just a small
variation on the general theory of Hilbert spaces. Of
course, this is far from true. We rather think that the
support vector methodology, followed closely by ker-
nel methods, has been able to synthesize a variety of
techniques from different fields, leading to a more uni-
fied framework for learning theory [5]. In addition,
the geometrical viewpoint of SVMs allows new ap-
proaches to long-familiar problems, as illustrated in the
next section.

2. KERNEL METHODS REVISITED

One interesting point regarding the geometrical
interpretation of SVMs is that they have stirred the de-
velopment of new techniques driven by the geometrical
properties of the kernel. Some of these techniques have
not so far been mentioned in the discussion. We now
briefly describe two relevant examples.

2.1 One-Class SVMs

An example of a new method that has arisen from
a geometrical point of view is one-class SVMs [16].
One-class SVMs deal with a problem related to esti-
mating high density regions from data samples. The
method computes a binary function that takes the value
+1 in “small” regions that contain most data points and
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takes the value —1 elsewhere. The strategy of the one-
class support vector method is to map the data points
into the feature space determined by a kernel function
and to calculate a hyperplane that separates the mapped
data {®(x;)};_, from the origin, where @ is the map-
ping induced by the kernel function. With this aim,
the one-class SVM algorithm solves the quadratic op-
timization problem

w,b,E

s.t. WTQD(Xi)zb—Si,_ i=1,...,n,
§ >0, i=1,...,n,

1 1 &
min 5||w||2—b+EZS;
2.1) i=1

where &; are slack variables, v € [0, 1] is an a priori
fixed constant which represents the fraction of outly-
ing points and b is the decision value which determines
whether a given point belongs to the estimated high
density region. The decision function will take the form
h(x) = sign(w*T ®(x) — b*), where w* and b* are the
values of w and b at the solution of problem (2.1). The
hyperplane w*! ®(x) — b* = 0 separates from the ori-
gin the mapped data for which the decision function
h(x) = +1. Problem (2.1) is smooth and convex, and
follows the SVM idea of building a hyperplane in a
feature space.

It is apparent that solving the problem of estimating
high density regions by building a separating hyper-
plane in a feature space is not trivial. Next, we provide
an original statistical explanation of one-class SVMs.
Consider the class of real-valued functions

G={g>0|Vx,ye X,
(2.2)
g(x) >gy) & fx) > f(V}

where X is the input space and f is the data density
function. To estimate the outlying points that corre-
spond to the proportion v, all we have to do is use the
order induced by any function g € § on the data sample
{x1, ..., x,}. This is equivalent to solving the optimiza-
tion problem

n
max — Y hig(xi)
nt:l
23 st Y n=1,
i=1

1
0<i <—,
vn

i=1,...,n,

where, at the solution A* = (A%, ..., kfl)T, AF>0if x;
is an outlying point [i.e., A > 0 for small values of

g(x;)] and A7 = 0 otherwise. The dual of this linear
problem is

1 n
min  —b+— ) §
2.4) bE vn
t gxj))=b—-&, i=1,...,n,

51207 l=1,,n

It can be shown that, at the solution, the values of the
objective functions of problems (2.3) and (2.4) coin-
cide (see, e.g., [1]). Moreover, the solution of prob-
lem (2.3) can be straightforwardly calculated from the
solution of problem (2.4).

The one-class SVM problem (2.1) and problem (2.4)
are very similar. It becomes clear now that the solution
of problem (2.1) (the one-class SVM solution) tries to
estimate a function g € § by g(x) = w*7 ®(x), that
is, by estimating in the feature space the weights w*
of a hyperplane with minimum norm. This is achieved
through the inclusion of the term 1/2||w||2 in the ob-
jective function of problem (2.1).

Appropriate mappings and kernels to solve the prob-
lem of estimating high density regions (density level
sets) using one-class SVMs are derived and can be con-
sulted in [13].

