A THEOREM ABOUT RANDOM FIELDS
G. R. GRIMMETT

1. Introduction

Averintsev [1] and Spitzer [2] proved that the class of Markov fields is identical
to the class of Gibbs ensembles when the domain is a finite subset of the cubic lattice
and each site may be in either of two given states. Hammersley and Clifford {3]
proved the same result for the more general case when the domain is the set of sites
of an arbitrary finite graph and the number of possible states for each site is finite.

In order to show this, they extended the notion of a Gibbs ensemble to embrace
more complex interactions than occur on the cubic lattice. Their method was
circuitous and showed merely the existence of a potential function for a Markov
field with little indication of its form. In [4], Preston gives a more direct approach to
the two-state problem and presents an explicit formula for the potential. We show
here that the equivalence of Markov fields and Gibbs ensembles follows immediately
from a very simple application of the Mobius inversion theorem of [5] which allows
us to construct a natural expression for the potential function of a Markov field.
We confine our attention to the set of sites of an arbitrary finite graph and allow
each site to be in any one of a countable set of states. The two-state solution of
Preston emerges as a corollary.

2. Preliminaries

Let A be the set of sites (= vertices) of a given arbitrary finite undirected graph G
which we suppose has no loops or multiple bonds (= edges). Two sites are called
neighbours if they are joined by a bond of G. Capital letters are used to denote
subsets of A, while lower case letters represent single sites. We write A+ B for the
union of 4 and B, and A— B for their difference. For ease of notation we identify
the site x with the set {x} which consists of that site only. A set K of sites is a
clique if either K contains only a single site or any two sites in K are neighbours.

We proceed to colour the sites of A. If x is any site of A, we suppose that there
is a nonempty countable collection Q, of colours available for colouring x. For
each site x, we pick a reference colour from Q, and call this colour black. This
procedure is unambiguous since we may independently rename the colours at each
individual site. The colours available at different sites need not be the same. We
write Q = [T,AQ, for the set of all colourings of A,and & for the collection of all
subsets of Q. For each w € Q, we denote by L(w) the set of sites of A which are not
coloured black by w. The subset Q' = Q is the set of colourings of A which blacken
every site of A except the sites of a clique. That is, Q' = {we Q: L(w) is a clique}.
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For each we Q and A < A, the expression wA represents the colouring of A which
is the same as w at each site in 4 and is black elsewhere. This notation should not
be confused with that used in [3]. The colouring which blackens all the sites of A
is denoted by . Thus o = wL(w) and f = w¢, where ¢ is the empty set.

3. Random fields
If P is a probability measure on (Q, &), then the triple (Q, &, P) is called a
random field on the domain A. We identify the measure P with its density
P(w) (we Q).
We are concerned with two classes of random field on A. The random field
(Q, #, P) is a Markov field if it satisfies the following two conditions:

(1) P(w) >0, forall weQ,
(2) for any weQ, A = A and pair x,y of non-neighbouring sites such that
x¢ A and yeA,

P(w(4+x)) B P(w(4—y+x))
P(@A)+P(o(A+x)  P(o(4—y)+Pod-y+x)

Condition (2) is the nearest neighbour condition and requires elucidation, It
postulates that the random colour of the site x, given the colours of every other site,
depends only upon the colours of the neighbours of x. That is, there is no interaction
between two given sites unless they are neighbours. Dobrushin [6] defines a (two-
state) Markov field by a cumbersome expression which is clearly equivalent to (2)
in the case when exactly two colours are available at each and every site. The
conditions (1) and (2) are the same as (6.1) and (7.1) in [3].