2.2 Combination of Kernels

Another example of a technique developed from
geometric considerations of the kernel is now illus-
trated. This method falls in the category of “further
advances” mentioned by Bousquet and Scholkopf at
the end of their comment. In particular, we build, for
classification purposes, what they call a joint kernel
(mixing inputs and outputs). This joint kernel is built
by the combination of a set of kernels. A key point of
our proposal is that the constructed kernel tries to cap-
ture the “right” notion of similarity. This agrees with
the comment by Bousquet and Scholkopf about the
relationship between the good performance of SVMs
in practice and the appropriate prior knowledge about
the problems incorporated by kernels. Thus, we will
work with similarity matrices instead of kernel matri-
ces. In fact, as Wahba points out, Euclidean distances
(and therefore similarities) can be derived from posi-
tive definite kernels.

The idea, in geometric terms, is introduced next. If
kernels are being used, points in a sufficiently small
neighborhood in the feature space should belong to the
same class (excluding points very close to the decision
surface). As a consequence, if we are going to clas-
sify a data set by relying on a given similarity ma-
trix, points close to each other using such similarities
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should, in general, be in the same class. Therefore, we
have to construct a similarity matrix K* with entries
K*(x;,x;) that are large for x; and x; in the same
class (i.e., y; = y;), and small for x; and x; in different
classes. For instance, if two kernels K| and K, are to
be combined, a possible choice is

max (K1 (x;, x;), Ka(xi, x;)),
if yi =yj,

min(K (x;, x;), Ka(xi, x;)),
otherwise.

(2.5) K*(xi,xj) =

It is immediate to show that (2.5) is equivalent to
(26) K*=3(Ki+K2)+3Y|Ki — K1Y,

where Y = diag(y) is a diagonal matrix whose nonzero
elements are the data labels, that is, y; € {—1, +1}.

Let K, K», ..., Ky be the available set of M in-
put kernel matrices, all of which are obtained from the
same data sample {Xi,...,X;}. The extension of the
previous idea to the combination of more than two ker-
nel matrices is

(2.7) K*=K+Y) g(Ki—K))Y,

i<j

where K is the average of the kernel matrices and g is
a function that quantifies the difference of information
between kernel matrices. The function g must have the
property that if K; and K; tend to produce the same
classification results, then g(K; — K;) should be al-
most null. A particular case of the previous equation
is

M
(2.8) K*=K+Y Y |Kn—K|Y.
m=1
This and other choices for g can be consulted in [12].
Next, we show how this method (denoted AV for
absolute value) can be used to improve the perfor-
mance of single kernels. With this aim, we will use
the breast cancer data set, made up of 683 observations
with 9 features each [11]. We have considered three
kernels: a polynomial kernel K{(x,z) = (1 + xTz)z,
a Gaussian kernel K> (x, z) = exp(_”x_znz) and a lin-
ear kernel K3(x,z) = x7z. We will compare SVMs
using these kernels with the AV combination method
and a semidefinite programming (SDP) technique for
building linear combinations of kernels developed by
Lanckriet et al. [9]. The data set has been randomly
partitioned ten times into a training set and a test set,
and for each method, a run of the experiment has been
done over each partition. The average results are shown

TABLE 1
Percentage of misclassified data and support vectors for the
cancer data. Standard deviations in parentheses

Training error Test error % SV
Ky: Polynomial 0.1(0.1) 7.8(2.5) 8.3(0.8)
K»>: Gaussian 0.0(0.0) 10.8 (1.7) 65.6(1.0)
K>: Linear 2.6(0.5) 3.7(1.8) 7.1(0.8)
AV 2.4(0.3) 3.1(1.3) 2.9(0.4)
SDP 0.0 (0.0) 6.2(1.6) 65.5(1.9)

in Table 1. The AV method provides the best results
(a test error of 3.1%), using significantly less support
vectors than the other methods. The SDP method im-
proves only the results of the Gaussian and the polyno-
mial kernel.