The random field (Q, &, P) is a Gibbs ensemble if there exists a potential function
V:Q - R such that

P@) =Z " exp( C)“E(w)V(wK)) , forallweQ, 3)

where the summation is over all cliques contained in L(w), and Z is chosen to make
> P(w) = 1. )
we

THEOREM. The random field (Q, %, P) is a Gibbs ensemble if and only if it is
a Markov field. If (Q, #, P) is a Markov field, then its potential function is given by

V)= 3 (=D)L 4o P(wd), forallweQ, ©)

AcL(w)
where the summation is over all subsets of the clique L(w).
Proof of the theorem. For simplicity of notation in the proof, we always use

the letter K to represent a typical clique. Thus X x4 sums over all cliques contained
in A, while 3,k sums over all subsets of the clique K.
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Suppose first that (Q, &, P) is a Markov field, and that V : Q — R is defined by
V= Y (=DH2"Bllog P(wB), for all weQ. (6)

BEL(w)
Let we Q and A = L(w). Then, by (6),
V(wd) = ¥ (—1)4"2llog P(wB). )
BE4

We claim that ¥V (wA) = 0 unless A4 is a clique. For, suppose A contains two sites
x, y which are not neighbours. Then, by (7),

V(wd)= 3 (=1)!4~Bllog P(wB)+ B;A (=1~ log P(wB)
;3?% xeB,y¢B
+ ¥ (=D Bllog P(wB) + 3 (—1)4"Bllog P(wB)
x¢g§gﬂ x,li’%‘l‘i

P(w(B+y+x)) [ P(w(B+Xx)) )
P(w(B+y)) P(wB)
=0, (®)
by the condition (2).
The set of subsets of L(w) is partially ordered by inclusion, and its Mobius
function u is given by

= B, (- og

BEd—-x~-y

u(B, A) = (—1)!47Bl for all 4, B < L(w) suchthat B < A. )
We write (7) in the form
V(wA) = Y u(B, A)log P(wB), for all 4 € L(w), (10)
Bs A
which yields
log P(wAd) = ¥ V(wB), for all 4 = L(w), (11)
Bc A
by the Mobius inversion theorem of [5]. Hence, by (8),
P(w) = P(B) exp (K ) )V(a)K)) , forallweQ, (12)
SL(w
since, by (7),
V(B) = log P(f). (13)

Thus (Q, #, P) is a Gibbs ensemble with potential function given by (5). It is easy
to show that this is the unique potential function.
Now suppose that (Q, &, P) is a Gibbs ensemble with potential function V.
Clearly
P(w)>0, foralweQ. - (14)
Let weQ, and let A = A and x,y be a pair of non-neighbouring sites such that
x¢A and ye A. It is sufficient to show that (2) holds if A+x < L(w) (since if
x¢ L(w) then w(4+x) = wA, and if ze A+ x—L(w) then w(4+x) = w(4—2z+x)
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and wAd = w(4-z)). Then, by (3),

log P(w(A+ x))—log P(wA) = V(wK)— ¥ V(wK)
KEA+x Kc4d
= ¥ V(K
KSA+x
xek
= V (wK)
K EA-Yy+x
xeK
= Y V(K- ¥V (wK)
KSA-y+x KsA-y

= log P(w(4A—y+x))—log P(w(4—y)), (15)

and we deduce by (2) that (Q, &, P) is a Markov field.

Averintsev, Spitzer and Preston were concerned with the special case of this
theorem when only two colours are available at each site of A. We call these colours
black and white. In this instance, there is a 1 —1 correspondence between Q and the
set {0, 1}* of all subsets of A (associate w € Q with the set L(w) of sites of A which
are coloured white by w). If (Q, #, P) is a random field on A, we may think of
P as a probability measure on {0, 1}* and P(4) as the probability of the colouring
whose white sites are exactly the sites in A. By the above theorem, if (Q, &, P)
is a Markov field, then its Gibbsian potential function is given by

V(K) = Agx (—1)k-4l10g P(4), for all cliques K, (16)

where the summation is over all subsets of the clique K.
I am grateful to Dr. D. J. A. Welsh for his suggestions.

We have just heard of a paper by Besag [7] which contains a result which is very
similar to that of Spitzer [2].
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