2.2.1 Parameter selection. Techniques for the com-
bination of kernels can be successfully applied to the
problem of parameter selection in kernel methods. This
links with the comment of Bousquet and Scholkopf
about the need for further research on satisfactory al-
ternatives, other than cross-validation, to choose the
parameters in kernel methods. We illustrate this situa-
tion using a collection of Gaussian kernels on the can-
cer data set. Let {Kq,..., Ki2} be a set of Gaussian
kernels K. (x, y) = exp~I*¥I*/) with parameters ¢ =
0.1, 1, 10, 20, 30, 40, 50, 60, 70, 80, 90 and 100, re-
spectively. This wide set covers a realistic range of pos-
sible values for the kernel parameter. The test errors
for 12 SVMs using these Gaussian kernels range from
3.1% to 24.7%. In this case, the AV method, combining
the 12 Gaussian kernels, gives the best result obtained
using only one of the Gaussian kernels under consid-
eration (with a test error of 3.1%). It is important to
note that the performance of the AV method (which
is parameter-free) is not affected by the inclusion of
kernels with a bad generalization performance. Since,
in general, the best parameter choice is not known in
advance, the methodology just described provides an
alternative that minimizes the effect of bad parameter
selection.

3. THE BIAS-VARIANCE PROBLEM

Regarding the comments on statistical consistency
provided by Bartlett, Jordan and McAuliffe, also point-
ed out by Bousquet and Scholkopf, we agree that the
Vapnik—Chervonenkis (VC) dimension is not central
in the analysis of SVMs. In fact, in [6], the bias—
variance problem is analyzed in the context of regular-
ization for the quadratic loss function (the analysis by
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Steinwart cited by the discussants is for the L1-SVM,
as Bousquet and Scholkopf remark). Cucker and Smale
[6] replaced the VC dimension by the radius  of a ball
in a RKHS space (r is the norm in the RKHS of the
minimizer of the empirical risk). Since the regulariza-
tion parameter XA (using the notation of Bartlett, Jordan
and McAuliffe) is inversely proportional to r, large val-
ues of A correspond to large bias, while small values of
A lead to large variance. The Cucker and Smale pa-
per [6] also contains a theorem (Corollary 2) that is
in agreement with the discussants’ comment about the
fact that the regularization coefficient must decrease
with the sample size. In addition, statistical consistency
can be derived from the results in the paper if a rich
enough kernel is used (i.e., a universal kernel, in the
sense of Steinwart).

4. DIFFERENTIAL GEOMETRY METHODS AND
KERNEL METHODS

In her comment, Wahba introduces a particular
method for learning the kernel data matrix for the
purpose of manifold unfolding. As Wahba and her co-
authors remark in [10], the manifold unfolding prob-
lem is closely related to the construction of a kernel. In
fact, Ham, Lee, Mika and Scholkopf [7] showed that
several of the proposed techniques for manifold learn-
ing, namely ISOMAP [19], graph Laplacian eigenmap
[2] and locally linear embedding [15], can be inter-
preted as particular cases of kernel principal compo-
nent analysis [17]. As Ham and co-authors point out,
these techniques can be viewed as a “warping of the
input space into a feature space where the manifold is
flat.”

In this regard, Burges [4] described the intrinsic
geometry of the manifold which arises for a particu-
lar choice of the kernel. In particular, he shows that
the Riemannian metric induced on the manifold by its
embedding can be expressed, in terms of the kernel, in
closed form. A closely related approach can be found
in [20]. It is worth mentioning that the implicit geo-
metric assumption within manifold unfolding is that
the decision surface (for the case of classification) is
smooth with respect to the underlying geometry [3].

Finally, we would like to thank David Rios and
Francisco J. Prieto for their careful reading of the
manuscript and suggestions. We hope that our paper
and this interesting discussion encourage the statistical
community to pursue further research on support vec-
tor machines and other related methodologies.
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